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Ghsduwphqw ri Srolwlfdo Vflhqfh

Xqlyhuvlw| ri Qruwk Fdurolqd dw Fkdsho Kloo

Vhswhpehu/ 5333

4Zh zrxog olnh wr wkdqn Vwhyh Dqvrodehkhuh/ Vrulq Dqwrkl/ Johqq Hoolvrq/ Ghguh Jhqwqhu/ Vxqlo Nxpdu/

Gdylg Odlwlq/ W}h Odl/ Duwkxu Oxsld/ Holmdk Ploojudp/ Mrkq Sdww|/ Sdxo S�hlghuhu/ Dgdp Vlprq/ Mrho Vreho/

Fduroh Xkodqhu/ dqg wkh sduwlflsdqwv ri wkh Srolwlfdo Hfrqrplfv vhplqdu dw wkh JVE/ wkh Vwdqirug0FdoWhfk

zrunvkrs/ wkh XFOD frqihuhqfh rq Frjqlwlrq/ Hprwlrq/ dqg Udwlrqdo Fkrlfh/ sdqhov dw wkh 5333 Dqqxdo

Phhwlqjv ri wkh PSVD dqg DSVD/ dqg wkh Fhqwhu iru Dgydqfhg Vwxg| lq wkh Ehkdylrudo Vflhqfhv vhplqdu

vhulhv iru wkhlu khosixo frpphqwv1 Wklv sdshu zdv uhylvhg zkloh Ehqgru zdv d Ihoorz dw wkh FDVEV/ dqg kh

lv judwhixo iru wkh Fhqwhu*v �qdqfldo dqg lqwhoohfwxdo vxssruw1



Devwudfw

Wkh vr0fdoohg _sdudgr{ ri yrwlqj% lv d pdmru dqrpdo| iru udwlrqdo fkrlfh wkhrulhv ri hohfwlrqv1 Li
yrwlqj lv frvwo| dqg flwl}hqv duh udwlrqdo wkhq lq odujh hohfwrudwhv wkh h{shfwhg wxuqrxw zrxog eh
vpdoo/ iru li pdq| shrsoh yrwhg wkh fkdqfh ri dq|rqh ehlqj slyrwdo zrxog eh wrr vpdoo wr pdnh wkh
dfw zruwkzkloh1 \hw pdq| shrsoh gr yrwh/ hyhq lq odujh qdwlrqdo hohfwlrqv1 Wr dgguhvv wklv sx}}oh
zh frqvwuxfw d prgho ri dgdswlyh udwlrqdolw|= flwl}hqv ohduq e| vlpsoh wuldo0dqg0huuru/ uhshdwlqj
vdwlvidfwru| dfwlrqv dqg dyrlglqj xqvdwlvidfwru| rqhv1 +Wkhlu dvsludwlrq ohyhov/ zklfk frgh fxuuhqw
sd|r�v dv vdwlvidfwru| ru xqvdwlvidfwru|/ duh dovr hqgrjhqrxv/ wkhpvhoyhv dgmxvwlqj wr h{shulhqfh1,
Rxu pdlq uhvxow lv wkdw djhqwv zkr dgdsw lq wklv pdqqhu wxuq rxw lq vxevwdqwldo qxpehuv hyhq lq
odujh hohfwrudwhv dqg hyhq li yrwlqj lv frvwo| iru hyhu|rqh1



W� W?|hL_�U|�L?

_vwdqgdug frqfhswlrqv ri udwlrqdo ehkdylru gr qrw h{sodlq zk| dq|rqh erwkhuv wr yrwh lq d pdvv

hohfwlrq111 ^Wxuqrxw lv` wkh sdudgr{ wkdw dwh udwlrqdo fkrlfh wkhru|% +Ilrulqd 4<<3/ s1 667,1

Shukdsv Ilrulqd*v uhpdun lv wrr jorrp|/ exw lw grhv vhhp dssduhqw wkdw wkh skhqrphqrq ri

vxevwdqwldo wxuqrxw lq odujh0vfdoh hohfwrudwhv lv dqrpdorxv iru udwlrqdo fkrlfh wkhru|/ lq hlwkhu lwv

ghflvlrq wkhruhwlf ru jdph wkhruhwlf jxlvhv1 Lq d urxjk0dqg0uhdg| vhqvh/ wkh sureohp lv vwudljkw0

iruzdug= lq odujh hohfwrudwhv/ wkh fkdqfh wkdw dq| vlqjoh yrwhu zloo eh slyrwdo lv yhu| vpdoo1 Frqvh0

txhqwo|/ li yrwlqj lpsrvhv vwulfwo| srvlwlyh frvwv/ wkhvh zloo rxwzhljk wkh h{shfwhg jdlqv iurp yrwlqj1

Dffruglqjo|/ udwlrqdo flwl}hqv zloo qrw yrwh�frqwudu| wr wkh hylghqfh1 Khqfh/ dq dqrpdo|1

Wklv lv wkh fodvvlfdo yhuvlrq ri wkh wxuqrxw0sureohp dv irupxodwhg e| Grzqv +4<8:,1 Grzqv* iru0

pxodwlrq/ krzhyhu/ lv ghflvlrq0wkhruhwlf1 Lq vwudwhjlf prghov ri wxuqrxw/ li wkh frvw ri sduwlflsdwlqj

lv qrw wrr kljk wkhq lw zloo qrw eh dq htxloleulxp iru hyhu|rqh wr vwd| krph/ iru wkhq rqh yrwhu e|

khuvhoi frxog ghflgh wkh hohfwlrq1 Wkh nh| lqvljkw ri vwudwhjlf prghov lv wkdw wkh suredelolw| ri ehlqj

slyrwdo lv hqgrjhqrxv1 Wkdw lv/ li flwl}hqv duh udwlrqdo/ wkh yrwlqj ghflvlrqv dqg slyrw suredelolwlhv

duh ghwhuplqhg vlpxowdqhrxvo|1

Vwudwhjlf wkhrulhv xvxdoo| prgho wxuqrxw dv d odujh whdp jdph +Sdoiuh| dqg Urvhqwkdo 4<;7/ 4<;8>

P|huvrq 4<<9,1 Wkhuh duh w|slfdoo| wzr dowhuqdwlyhv +h1j1/ fdqglgdwhv, dqg wzr w|shv ri flwl}hqv +fdoo

wkhp Ghprfudwv dqg Uhsxeolfdqv,/ zkhuh hdfk w|sh ru whdp kdv lghqwlfdo suhihuhqfhv1 Suhihuhqfhv

ri hdfk whdp duh gldphwulfdoo| rssrvhg1 Hdfk shuvrq fdq hlwkhu yrwh/ iru hlwkhu fdqglgdwh/ ru vwd|

krph +vklun,1 Hohfwlrqv duh ghflghg e| d vlpsoh soxudolw| zlwk vrph wlh0euhdnlqj uxoh/ xvxdoo| d frlq

wrvv1 Doo phpehuv ri wkh zlqqlqj idfwlrq hduq d sd|r� iru zlqqlqj +zkhwkhu ru qrw wkh| yrwhg,>

orvhuv jhw qrwklqj1 Lqghshqghqw ri wkh rxwfrph wkhuh lv dq dgglwlyh dqg sulydwh frvw ri yrwlqj1

Vwudwhjlf wkhrulhv wkhq vroyh iru wkh htxloleuld ri vxfk whdp jdphv1 Vlqfh yrwlqj iru wkh qrq0

suhihuuhg fdqglgdwh lv vwulfwo| grplqdwhg iru hdfk yrwhu/ wkh uhohydqw sureohp uhgxfhv wr d sdu0

wlflsdwlrq jdph zklfk vlpso| lqyroyhv wkh elqdu| ghflvlrq ri zkhwkhu wr yrwh ru vwd| krph1 Wkh

uhvxowv ri jdph wkhruhwlf prghov fdq eh vxppdul}hg dv iroorzv +Sdoiuh| dqg Urvhqwkdo 4<;7/ 4<;8>

P|huvrq 4<<8,=

+4, Wkhuh duh qr sxuh vwudwhj| htxloleuld h{fhsw lq ghjhqhudwh fdvhv1 Iru h{dpsoh/ _Hyhu|erg|

yrwhv% lv dq htxloleulxp rqo| li f @ 3 ru li wkh whdpv duh ri h{dfwo| wkh vdph vl}h1
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+5, Wkhuh duh pdq| htxloleuld zlwk srvlwlyh wxuqrxw1 H{fhsw lq ghjhqhudwh fdvhv/ wkhvh htxloleuld

lqyroyh wkh xvh ri pl{hg vwudwhjlhv e| dw ohdvw vrph yrwhuv1

+6, Htxloleuld zlwk qrq0wulyldo wxuqrxw duh dv|pphwulf1 Wkdw lv/ vrph yrwhuv ri wkh vdph w|sh xvh

gl�huhqw vwudwhjlhv1 Iru h{dpsoh/ vrph ri wkhp xvh sxuh vwudwhjlhv/ zkloh rwkhuv pl{1

+7, Kljk wxuqrxw htxloleuld duh qrw urexvw wr wkh lqwurgxfwlrq ri xqfhuwdlqw| ryhu hlwkhu suhihuhqfhv

dqg frvwv +Sdoiuh| dqg Urvhqwkdo 4<;8, ru wkh qxpehu ri sod|huv +P|huvrq 4<<8,1 Wkh urexvw

htxloleuld kdyh ydqlvklqj wxuqrxw1

Wkxv/ dv Sdoiuh| dqg Urvhqwkdo +4<;8/ s197, srlqwhg rxw _Zh kdyh frph ixoo flufoh dqg duh rqfh

djdlq ehvhw e| wkh sdudgr{ ri qrw yrwlqj1% Wkh lqlwldo urxjk0dqg0uhdg| lqwxlwlrq lv vwloo forvh wr

wkh pdun= dv orqj dv doo yrwhuv kdyh vwulfwo| srvlwlyh frvwv ri yrwlqj/ wkh h{shfwhg wxuqrxw zloo eh

_vpdoo% uhodwlyh wr wkh vl}h ri wkh hohfwrudwh1

D frpprq uhvsrqvh wr wklv dqrpdo| kdv ehhq wr prgli| wkh sd|r� dvvxpswlrqv1 Iru h{dpsoh/

vxssrvh flwl}hqv kdyh ehhq vrfldol}hg lqwr kdylqj d vhqvh ri reoljdwlrq wrzdug ghprfudwlf lqvwlwx0

wlrqv/ l1h1/ wrzdug yrwlqj +Ulnhu dqg Rughvkrrn 4<9;,1 Wkhq wkh frvwv ri yrwlqj pljkw eh qhjdwlyh/

dw ohdvw iru vrph flwl}hqv1�

Hpslulfdoo| wklv pd| zhoo eh wuxh/ dqg zh vxvshfw wkdw lw grhv h{sodlq dw ohdvw vrph wxuqrxw1

Exw wkhuh duh reylrxv phwkrgrorjlfdo frqfhuqv dvvrfldwhg zlwk frpsohwho| glvshoolqj dq dqrpdo|

lq wklv pdqqhu1 Wr dqvzhu wkh txhvwlrq/ _Zk| gr shrsoh gr {B%/ e| vd|lqj wkdw shrsoh kdyh d

wdvwh iru { vhhpv wkhruhwlfdoo| vkdoorz1

Lq wklv sdshu zh wdnh d frpsohwho| gl�huhqw wdfn1 Iru wkh prvw sduw/ zh ohdyh wkh jdph vwuxfwxuh/

dqg khqfh sd|r�v/ dorqh= l1h1/ zh dvvxph wkdw yrwlqj lv frvwo|/ dv lq wkh fodvvlfdo prghov1 Lqvwhdg/

zh prgli| wkh udwlrqdolw| dvvxpswlrqv1 Vshfl�fdoo|/ zh dvvxph wkdw yrwhuv duh dgdswlyho| udwlrqdo=

wkh| ohduq wr yrwh ru wr vwd| krph1 Wkhlu ohduqlqj lv d vlpsoh irup ri wuldo0dqg0huuru ehkdylru

zklfk lv frqvlvwhqw zlwk edvlf d{lrpv ri uhlqirufhphqw ohduqlqj +Exvk dqg Prvwhoohu 4<88,= dfwlrqv

wkdw duh vxffhvvixo wrgd| duh pruh olnho| wr eh surgxfhg wrpruurz> xqvxffhvvixo dfwlrqv duh ohvv

olnho|1 Wklv uhlqirufhphqw ohduqlqj lv pduulhg wr dq dvsludwlrq ohyho/ d wkuhvkrog wkdw sduwlwlrqv doo

srvvleoh fxuuhqw sd|r�v lqwr vxffhvvixo dqg xqvxffhvvixo rqhv/ khqfh lqglfdwlqj zklfk dfwlrqv duh

frghg dv vxffhvvhv +dqg vr zruwk| ri uhlqirufhphqw, dqg zklfk dv idloxuhv +dqg vr lqklelwhg,1 D

yrwhu*v dvsludwlrq ohyho lwvhoi dgmxvwv wr h{shulhqfh/ uh�hfwlqj sulru sd|r�v1
�5ii @*tL 6ihi�L�? @?_ 6�Lh�?@ E�b.e�c ��L @tt�4i |�@| �L|iht @hi hi}hi| 4�?�4�3iht� A�i�h @TThL@U� 4i|

UL?t�_ih@M*i hit�t|@?Ui L? |�iLhi|�U@* @?_ i4T�h�U@* }hL�?_t� 6Lh i @4T*ic �| �t �?UL?t�t|i?| ��|� |�i UL44L?
LMtih�@|�L? Lu ��}�ih �L|�?} h@|it �? U*Lti*) UL?|it|i_ i*iU|�L?t E�@*uhi) @?_ +Lti?|�@* �bHD��
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Rxu prgho wkxv sursrvhv d v|qwkhvlv ehwzhhq wzr frpshwlqj uhvhdufk surjudpv lq srolwlfdo

vflhqfh= +qhr0,lqvwlwxwlrqdolvp dqg ehkdylrudolvp1 Dv lq lqvwlwxwlrqdolvp/ zh h{solflwo| prgho wkh

vwudwhjlf lqwhughshqghqfh lqkhuhqw lq hohfwrudo sduwlflsdwlrq/ exw lqvwhdg ri dvvxplqj ixoo| udwlrqdo

yrwhuv zlwk frpprq nqrzohgjh derxw wkh jdph irup/ rxu sod|huv dgdsw wkhlu ehkdylru ryhu wlph

dv d frqvhtxhqfh ri sdvw lqglylgxdo sd|0r�v dqg dvsludwlrqv12

Ehfdxvh ri wkh prgho*v frpsoh{lw|/ zh kdyh wxuqhg wr vlpxodwlrq wr rewdlq pdq| ri rxu pdlq

uhvxowv1� Wkh vlpxodwlrq uhvxowv lqglfdwh wkdw hyhq li doo wkh yrwhuv h{shulhqfh vwulfwo| srvlwlyh frvwv

ri yrwlqj/ wxuqrxw lv vxevwdqwldo1 Shukdsv prvw vwulnlqjo|/ wxuqrxw uhpdlqv qrq0qhjoljleoh hyhq zkhq

zh lqfuhdvh wkh vl}h ri wkh hohfwrudwh wr rqh ploolrq yrwhuv1

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq LL ghvfulehv wkh prgho1 Wkh pdlq vlpxodwlrq uhvxow�

wkh hphujhqfh ri vxevwdqwldo wxuqrxw lq odujh hohfwrudwhv�lv uhsruwhg lq vhfwlrq LLL1 Wkh frpsx0

wdwlrqdo rxwsxw lv vxssohphqwhg e| vhyhudo dqdo|wlfdo uhvxowv wkdw erwk khos wr h{sodlq zk| wkh

frpsxwhu prgho jhqhudwhv qrq0qhjoljleoh sduwlflsdwlrq dqg wr jhqhudol}h wkh vlpxodwlrq �qglqjv1

Vhfwlrq LY h{sodlqv/ yld vhyhudo dqdo|wlfdo uhvxowv/ zk| sduwlflsdwlrq idoov zhoo vkruw ri ehlqj xql0

yhuvdo1 Vhfwlrq Y suhvhqwv vrph �qglqjv rq frpsdudwlyh vwdwlfv dqg g|qdplfv +h1j1/ krz ydu|lqj

wkh frvw ri yrwlqj d�hfwv wxuqrxw,1 H{whqvlrqv dqg d ihz frqfoxglqj revhuydwlrqv iroorz lq vhfwlrq

YL1

WW� A�i �L_i*

Hdfk djhqw kdv wzr fkrlfhv/ wr yrwh ru wr vwd| krph +vklun,1 Zh dvvxph wkdw wkh hohfwrudwh

lv glylghg lqwr wzr fohdu eorfv ru idfwlrqv/ ri q( Ghprfudwv dqg q- Uhsxeolfdqv1 Zklfkhyhu vlgh

wxuqv rxw pruh yrwhuv zlqv wkh hohfwlrq1 +Fdqglgdwhv dqg wkhlu ehkdylru duh vxssuhvvhg lq wklv

prgho1,e Phpehuv ri wkh zlqqlqj idfwlrq hduq d sd|r� ri e A 3 iru zlqqlqj/ zkhwkhu ru qrw wkh|

yrwhg> orvhuv jhw qrwklqj1 +Lq wkh xqolnho| hyhqw ri d wlh/ hyhu|rqh jhwv K
2
1, Wkh sulydwh frvw ri

yrwlqj lv f � 3/ zkhuh f ? e1 +Lq vrph yduldqwv zh doorz frvwv wr eh qhjdwlyh/ wr uh�hfw wkh gxw|

wr yrwh1, Sd|r�v duh dgglwlyh lq wkh ehqh�wv dqg frvwv1 Wkxv zlqqlqj yrwhuv jhw e � f> zlqqlqj

vklunhuv jhw e1 Orvlqj yrwhuv jhw �f> orvlqj vklunhuv jhw 31 Xqohvv vwdwhg rwkhuzlvh zh qrupdol}h e
26Lh @ 4Lhi _i|@�*i_ _�tU�tt�L? Lu |�iti �tt�it tii �i?_Lhc #�ih4i�ih @?_ A�?} E�bbb��
�A�i t�4�*@|�L? 4L_i* Mi@ht @ u@4�*) hiti4M*@?Ui |L @? @?@*)|�U@* 4L_i* Lu @tT�h@|�L?�M@ti_ *i@h?�?} E�i?_Lhc

�LL!�ih�ii @?_ +@) �bbH��
e6Lh t�4�*@|�L? 4L_i*t Lu @_@T|��i*) h@|�L?@* U@?_�_@|itc tii kL**4@?c ��**ih @?_ �@}i E�bb2c �bbH�� �*tLc |�i

@?@*)|�U@* hit�*|t Lu �i?_Lhc �LL!�ih�ii @?_ +@) E�bbH� U@? Mi i |i?_i_ |L @TT*) |L |�L�T@h|) h@Uit� �** Lu |��t
�Lh! UL4T*i4i?|t |�i Thiti?| 4@?�tUh�T| �? |�@| �? |�i 4L_i*t Lu kL**4@? i| @*� @?_ Lu �i?_Lh i| @*� �L|iht @hi
T@tt��i 4iU�@?�t4tG itti?|�@**)c |�i) @hi hiThiti?|i_ @t �L|i t�@hit ET@)Lgt� �? @ |�L�TihtL? }@4i �? ���U� |�i
@U|��i T*@)iht @hi |�i U@?_�_@|it� Oihic �L|iht @hi @U|��i ���*i U@?_�_@|it Lh T@h|�it @hi �? |�i M@U!}hL�?_�
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wr 41

Surshqvlwlhv/ Dvsludwlrqv dqg Dgdswdwlrq1 Wkh khduw ri wkh prgho lv wkh ohduqlqj ehkdylru

ri hdfk djhqw1 Dv lqglfdwhg hduolhu/ wkh dgdswlyh ehkdylru frpelqhv uhlqirufhphqw ohduqlqj dqg

hqgrjhqrxv dvsludwlrqv1D Wkxv lq wkh ehjlqqlqj/ dw w @ 4/ hyhu| flwl}hq ehjlqv zlwk dq lqlwldo

surshqvlw| wr yrwh> fdoo wklv s�c�+y, 5 ^3> 4` iru flwl}hq l1S Hdfk flwl}hq lv dovr hqgrzhg zlwk dq lqlwldo

dvsludwlrq ohyho/ fdoo lw d�c� iru djhqw l1 +Dw wklv srlqw zh fdq rqo| glvwlqjxlvk ehwzhhq Ghprfudwv

dqg Uhsxeolfdqv/ vr yrwhuv lq gl�huhqw eorfv fdq kdyh gl�huhqw lqlwldo surshqvlwlhv ru gl�huhqw lqlwldo

dvsludwlrqv/ exw yrwhuv lq wkh vdph eorf duh lqlwldoo| krprjhqhrxv lq wkhvh dqg doo rwkhu uhvshfwv1,

Jlyhq wkh yhfwru ri surshqvlwlhv/ dfwlrqv duh uhdol}hg dqg wkh rxwfrph lv ghwhuplqhg/ dv duh sd|r�v1

Dv qrwhg hduolhu/ dq| dfwlrq wkdw lv frghg dv d _vxffhvv% lv uhlqirufhg> dq| dfwlrq frghg dv

d _idloxuh% lv lqklelwhg1 Wkxv li d flwl}hq yrwhv dqg khu sd|r� lv juhdwhu wkdq ru htxdo wr khu

dvsludwlrq/ wkhq khu surshqvlw| wr yrwh lq wkh qh{w shulrg ulvhv1 Wkh htxdwlrq lv wkh fodvvlfdo olqhdu

Exvk0Prvwhoohu htxdwlrq=

s�c|n�+y, @ s�c|+y, . �+4� s�c|+y,, +4,

zkhuh � 5 +3> 4, uhsuhvhqwv wkh vshhg ri ohduqlqj ru dgdswdwlrq/ jlyhq d vxffhvvixo rxwfrph1 Vlp0

loduo|/ li khu sd|r� lv ohvv wkdq khu dvsludwlrq dqg vkh kdg yrwhg lq w/ wkhq khu surshqvlw| wr yrwh

idoov=

s�c|n�+y, @ s�c|+y,� � � s�c|+y, +5,

Wkxv/ ehfdxvh � uhsuhvhqwv wkh vshhg ri ohduqlqj lq wkh idfh ri idloxuhv dv zhoo dv lq wkh idfh ri

vxffhvv/ zh duh dvvxplqj wkdw wkh udwh ri dgdswdwlrq lv v|pphwulf lq wkh wzr gluhfwlrqv1 +Wklv

fdq eh hdvlo| fkdqjhg lq wkh vlpxodwlrq/ exw lw lv uhdvrqdeoh dv d ehqfkpdun fdvh dqg ixuwkhupruh

wxuqv rxw wr eh xvhixo dqdo|wlfdoo|1, Wkh dgmxvwphqw htxdwlrqv wkdw krog zkhq wkh djhqw vklunhg

lq w kdyh h{dfwo| wkh vdph irup dqg wkh vdph ydoxh ri �1

Dvsludwlrqv dovr dgmxvw +suredelolvwlfdoo|, wr h{shulhqfh= zkhq wkh| dgmxvw/ wrpruurz*v dvslud0

wlrqv duh d zhljkwhg dyhudjh ri wrgd|*v ohyho dqg wrgd|*v sd|r�v=

d�c|n� @ � � d�c| . +4� �,��c| +6,
D6Lh @ 4Lhi _i|@�*i_ Thiti?|@|�L? Lu |��t 4L_i* Lu @tT�h@|�L?�M@ti_ *i@h?�?}c tii �i?_Lhc #�ih4i�ih @?_ A�?}

E�bbb��
S ì �ti |�i |ih4 �ThLTi?t�|)< |L �?_ihtULhi |�i Tt)U�L*L}�U@* ?@|�hi Lu |�i |�iLh)� �@|�i4@|�U@**)c Lu UL�htic �|

�t @ ThLM@M�*�|)�
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zkhuh ��c| ghqrwhv flwl}hq l*v sd|r� dw gdwh w dqg � lv lq +3> 4,1

Ehfdxvh dvsludwlrqv dgmxvw wr h{shulhqfh/ hyhqwxdoo| dvsludwlrqv dqg dfwlrqv pxvw eh frqvlvwhqw

zlwk hdfk rwkhu1 Iru h{dpsoh/ li d flwl}hq vhwwohv grzq lqwr d surshqvlw| ri dozd|v yrwlqj/ wkhq lq

d vwhdg| vwdwh klv dvsludwlrq fdqqrw h{fhhg e� f1 Dqg pruh jhqhudoo|/ doo dvsludwlrqv zloo eh gudzq

wrzdug wkh ^�f> e` lqwhuydo/ zklfk lqfoxghv doo ihdvleoh sd|r�v1

D ixoo f|foh ri ohduqlqj lv ghslfwhg lq �jxuh 41

^�jxuh 4 derxw khuh`

Wuhpeohv1 Dfwruv pd| wuhpeoh/ l1h1/ rffdvlrqdoo| gr wkh rssrvlwh ri zkdw wkh| kdg lqwhqghg1

D wuhpeoh +vkrxog lw kdsshq, rffxuv diwhu dq djhqw*v surshqvlw| kdv surgxfhg dq lqwhqghg dfwlrq1

Wkdw lv/ vxssrvh d flwl}hq kdv d surshqvlw| ri =58 ri yrwlqj lq vrph shulrg1 Wkdw surgxfhv dq

lqwhqghg dfwlrq/ vd| +lq wklv fdvh, ri vklunlqj1 Li wkh suredelolw| ri d wuhpeoh lv rqh lq d kxqguhg/

wkhq wkh zrxog0eh vklunhu zlqgv xs yrwlqj zlwk d fkdqfh ri =341 Lq jhqhudo/ li wkh suredelolw| ri

wuhpeolqj lv �/ wkhq wkh fkdqfh wkdw yrwhu l dfwxdoo| zlqgv xs yrwlqj lq shulrg w htxdov s�c|+y, � +4�

�, . +4� s�c|+y,, � �1 Zh dvvxph wkurxjkrxw wkdw 3 ? � ? �

2
1.

Zh lqwurgxfh wuhpeohv lq rughu wr hqvxuh wkdw wkh prgho kdv hpslulfdo frqwhqw/ l1h1/ wr dyrlg

ydfxlw|1 Zlwkrxw wuhpeohv/ dq| rxwfrph frxog eh suhglfwhg/ jlyhq vxlwdeoh lqlwldo frqglwlrqv1 Iru

h{dpsoh/ vxssrvh wkdw lqlwldoo| Ghprfudwv kdg dvsludwlrqv ri e � f dqg zhuh frpsohwho| glvsrvhg

wr yrwh/ zkloh Uhsxeolfdqv kdg dvsludwlrqv ri }hur dqg zhuh frpsohwho| glvsrvhg wr vwd|lqj krph1

Zlwkrxw wuhpeohv/ doo Ghprfudwv zrxog yrwh dqg doo Uhsxeolfdqv zrxog devwdlq1 Wkxv hyhu|rqh

zrxog jhw sd|r�v wkdw htxdoohg wkhlu dvsludwlrqv/ dqg vr wkhlu surshqvlwlhv +dqg dvsludwlrqv, zrxog

uhpdlq xqfkdqjhg1 Ru pruh h{wuhpho|/ lq d wuhpeoh0iuhh prgho ri dvsludwlrq0edvhg ohduqlqj lq

wkh wzr0shuvrq sulvrqhu*v glohppd/ wkh rxwfrph lq zklfk sod|hu D lv frqwlqxdoo| vxfnhuhg frxog

eh jhqhudwhg/ zlwk vxlwdeoh lqlwldo frqglwlrqv1 +D zrxog kdyh wr vwduw zlwk dvsludwlrqv wkdw duh

qr kljkhu wkdq wkh vxfnhu*v sd|r�/ dqg vr rq1, E| surgxflqj h{shulphqwdwlrq/ wuhpeohv holplqdwh

vxfk srvvlelolwlhv/ dqg vr uhvwruh hpslulfdo frqwhqw wr wkh prgho1H

Wkrxjk vlpsoh/ wkh prgho srvhv vrph vhyhuh wudfwdelolw| lvvxhv1 Ehfdxvh forvhg0irup vroxwlrqv

duh vr gl�fxow wr ghulyh/ rxu uhvxowv duh jhqhudwhg e| vlpxodwlrq dqg wkhq uhlqirufhg e| vrph frp0

sohphqwdu| dqdo|wlfdo uhvxowv1 Zh ghvfuleh wkh jhqhudo vlpxodwlrq prgho ri hohfwrudo sduwlflsdwlrq/
.A�i @tt�4T|�L? |�@| |�i |hi4M*i ThLM@M�*�|) �t *itt |�@? L?i �@*u �t �ih) 4�*_� Wu �| i^�@**i_ L?i �@*uc |�i? Mi�@��Lh
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xsrq zklfk wkh suhvhqw �qglqjv duh edvhg/ lq wkh Dsshqgl{1

WWW� A�i �@�? +it�*|t

D1 Vlpxodwlrq Uhvxowv

Wkh pdlq txhvwlrq reylrxvo| lv/ zloo wkhvh dgdswlyho| udwlrqdo djhqwv ohduq wr yrwh lq vljql�fdqw

qxpehuvB Lqlwldo uhvxowv/ zlwk d vpdoo hohfwrudwh dqg htxdo vl}hg idfwlrqv +q( @ q- @ 83,/ duh

hqfrxudjlqj +uxq 4,1

^uxq 4 derxw khuh`

Uxq rqh vkrzv wkdw wkh shufhqwdjh ri flwl}hqv zkr yrwhg vhhphg wr txlfno| vwdelol}h dw derxw

83 shufhqw1b Dowkrxjk qrw vkrzq khuh/ wkh wxuqrxw shufhqwdjh uhpdlqv vwdeoh wkurxjkrxw wkh

uxq/ lqglfdwlqj wkdw wkh v|vwhp kdv suredeo| uhdfkhg lwv vwhdg| vwdwh1 Wkxv wxuqrxw kdv hylghqwo|

vwdelol}hg dw txlwh d vxevwdqwldo ohyho1

D qdwxudo txhvwlrq lv zkhwkhu wxuqrxw zloo froodsvh lq pxfk odujhu hohfwrudwhv1 Wkh dqvzhu

wr wklv txhvwlrq lv qr= zlwk htxdo idfwlrq vl}h wkh wxuqrxw lq dq hohfwrudwh ri rqh ploolrq flwl}hqv

uhpdlqv vxevwdqwldo +uxq 5,1 Ri frxuvh/ wklv lv qrw |hw wkh qxpehu lqyroyhg lq d Suhvlghqwldo hohfwlrq/

exw zh duh douhdg| zhoo sdvw Frqjuhvvlrqdo udfhv1

^uxq 5 derxw khuh`

Vlqfh wklv lv suredeo| wkh sdshu*v fhqwudo uhvxow/ dqg rqh zklfk pd| sx}}oh vrph uhdghuv/ lw lv

zruwkzkloh wr sdxvh dw wklv srlqw lq rughu wr wu| wr xqghuvwdqg lw1 Lq dq hohfwrudwh ri rqh ploolrq

shrsoh/ wkh fkdqfh wkdw dq| rqh shuvrq zloo fdvw d slyrwdo yrwh lv plqlvfxoh1 Zk|/ wkhq/ gr vr pdq|

shrsoh ohduq wr yrwhB

Shukdsv wkh ehvw zd| wr xqghuvwdqg wklv rxwfrph lv wr frqgxfw wkh iroorzlqj wkrxjkw h{shu0

lphqw1 Lpdjlqh wkdw hyhu|rqh lq d srsxodwlrq kdv vhwwohg lqwr d frpsohwh surshqvlw| ri vklunlqj/

dqg wklv kdv odvwhg orqj hqrxjk iru dvsludwlrqv wr dgmxvw wr fxuuhqw sd|r�v +ri K
2
/ iru hyhu|rqh,1

Zkdw zloo kdsshq wkhuhdiwhuB Ri frxuvh/ lq d wuhpeoh0iuhh zruog wklv frxog lqghhg eh vwdeoh/ exw

wkdw lv wulyldo/ vlqfh zlwkrxw wuhpeohv dq|wklqj fdq vwdelol}h/ jlyhq dvsludwlrq0edvhg uhlqirufhphqw

ohduqlqj1 Vr wkh wkrxjkw h{shulphqw pxvw doorz iru wuhpeohv +dv gr doo ri wkh uxqv uhsruwhg khuh,1
bA�i T@h@4i|ih �@*�it uLh h�? � @hi _�tT*@)i_ Mi*L� |�i ��t|L}h@4� A�i hi@_ih U@? @tt�4i |�@| |�iti @hi
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Vxssrvh/ wkhq/ wkdw lq shulrg w yrwhu G4 wuhpeohv dqg wxuqv rxw1 Zlwk f @ 3=58/ wklv dfflghqw

uhlqirufhv khu surshqvlw| wr yrwh +vkh qrz jhwv d sd|r� ri e�f @ 3=:8 A K
2
@ 3=8,�exw wkh vorwkixo

ehkdylru ri khu frpudghv/ zkr duh qrz hqmr|lqj d iuhh0ulglqj sd|r� ri 413/ lv dovr uhlqirufhg1 Vr

wklv lv qrw wkh sodfh wr orrn iru dq h{sodqdwlrq1 Wkh sodfh wr orrn lv wkh h�hfw wkdw G4*v wuhpeoh

kdv rq khu rssrqhqwv1 Lq wkh k|srwkhwlfdo doo0vklun vwdwh/ wkh Uhsxeolfdqv zhuh hqmr|lqj d sd|r�

ri 318/ zlwk dvsludwlrqv wr pdwfk1 Zlwk G4*v yrwlqj/ vxgghqo| wkh Uhsxeolfdqv duh vwxfn zlwk d

sd|r� ri }hur1 Wkxv/ G4*v wuhpeoh lpsrvhv qhjdwlyh uhlqirufhphqw rq wkh Uhsxeolfdqv* vklunlqj1

Khqfh lq wkh iroorzlqj shulrg doo ri wkh Uhsxeolfdqv zloo sxw srvlwlyh suredelolw| rq yrwlqj1 Zh

fdoo wklv orvhu0gulyhq prelol}dwlrq1

Wkh vwru| lv qrw ryhu1 Lq w . 4 wkh Uhsxeolfdqv zloo doprvw fhuwdlqo| zlq1 Wkh h�hfw rq wkhlu

surshqvlw| wr yrwh lv frpsolfdwhg1 Doo Uhsxeolfdqv zkr dfwxdoo| yrwhg zloo eh srvlwlyho| uhlqirufhg

iru grlqj vr> exw doo ri wkhlu iuhhulglqj frpudghv zloo kdyh wkdw dfwlrq vxssruwhg dv zhoo1 Wkxv

rqfh djdlq irfxvlqj rq wkh zlqqhuv grhv qrw h{sodlq zk| wkh v|vwhp zloo zlqg xs dw d pxfk kljkhu

wxuqrxw ohyho> rqfh djdlq zh pxvw orrn dw wkh orvhuv�lq wklv shulrg/ wkh Ghprfudwv1 Lq w . 4

yluwxdoo| doo ri wkh Ghprfudwv vwd|hg krph�dqg jrw d sd|r� ri }hur1 Zlwk dvsludwlrqv dgmxvwlqj

vorzo|/ dqg khqfh vwloo forvh wr rqh kdoi/ wkh sod|huv zloo frgh d sd|r� ri }hur dv d idloxuh1 Vr qrz wkh

Ghprfudwv*v vklunlqj lv lqklelwhg1 Khqfh pruh ri wkhp wxuq rxw lq shulrg w . 5/ dqg orvhu0gulyhq

prelol}dwlrq frqwlqxhv1 Wkh prelol}dwlrq ri rqh vlgh ehjhwv frxqwhu0prelol}dwlrq/ lq d w|slfdoo|

soxudolvw idvklrq1�f

Kdylqj d frpsxwhu dw rxu glvsrvdo doorzv xv wr pdnh wklv pruh wkdq d wkrxjkw h{shulphqw1 Lq

uxq 6d doo flwl}hqv vwduw rxw frpsohwho| glvsrvhg wr vwd| krph/ dqg lqlwldo dvsludwlrqv duh frqvlvwhqw

zlwk wkrvh surshqvlwlhv1 \hw e| shulrg 83 dyhudjh wxuqrxw kdv ulvhq wr doprvw kdoi wkh flwl}hqv/

zkhuh lw vwdelol}hv +uxqv 6d dqg 6e,1

^uxqv 6d dqg 6e derxw khuh`

Wklv vhhpv wr frq�up dw ohdvw sduw ri wkh suhfhglqj dujxphqw= vwduwlqj iurp d vwdwh ri xqlyhuvdo

vklunlqj/ d surfhvv ri prelol}dwlrq dqg frxqwhu0prelol}dwlrq lv xqohdvkhg1

E1 H{sodlqlqj wkh _Euhdnrxw ri Sduwlflsdwlrq%= Dqdo|wlfdo Uhvxowv

Zh zloo qrz pdnh wklv suhfhglqj dujxphqw pruh uljrurxv/ lq rughu wr h{sodlq wkh prelol}dwlrq

surfhvv pruh wljkwo| dqg frpsohwho|1 Vrph _plql0uhvxowv%/ dqdo|wlfdoo| ghulyhg/ zloo surylgh wkh
�fA��t ThLUitt �@t @? @h4t h@Ui @tTiU|c �? |�@| |�i �@hi|L�LT|�4@* t)44i|h�U L�|UL4i �t uLh i�ih)L?i |L t|@) �L4i
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irxqgdwlrq iru wklv h{sodqdwlrq1 Zh zloo vkrz lq d vwhs0e|0vwhs idvklrq zk| wkh prelol}dwlrq

revhuyhg lq uxq 6d rffxuv1 Lqghhg/ zh zloo dovr vkrz zk| pxfk ri lw grhv qrw ghshqg rq wkh

vshfl�f irup ri dgdswdwlrq/ wkh Exvk0Prvwhoohu phfkdqlvp/ xvhg lq wkh vlpxodwlrq exw lv lqvwhdg

gulyhq e| pxfk pruh jhqhudo surshuwlhv ri wuldo0dqg0huuru ohduqlqj1

Wkh �uvw uhvxow lv h{fhhglqjo| vlpsoh exw lw vxssolhv wkh edvlv iru zkdw iroorzv1 Revhuydwlrq 4

uhsruwv d vlpsoh surshuw| derxw dvsludwlrqv dqg hohfwrudo sd|r�v1 Lw suhvxphv +dv gr doo vxevhtxhqw

uhvxowv, wkdw wkh hohfwlrq lq gdwh w lv frqfoxvlyh/ l1h1/ qrw d wlh1 Zh fdoo d sod|hu*v dvsludwlrqv _qrw

wrr kljk% li wkh| duh ohvv wkdq e� f dqg _qrw wrr orz% li wkh| h{fhhg 31 Zh dovr vd| wkdw dq dfwru

lv _vdwlv�hg% li khu dfwlrq lv frghg d vxffhvv/ dqg _xqvdwlv�hg% li lw lv frghg d idloxuh1

Revhuydwlrq 4= Li lq w wkh dvsludwlrqv ri shrsoh lq wkh zlqqlqj idfwlrq duh qrw wrr kljk dqg

wkh dvsludwlrqv ri shrsoh rq wkh orvlqj vlgh duh qrw wrr orz/ wkhq doo zlqqhuv duh vdwlv�hg e| wkh

rxwfrph lq w zkloh doo orvhuv duh glvvdwlv�hg1

Wklv pdnhv lqwxlwlyh vhqvh1 Zlqqhuv jhw sd|r�v ri hlwkhu e� f ru e/ ghshqglqj rq zkhwkhu wkh|

yrwhg ru vwd|hg krph1 Vr li doo zlqqhuv kdyh dvsludwlrqv ehorz e� f wkhq wkh| duh doo frqwhqw zlwk

wkh rxwfrph1 Vlploduo|/ orvhuv jhw sd|r�v ri hlwkhu �f ru 3/ ghshqglqj rq wkhlu lqglylgxdo fkrlfhv1

Vr li wkh dvsludwlrqv ri doo orvhuv h{fhhg }hur/ wkhq orvlqj lv xqdffhswdeoh1

Wkrxjk vlpsoh/ wklv frqglwlrq lv yhu| lpsruwdqw erwk vxevwdqwlyho| dqg dqdo|wlfdoo|1 Vxe0

vwdqwlyho|/ lw lghqwl�hv vlwxdwlrqv lq zklfk hyhu|rqh*v vdwlvidfwlrq lv ghwhuplqhg h{foxvlyho| e| wkh

froohfwlyh rxwfrph= li |rxu vlgh zlqv/ |rx*uh kdss|> li lw orvhv/ |rx*uh xqkdss| +�jxuh 5,1

^�jxuh 5 derxw khuh`

Dq lpsruwdqw vshfldo fdvh ri wklv frqglwlrq lv zkhq doo flwl}hqv kdyh _plggolqj% dvsludwlrqv/ lq

wkh lqwhuydo +3> e � f,1 +Lq wkdw fdvh wkh frqfoxvlrq ri revhuydwlrq 4 krogv li hlwkhu sduw| zlqv1,

D qdwxudo lqwhusuhwdwlrq ri wklv vshfldo fdvh lv wkdw shrsoh lghqwli| zlwk wkh zhoo0ehlqj ri wkhlu

idfwlrqv= shuvrqdo vdwlvidfwlrq lv gulyhq frpsohwho| e| froohfwlyh rxwfrphv1

Qrz jlyhq wkh frqglwlrqv ghvfulehg e| revhuydwlrq 4 +zklfk duh vdwlv�hg e| wkh lqlwldo frqglwlrqv

ri uxq 6d,/ zklfk flwl}hqv zloo prelol}h diwhu wkh hohfwlrq ri shulrg rqhB Wkdw lv/ li revhuydwlrq 4

dssolhv wr shulrg rqh/ zklfk flwl}hqv zloo lqfuhdvh wkhlu surshqvlw| wr yrwh lq shulrg wzrB

Lq rughu wr dqvzhu wkdw txhvwlrq rqh pxvw pdnh vrph dvvxpswlrqv derxw krz surshqvlwlhv

duh dgmxvwhg1 Ri frxuvh/ zh frxog xvh wkh Exvk0Prvwhoohu phfkdqlvp hpsor|hg lq wkh vlpxodwlrq1

Kdsslo|/ krzhyhu/ wkh qh{w uhvxow ghshqgv rqo| rq jhqhudo txdolwdwlyh surshuwlhv ri wkh Exvk0

;



Prvwhoohu uxoh/ qrw rq lwv vshfl�f ixqfwlrqdo irup1 Wkh hvvhqfh ri wkhvh txdolwdwlyh surshuwlhv

lv vlpso| wkdw wkh surshqvlw| wr wu| vdwlvidfwru| dfwlrqv lqfuhdvhv zkloh wkh surshqvlw| wr wu|

xqvdwlvidfwru| rqhv pxvw idoo1

Ohw xv wkhq fdoo dq Dvsludwlrq0Edvhg Dgdswlyh Uxoh +DEDU, dq| ohduqlqj phfkdqlvp zlwk wkh

iroorzlqj surshuwlhv1 Iluvw/ d flwl}hq +vd| l, frpsduhv khu fxuuhqw sd|r� wr khu fxuuhqw dvsludwlrq

ohyho1 Vhfrqg/ khu dfwlrq surshqvlwlhv dgmxvw vr wkdw vxffhvvixo dfwlrqv duh uhlqirufhg dqg xqvxf0

fhvvixo rqhv/ lqklelwhg1 Wkxv li/ h1j1/ vkh yrwhg lq shulrg w wkhq khu surshqvlw| wr yrwh fkdqjhv dv

iroorzv +wkh dqdorjrxv surshuwlhv krog li vkh vklunhg lq w,=��

+4, li ��c| A d�c| wkhq s�c|n�+y, � s�c|+y, +d vwulfw lqhtxdolw| li s�c|+y, ? 4,>

+5, li ��c| @ d�c| wkhq s�c|n�+y, � s�c|+y,>

+6, li ��c| ? d�c| wkhq s�c|n�+y, � s�c|+y, +d vwulfw lqhtxdolw| li s�c|+y, A 3,1

Wkhvh ruglqdo surshuwlhv duh dw wkh khduw ri dvsludwlrq0edvhg wuldo0dqg0huuru ohduqlqj1�2 Wkxv dq

DEDU lv d ixqfwlrq wkdw wdnhv dv lqsxw dq djhqw*v fxuuhqw dvsludwlrq dqg surshqvlw| dqg uhdol}hg

dfwlrq dqg sd|r�/ dqg |lhogv dv dq rxwsxw d qhz surshqvlw|1

Wkh qh{w revhuydwlrq vkrzv wkdw wkhvh surshuwlhv whoo xv zkdw zh qhhg wr nqrz/ l1h/ zklfk

flwl}hqv ehfrph pruh lqfolqhg wr yrwh dqg zklfk ehfrph ohvv lqfolqhg1

Revhuydwlrq 5= Vxssrvh revhuydwlrq 4 krogv1 Li dgmxvwphqw lv e| dq| duelwudu| pl{ ri DEDUv/

wkhq doo zlqqlqj yrwhuv dqg doo orvlqj vklunhuv ehfrph pruh glvsrvhg wr yrwh diwhu wkh hohfwlrq lq w

+ru uhpdlq ixoo| glvsrvhg wr yrwh,1 Wkh rwkhu flwl}hqv ehfrph ohvv lqfolqhg wr yrwh +ru uhpdlq ixoo|

lqfolqhg wr vklun,1

Lw lv reylrxv wkdw zlqqlqj yrwhuv lqfuhdvh wkhlu surshqvlw| wr sduwlflsdwh= wkh| yrwhg dqg zhuh

sohdvhg zlwk wkh rxwfrph1 D elw ohvv reylrxvo|/ vr zloo orvlqj vklunhuv/ vlqfh doo orvhuv zhuh glvsohdvhg

zlwk wkh rxwfrph1��

��+iU@** |�@| R�c|E�� _i?L|it �<t ThLTi?t�|) |L �L|i �? |c ���*i @�c| �t �ih @tT�h@|�L? @?_ Z�c| �ih T@)Lg�
�2W| �t �Lh|� ?L|�?} |�@| |�i UL?UiT| Lu @? ���+ _Lit ?L| Thit�4i |�@| ThLTi?t�|)�@_��t|4i?| �t ^�@?|�|@|��i*) |�i

t@4i uLh _�gihi?| @U|�L?t E�ihic �L|�?} �iht�t t��h!�?}�� �?*) |�i _�hiU|�L? Lu U�@?}i �t t|�T�*@|i_ M) |�i _i�?�|�L?�
A��t �| �t Tih4�||i_ uLhc i�}�c @? @}i?| |L U�@?}i 4Lhi �? hitTL?ti |L uii_M@U! L? �L|�?} |�@? �? hitTL?ti |L uii_M@U!
L? t��h!�?}� w@|ih �i t�@** i?UL�?|ih UL?|i |t �? ���U� �| �t �4TLh|@?| |L 4@!i |�i @__�|�L?@* @tt�4T|�L? |�@| @?
���+ �t ^�@?|�|@|��i*) |�i t@4i uLh @** ui@t�M*i @U|�L?tc @ ThLTih|) |�@| �i U@** @U|�L?��?�@h�@?Ui�

��A�ihi �t @ }LL_ hi@tL? uLh uLU�t�?} L? |�iti |�L ti|t Lu U�|�3i?tG �| �t |�i) ��L }i?ih@**) _i|ih4�?i ��i|�ih
4LM�*�3@|�L? ��** LUU�h� B��i? ��@| �i ��** *@|ih U@** hi@*�t|�U @tT�h@|�L?tQ|�Lti @ML�i |�i }@4i<t 4�?�4@* T@)Lg
E3S� Lh Mi*L� �|t 4@ �4@* L?i EK�Q��??�?} t��h!iht @?_ *Lt�?} �L|iht ?i�ih MiUL4i 4Lhi *�!i*) |L |�h? L�|G |�i
uLh4ih<t @T@|�) �t hi�?uLhUi_ ���*i |�i *@||ih<t @U|���t4 �t �?��M�|i_� Oi?Ui |L i T*@�? |�i RMhi@!L�| Lu T@h|�U�T@|�L?�
�i 4�t| |�h? L�h @||i?|�L? |L ��??�?} �L|iht @?_ *Lt�?} t��h!iht�

<



Wkh qh{w slhfh ri wkh vwru| lqyroyhv srolwlfdo ghprjudsk|= krz pdq| flwl}hqv duh hlwkhu zlqqlqj

yrwhuv ru orvlqj vklunhuvB

Revhuydwlrq 6= Li lq w wkh Ghprfudwv zlq dqg q( � q- ru wkh Uhsxeolfdqv zlq dqg q( � q-/

wkhq wkh qxpehu ri zlqqlqj yrwhuv soxv orvlqj vklunhuv lv d pdmrulw| ri wkh hohfwrudwh lq w1

Vlqfh lq rxu ehqfkpdun vlpxodwlrq wkh idfwlrqv duh ri htxdo vl}h/ revhuydwlrq 6 dssolhv wr doo

hohfwlrqv lq uxq 6d wkdw duhq*w wlhv/ l1h1/ qhduo| dozd|v1

Qrz ohw xv frpelqh revhuydwlrqv 4/ 5 dqg 6 lq rughu wr vhh krz pxfk ri wkh hohfwrudwh zloo/

dw wkh hqg ri d jlyhq hohfwlrq/ ehfrph pruh prelol}hg +lqfuhdvh wkhlu surshqvlw| wr yrwh,1 Lw lv

lpsruwdqw wr qrwh wkdw wkh iroorzlqj uhvxow grhv qrw dvvxph wkdw hyhu|rqh lq wkh hohfwrudwh xvhv

wkh vdph w|sh ri dgdswlyh uxoh1 Shrsoh pd| dgdsw lq gl�huhqw zd|v dqg dw gl�huhqw vshhgv/ shu

revhuydwlrq 51 Doo wkdw lv uhtxluhg lv wkdw yrwhuv xvh vrph DEDU1

Sursrvlwlrq 4= Vxssrvh wkh frqglwlrqv ri revhuydwlrqv 4/ 5 dqg 6 krog1 Ixuwkhu/ hyhu|rqh lq w

kdv d yrwh0surshqvlw| ri ohvv wkdq rqh1 Wkhq diwhu wkh hohfwlrq lq w d pdmrulw| ri flwl}hqv ehfrph

pruh glvsrvhg wr yrwh1

Eh|rqg wkh frqglwlrqv ri wkh wkuhh revhuydwlrqv/ wkh ixuwkhu uhtxluhphqw ri sursrvlwlrq 4�

ehiruh wkh hohfwlrq qrerg| lv frpsohwho| glvsrvhg wr yrwh�lv yhu| plog1 Lw lv reylrxvo| vdwlv�hg e|

uxq 6d/ zklfk suhvxphv wkdw lqlwldoo| hyhu|rqh lv frpsohwho| lqfolqhg wr vklun1 Pruh lpsruwdqwo|/ lw

zloo krog lq pdq| frqwh{wv ri orz prelol}dwlrq1 Wkxv sursrvlwlrq 4 pdnhv fohdu wkdw rxweuhdnv ri

sduwlflsdwlrq duh wr eh h{shfwhg/ li flwl}hqv ohduq yld wklv odujh fodvv ri dgdswlyh uxohv1�e Ixuwkhu/

lw lv lpsruwdqw wr qrwh wkdw wklv uhvxow grhv qrw ghshqg lq dq| zd| rq wkh vl}h ri wkh hohfwrudwh1�D

Lq sduwlfxodu/ sursrvlwlrq 4 grhv qrw uhtxluh wkdw wkh hohfwrudwh eh vpdoo1 Wklv jlyhv xv frq�ghqfh

wkdw wkh uhvxowv ri uxq 5�vwdeoh/ vxevwdqwldo dprxqwv ri wxuqrxw lq d glvwulfw zlwk rqh ploolrq

flwl}hqv�zloo jhqhudol}h wr hyhq odujhu mxulvglfwlrqv1

Wkh qrwlrq ri _orvhu0gulyhq prelol}dwlrq% wkdw zh glvfxvvhg hduolhu idoov qdwxudoo| rxw ri vshfldo

fdvhv ri sursrvlwlrq 41 Iru h{dpsoh/ frqvlghu flufxpvwdqfhv lq zklfk lqlwldoo| hyhu|rqh lv ixoo|

glvsrvhg wr vklun/ dv lq uxq 6d1 Vlqfh wkdw uxq vdwlv�hv doo ri wkh frqglwlrqv ri sursrvlwlrq 4/ zh

nqrz +dqdo|wlfdoo|/ qrz, wkdw diwhu dq| frqfoxvlyh hohfwlrq lq shulrg rqh ryhu kdoi ri wkh frppxqlw|
�eW| �t �Lh|� ?L|�?} |�@| ThLTLt�|�L? � �L*_t i�i? �u t��h!�?} M) @** U�|�3i?t uLh4t @ �@t� i^��*�Mh��4� EW? L�h }@4ic

�?��iht@* T�hi t��h!�?} �t �@t� �u S : K

2
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zloo ehfrph pruh lqfolqhg wr yrwh1 Krzhyhu/ vlqfh qr rqh lqlwldoo| kdv dq| lqfolqdwlrq wr yrwh dqg wkh

ehqfkpdun wuhpeoh ydoxh lv vpdoo +3134,/ ihz shrsoh dfwxdoo| wxuq rxw lq shulrg rqh1 Vlqfh wrjhwkhu

zlqqlqj yrwhuv dqg orvlqj vklunhuv duh ryhu kdoi wkh frppxqlw| exw wkh rggv duh ryhuzkhoplqj wkdw

rqo| d ihz shufhqw ri wkh hohfwrudwh sduwlflsdwh/ prvw ri wkh qhzo| prelol}hg pxvw eh orvlqj vklunhuv1

Wkxv/ lq wkh hduo| jrlqjv prelol}dwlrq lv orvhu0gulyhq1�S

Sursrvlwlrq 4 hvwdeolvkhv prelol}dwlrq lq d ghprjudsklf ru khdg0frxqwlqj vhqvh= zkhq lwv dv0

vxpswlrqv duh vdwlv�hg/ pruh flwl}hqv zloo lqfuhdvh wkhlu surshqvlw| wr sduwlflsdwh wkdq zloo ghfuhdvh

wkdw whqghqf|1 Wklv grhv qrw qhfhvvdulo| lpso|/ krzhyhu/ wkdw wkh hohfwrudwh*v dyhudjh surshqvlw| wr

wxuq rxw ulvhv1 Zkhwkhu wkdw iroorzv ghshqgv rq krz pxfk wkrvh lqfuhdvlqj wkhlu yrwh0surshqvlw|

errvw wkhlu sduwlflsdwlrq whqghqflhv yhuvxv krz pxfk wkh ghfuhdvhuv uhgxfh wkhluv1

Ehfdxvh wklv srlqw lv yhu| lpsruwdqw erwk lq wkh vlpxodwlrq dqg/ zh vxvshfw/ lq dq| dgdswlyh

prgho ri sduwlflsdwlrq/ zh surylgh wzr qxphulfdo h{dpsohv wr �hvk lw rxw1 Lq wkh �uvw/ flwl}hqv duh

lqlwldoo| kljko| glvsrvhg wr sduwlflsdwh zkloh lq wkh vhfrqg wkh| duh lqfolqhg wr vklun1 Zh zloo vhh

wkdw dowkrxjk sursrvlwlrq 4 krogv iru erwk ri wkhp/ dqg vr erwk h{shulhqfh ixuwkhu ghprjudsklf

prelol}dwlrq/ wkh hohfwrudwh*v dyhudjh surshqvlw| wr yrwh ulvhv rqo| lq wkh vhfrqg h{dpsoh1 Lq wkh

�uvw h{dpsoh/ fhlolqj h�hfwv suhyhqw wklv1

Lq erwk fdvhv zh xvh wkh dgmxvwphqw uxoh ri wkh vlpxodwlrq/ v|pphwulf Exvk0Prvwhoohu/ dqg

suhvxph wkdw wkh vshhg ri ohduqlqj +�, lv 314/ dqg doo ri wkh uhohydqw frqglwlrqv ri sursrvlwlrq 4

krog1

H{dpsoh 4= kljk vwdwxv txr prelol}dwlrq1 Vxssrvh wkdw lq shulrg w hyhu|rqh*v surshqvlw| wr

yrwh lv 31<31 Vlqfh sursrvlwlrq 4 krogv/ zh nqrz wkdw d pdmrulw| ri flwl}hqv lq w. 4 zloo eh pruh

suhglvsrvhg wr sduwlflsdwh wkdq wkh| zhuh lq w1 Exw wklv qhhg qrw lpso| dq lqfuhdvh lq wkh dyhudjh

surshqvlw| wr yrwh1 Wr vhh wklv/ vxssrvh wkdw wkh idfwlrqv duh htxdoo| elj dqg wkdw qlqhw| shufhqw ri

wkh Ghprfudwv wxuq rxw exw rqo| hljkw| shufhqw ri wkh Uhsxeolfdqv gr vr1 Wkhq 88 shufhqw ri wkh

hohfwrudwh +wkh Ghprfudwlf yrwhuv soxv wkh Uhsxeolfdq vklunhuv, zloo lqfuhdvh wkhlu sduwlflsdwlrq0

surshqvlw| zkloh 78 shufhqw ghfuhdvh1 Vr pruh shrsoh duh prelol}hg1 Exw zlwk dq � ri 314 wkh

lqfuhdvhuv errvw wkhlu sduwlflsdwlrq0surshqvlw| rqo| wr 31<4 zkloh wkh ghfuhdvhuv idoo wr 31;41 Wkxv
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wkh frppxqlw|*v dyhudjh surshqvlw| idoov/ wr +31<4,�+3188, . +31;4,�+3178, @ 31;981 Wkxv xqghu

v|pphwulf Exvk0Prvwhoohu dqg pdq| rwkhu dgdswlyh uxohv/ yhu| kljk udwhv ri sduwlflsdwlrq whqg wr

eh vhoi0olplwlqj= lq wkhvh flufxpvwdqfhv wkh zlqqlqj yrwhuv fdqqrw lqfuhdvh wkhlu yrwh0surshqvlwlhv

pxfk zkloh wkh orvlqj yrwhuv kdyh d orqj zd| wr idoo> vlploduo|/ wkh orvlqj vklunhuv fdqqrw ehfrph

pxfk ohvv lqfolqhg wr vklun/ zkloh zlqqlqj vklunhuv fdq ehfrph pxfk pruh vorwkixo1

H{dpsoh 5= orz vwdwxv txr prelol}dwlrq1 Khuh vxssrvh wkdw lq shulrg w wkh Ghprfudwv*

surshqvlw| wr yrwh lv 16 zkloh wkh Uhsxeolfdqv* lv 151 Wkhuh duh 433 lq hdfk idfwlrq1 Lq wkh hohfwlrq

63 Ghprfudwv dqg 53 Uhsxeolfdqv wxuq rxw1 Qrz revhuyh wkh h�hfwv1 Ghprfudwlf +zlqqlqj, yrwhuv

lqfuhdvh wkhlu surshqvlw| wr sduwlflsdwh e| d orw/ wr 16:1 Exw +orvlqj, Uhsxeolfdq yrwhuv gurs rqo|

d elw/ wr 14;1 Rq wkh rwkhu kdqg/ Uhsxeolfdq vklunhuv/ zkrvh surshqvlw| wr vklun kdg ehhq 1;/

ehfrph vljql�fdqwo| ohvv lqfolqhg wr vwd| krph�lw idoov wr 1:5�vr wkhlu whqghqf| wr yrwh ulvhv e|

wkh vdph odujh dprxqw ri 13;1 Phdqzkloh +zlqqlqj, Ghprfudwlf vklunhuv lqfuhdvh wkhlu surshqvlw|

wr vklun iurp 1: wr 1:6/ vr wkhlu lqfolqdwlrq wr yrwh idoov rqo| d elw1 Vlqfh zlqqlqj yrwhuv rxwqxpehu

orvlqj yrwhuv dqg fkdqjh pruh/ shu fdslwd/ dqg vlqfh orvlqj vklunhuv rxwqxpehu zlqqlqj vklunhuv

dqg fkdqjh pruh/ shu fdslwd/ lw vkrxog frph dv qr vxusulvh wkdw wkh hohfwrudwh*v dyhudjh surshqvlw|

wr yrwh ulvhv/ iurp 158 wr 15;1

Wkxv zh vhh wkdw dowkrxjk ghprjudsklf prelol}dwlrq rffxuv lq erwk fdvhv/ lw lv wkh h{whqw ri

shu fdslwd fkdqjh wkdw ghwhuplqhv zkhwkhu wkh glvwulfw*v dyhudjh surshqvlw| wr yrwh +ghqrwhg e|

s|+y,, ulvhv1 Lq h{dpsoh 5/ qrw rqo| duh wkhuh pruh zlqqlqj yrwhuv wkdq orvlqj rqhv/ exw lq dgglwlrq

wkh iruphu fkdqjh pruh shu fdslwd +lq wkh _uljkw% gluhfwlrq, wkdq wkh odwwhu fkdqjh shu fdslwd lq

wkh _zurqj% gluhfwlrq1 Vlploduo|/ qrw rqo| duh wkhuh pruh orvlqj vklunhuv wkdq zlqqlqj rqhv/ exw

lq dgglwlrq wkh iruphu fkdqjh pruh shu fdslwd/ lq wkh uljkw gluhfwlrq/ wkdq wkh odwwhu fkdqjh shu

fdslwd lq wkh zurqj gluhfwlrq1

Lw vkrxog eh dssduhqw/ wkhq/ wkdw rqfh ghprjudsklf prelol}dwlrq lv dvvxuhg/ h1j1/ yld sursr0

vlwlrq 4/ wkhvh shu fdslwd txdqwlwlhv frqvwlwxwh d vx�flhqw frqglwlrq iru wkh hohfwrudwh*v dyhudjh

sduwlflsdwlrq0surshqvlw| wr ulvh1 Wzr ihdwxuhv ri wkh v|pphwulf Exvk0Prvwhoohu uxoh duh fuxfldo

khuh/ vr zh lvrodwh dqg lghqwli| wkhp1 Iluvw/ surshqvlw|0dgmxvwphqwv xqghu +dq|, Exvk0Prvwhoohu

duh prqrwrqlf lq erwk gluhfwlrqv1 Lqfuhdvhv lq wkh surshqvlw| wr xvh dq| dfwlrq {/ li lw zdv wulhg

dqg vxffhhghg/ duh vwulfwo| ghfuhdvlqj lq wkh fxuuhqw surshqvlw| wr xvh {1 Vlploduo|/ ghfuhdvhv lq

wkh surshqvlw| wr xvh {/ jlyhq wkdw lw zdv wulhg dqg idlohg/ duh vwulfwo| lqfuhdvlqj lq wkh fxuuhqw

surshqvlw| wr xvh {1

Vhfrqg/ wkh v|pphwulf Exvk0Prvwhoohu lv/ ri frxuvh/ v|pphwulf= wkh ghjuhh ri surshqvlw|0
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dgmxvwphqw lv wkh vdph lq wkh idfh ri idloxuh dqg ri vxffhvv1 Pruh suhflvho|/ ohw xv fdoo dq DEDU

v|pphwulf li/ iru dq| surshqvlw| lq ^3> 4`/ wkh lqfuhdvh lq surshqvlw| wr wu| dq dfwlrq {/ jlyhq d

vxffhvvixo xvh ri { dqg d fxuuhqw surshqvlw| ri s|+{,/ pxvw htxdo wkh ghfuhdvh lq wkh surshqvlw|

wr wu| {/ jlyhq d idlohg xvh ri { dqg d fxuuhqw surshqvlw| ri t|+{, @ 4 � s|+{,1 Wkxv/ jlyhq wkh

vdph dprxqw ri dgmxvwphqw urrp/ v|pphwulf DEDUv dgmxvw htxdoo| lq uhvsrqvh wr idloxuh dqg wr

vxffhvv1�.

Dgdswlyh uxohv wkdw duh prqrwrqlf ru v|pphwulf ru erwk duh glvsod|hg lq �jxuh 61

^�jxuh 6 derxw khuh`

Dv �jxuh 6 looxvwudwhv/ dq DEDU wkdw lv erwk prqrwrqlf dqg v|pphwulf pxvw glvsod| fhlolqj

h�hfwv1 Wkxv/ li flwl}hqv xvh d prqrwrqlf dqg v|pphwulf DEDU/ wkhq zkhq flwl}hqv* sduwlflsdwlrq

surshqvlwlhv duh douhdg| orz wkh whqghqf| wr vklun fdqqrw ulvh pxfk pruh/ zkhuhdv ihhgedfn wkdw

lv idyrudeoh wr yrwlqj fdq ohdg wr elj fkdqjhv1 Dqg vr wkh qh{w uhvxow vkrzv wkdw wkh euhdnrxw ri

sduwlflsdwlrq looxvwudwhg e| uxq 6d krogv iru d udwkhu odujh fodvv ri dgdswlyh uxohv/ xqghu d eurdg

udqjh ri sdudphwhu ydoxhv1 Lq sduwlfxodu/ wklv jhqhudol}dwlrq dzd| iurp Exvk0Prvwhoohu uxohv vkrzv

wkdw wkhlu olqhdulw| +l1h1/ wkdw dgmxvwphqw pdjqlwxghv duh olqhdu lq wkh vwdwxv txr surshqvlw|, sod|v

qr hvvhqwldo uroh lq wkh rxwfrph ri h{dpsoh 51 Wkxv jhqhudol}lqj eh|rqg wkh Exvk0Prvwhoohu lv

xvhixo erwk dv dq lvrodwlqj devwudfwlrq�wr lghqwli| wkh surshuwlhv wkdw gulyh d uhvxow�dqg wr vkrz

wkdw wkh euhdnrxw ri sduwlflsdwlrq lv qrw dq duwlidfw ri rqh sduwlfxodu dgdswlyh uxoh1�H

Sursrvlwlrq 5= Vxssrvh wkdw revhuydwlrqv 406 krog1 Ixuwkhu/ hyhu|rqh xvhv wkh vdph DEDU/

zklfk lv prqrwrqlf dqg v|pphwulf1 Li s�c|+y, �
�

2
iru doo l/ wkhq s|n�+y, A s|+y,1

Dowkrxjk wklv uhvxow jhqhudol}hv eh|rqg Exvk0Prvwhoohu uxohv/ lw grhv pdnh d udwkhu uhvwulfwlyh

dvvxpswlrq derxw wkh fxuuhqw dprxqw ri prelol}dwlrq= qr rqh kdv d surshqvlw| wr sduwlflsdwh ryhu

rqh kdoi1 Lq wkh vlpxodwlrq/ krzhyhu/ zh w|slfdoo| vhh wkh glvwulfw*v dyhudjh surshqvlw| ulvlqj wr

durxqg 83 shufhqw/ zklfk lqhylwdeo| phdqv wkdw vrph flwl}hqv* yrwh0surshqvlwlhv h{fhhg rqh kdoi1

Vr sursrvlwlrq 5/ zkloh xvhixo dv d urexvwqhvv fkhfn rq wkh w|sh ri ohduqlqj phfkdqlvp xvhg lq wkh

vlpxodwlrq/ grhv qrw ixoo| h{sodlq wkh euhdnrxw ri sduwlflsdwlrq wkdw zh vhh lq uxq 6d1
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Lw lv lpsruwdqw wr nhhs lq plqg/ krzhyhu/ wkdw sursrvlwlrq 5 ghvfulehv d vx�flhqw frqglwlrq iru

lqfuhdvlqj dyhudjh surshqvlw| wr sduwlflsdwh/ qrw d qhfhvvdu| rqh1 Vr lw lv frqvlvwhqw zlwk uxq 6d>

l1h1/ lw lv frqvlvwhqw zlwk wkh idfw wkdw prelol}dwlrq frqwlqxhv lq wkdw uxq hyhq diwhu vrph s�c|+y,*v

h{fhhg rqh kdoi1 Krzhyhu/ wkh vlpxodwlrq xvhv d yhu| vshfl�f uxoh/ wkh v|pphwulf Exvk0Prvwhoohu/

zklfk lv dovr dfwlrq0lqyduldqw1 Wkh qh{w uhvxow vkrzv wkdw zh fdq vd| vrphwklqj dqdo|wlfdo li zh

h{sorlw wkdw vshfl�flw| e| dvvxplqj wkdw hyhu|rqh xvhv wkdw dgmxvwphqw uxoh1

Ehiruh grlqj vr/ krzhyhu/ zh pxvw gh�qh dfwlrq0lqyduldqfh +lqwurgxfhg lqirupdoo| lq irrwqrwh

45, suhflvho|1 Lq wklv gh�qlwlrq s�c|+v, lv m*v surshqvlw| wr vklun1

Gh�qlwlrq1 Vxssrvh s�c|+y, @ s�c|+v,1 Lq w flwl}hq l yrwhv dqg m vklunv exw wkh| jhw wkh vdph

ihhgedfn +l1h1/ hlwkhu erwk duh uhlqirufhg ru erwk duh lqklelwhg,1 Wkh DEDU lv dfwlrq0lqyduldqw li

s�c|n�+y, @ s�c|n�+v,1

Wklv surshuw| hvvhqwldoo| vd|v wkdw wkh surshqvlwlhv wr yrwh dqg wr vklun duh dgmxvwhg lghqwlfdoo|1

Sursrvlwlrq 6= Vxssrvh revhuydwlrqv 4 dqg 6 krog/ dqg hyhu|rqh dgmxvwv e| wkh vdph v|pphwulf

dqg dfwlrq0lqyduldqw Exvk0Prvwhoohu uxoh1

+l, Li s|+y, �
�

2
/ wkhq s|+y, ? s|n�+y,1

+ll, Li s|+y, �
�

2
/ wkhq s|n�+y, A

�

2
1

Wklv uhvxow jlyhv xs wkh jhqhudolw| uhjduglqj wkh fodvv ri dgdswlyh surfhvvhv fryhuhg e| sursrvl0

wlrq 51 Exw lq h{fkdqjh zh uhod{ wkh dvvxpswlrq derxw vwdwxv txr sduwlflsdwlrq surshqvlwlhv= sduw

+l, vkrzv wkdw wkh hohfwrudwh*v dyhudjh surshqvlw| frqwlqxhv wr ulvh vr orqj dv wkh frppxqlw|*v�qrw

doo lqglylgxdov*�fxuuhqw dyhudjh surshqvlw| lv xqghu rqh kdoi1 Ixuwkhu/ sduw +ll, vkrzv wkdw rqfh

wkh frppxqlw|*v dyhudjh surshqvlw| uhdfkhv rqh kdoi/ lw zloo uhpdlq dw ohdvw wkdw kljk vr orqj dv

revhuydwlrqv 4 dqg 5 frqwlqxh wr krog1 Khqfh sursrvlwlrq 6 surylghv dqdo|wlfdo edfnerqh wr rxu

vlpxodwlrq uhvxowv1 Dqg e| grlqj vr lw surylghv dq h�flhqw nlqg ri vhqvlwlylw| whvwlqj= lw uhgxfhv

wkh qhhg wr vhdufk oderulrxvo| ryhu gl�huhqw sdudphwhu ydoxhv lq rughu wr vhh zkhwkhu wkh euhdnrxw

ri sduwlflsdwlrq vhhq lq uxq 6d krogv iru d zlgh udqjh ri sdudphwulf frq�jxudwlrqv +h1j1/ sursrvlwlrq

6 krogv iru dq| ydoxhv ri wkh ehqh�wv dqg frvwv ri yrwlqj vxfk wkdw e A f A 3,1

Lw lv zruwk qrwlqj wkdw li dvsludwlrqv zhuh �{hg +� @ 4, wkhq xqghu wkh frqglwlrqv ri sursrvlwlrq

6/ hyhqwxdoo| dq| glvwulfw zrxog uhdfk d +frppxqlw|0zlgh, dyhudjh yrwh0surshqvlw| h{fhhglqj rqh

kdoi/ uhjdugohvv ri lwv lqlwldo glvwulexwlrq ri yrwh0surshqvlwlhv1 Ixuwkhu/ rqfh wklv kdsshqhg wkhq wkh
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dyhudjh surshqvlw| wr sduwlflsdwh zrxog uhpdlq deryh rqh kdoi wkhuhdiwhu1 Wkxv/ sduwlwlrqlqj doo

ohyhov ri dyhudjh sduwlflsdwlrq0surshqvlwlhv lqwr wzr vhwv�prghudwho| orz +ohvv wkdq ru htxdo wr rqh

kdoi, yhuvxv prghudwho| kljk +deryh rqh kdoi,�zh vhh wkdw iru �{hg dqg lqwhuphgldwh dvsludwlrqv/

prghudwho| kljk dyhudjh yrwh0surshqvlwlhv lv wkh v|vwhp*v xqltxh devruelqj vwdwh1

Surshqvlwlhv duh phqwdo vwdwhv dqg vr duh xqrevhuydeoh1 Khqfh sursrvlwlrqv 5 dqg 6 gr qrw

wkhpvhoyhv r�hu whvwdeoh suhglfwlrqv1 Iruwxqdwho|/ wkh| gr jhqhudwh lpsolfdwlrqv derxw wxuqrxw/

zklfk lv/ ri frxuvh/ revhuydeoh1

Fruroodu| 4= Li wkh dvvxpswlrqv ri sursrvlwlrqv 5 ru 6 krog wkhq h{shfwhg wxuqrxw lq w.4 h{fhhgv

wkh h{shfwhg wxuqrxw lq w1

Vlqfh fruroodu| 4 lv hvvhqwldoo| wkh sd|r� wr wkh vhtxhqfh ri dqdo|wlfdo plql0uhvxowv wkdw ehjdq

zlwk revhuydwlrq 4/ lw lv zruwk uhfdslwxodwlqj wkh vhtxhqfh wr jhw d fohdu ryhuylhz ri wkh orjlf wkdw

ohdgv wr wklv frqfoxvlrq1 Zkhq revhuydwlrq 4 krogv/ dvsludwlrqv duh vxfk wkdw zlqqhuv duh kdss| dqg

orvhuv duh vdg1 E| revhuydwlrq 5/ li hyhu|rqh dgmxvwv yld vrph irup ri Dvsludwlrq0Edvhg Dgdswlyh

Uxoh/ wkhq wkh zlqqlqj yrwhuv dqg wkh orvlqj vklunhuv zloo ehfrph pruh glvsrvhg wr yrwh +zkhqhyhu

wkdw lv srvvleoh,1 E| revhuydwlrq 6/ wkhvh wzr jurxsv duh d pdmrulw| ri wkh hohfwrudwh li +vd|, wkhuh

duh dv pdq| Ghprfudwv dv Uhsxeolfdqv1 Khqfh lw iroorzv wkdw li qr flwl}hq lv ixoo| glvsrvhg wr

yrwh lq w dqg revhuydwlrqv 406 krog/ wkhq d pdmrulw| ri wkh hohfwrudwh ehfrphv pruh lqfolqhg wr

sduwlflsdwh dw wkh hqg ri shulrg w +sursrvlwlrq 4,1 Li wkh glvwulfw*v fxuuhqw glvwulexwlrq ri surshqvlwlhv

lvq*w vr kljk dv wr hyrnh fhlolqj h�hfwv/ wkhq wkh ghprjudsklf prelol}dwlrq ri sursrvlwlrq 4 lq wxuq

lpsolhv wkdw wkh hohfwrudwh*v dyhudjh surshqvlw| wr yrwh ulvhv +sursrvlwlrqv 5 ru 6,1 Ilqdoo|/ vlqfh

surshqvlwlhv duh phdqlqjixoo| uhodwhg wr ehkdylru +� ? �

2
,/ h{shfwhg wxuqrxw pxvw dovr ulvh +fruroodu|

4,1

Lq vxp/ zh vhh wkdw uxq 6d lv qhlwkhu d �xnh qru d p|vwhulrxv surgxfw ri d p|vwhulrxv surjudp1

Jlyhq d vwduwlqj srlqw ri frpsohwh vklunlqj/ wkhuh duh jrrg dqdo|wlfdo uhdvrqv iru h{shfwlqj wr

revhuyh d euhdnrxw ri sduwlflsdwlrq1 Khqfh wkh uhvxowv ri uxq 6d pdnh vhqvh= wkh| duh wkh surgxfw

ri d ihz vlpsoh phfkdqlvpv zklfk duh lqvwdqwldwhg e| wkh sdudphwulf vhwwlqj ri wklv uxq1

Ri frxuvh/ wkhvh vlpsoh phfkdqlvpv krog iru pdq| rwkhu sdudphwhu vhwwlqjv1 Frqvhtxhqwo|/ wkh

dqdo|wlfdo plql0uhvxowv frqvwlwxwh d vzhhslqj vhqvlwlylw| whvw iru wkdw uxq1 Lqvwhdg ri oderulrxvo|

lqyhvwljdwlqj d kxjh qxpehu ri rwkhu sdudphwulf frq�jxudwlrqv/ zh fdq lqyrnh wkh _li% sduw ri

d uhvxow dqg nqrz wkdw d �qglqj vwdqgv xs iru doo sdudphwhu ydoxhv vzhsw xs e| wkdw fodxvh1

Ghgxfwlrq kdv lwv xvhv1
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WV� `�) #Lit �LM�*�3@|�L? 5|LTq

Zh nqrz iurp wkh vlpxodwlrqv uhsruwhg wkxv idu wkdw prelol}dwlrq grhv qrw frqwlqxh lqgh�qlwho|=

lw dsshduv wr ohyho rxw dw derxw 83( wxuqrxw1 Zk|B

Fohduo| wkh deryh dqdo|wlfdo uhvxowv gr qrw gluhfwo| h{sodlq zk| prelol}dwlrq frphv wr dq hqg1

Wkh| fdqqrw gr vr/ vlqfh wkh| ghvfuleh vx�flhqw exw qrw qhfhvvdu| frqglwlrqv iru lqfuhdvlqj sdu0

wlflsdwlrq1 Wkxv/ edvhg rq wkh dqdo|wlfdo uhvxowv uhsruwhg wkxv idu/ zh vlpso| gr qrw nqrz zkdw

kdsshqv zkhq rqh ru dqrwkhu ri wkh uhohydqw frqglwlrqv idlov wr krog1 Zh wxuq qrz wr wkdw lvvxh1

Vlqfh ehkdylru lq rxu prgho lv phgldwhg e| dvsludwlrq ohyhov/ wkh glvwulexwlrq ri flwl}hqv* dvsl0

udwlrqv lv yhu| lpsruwdqw1 Lw lv wkhuhiruh qr dfflghqw wkdw wkh fruqhuvwrqh ri rxu dqdo|wlfdo uhvxowv/

revhuydwlrq 4/ shuwdlqv wr dvsludwlrqv1 Wkh k|srwkhvlv ri revhuydwlrq 4 lv wkdw zlqqhuv* dvsludwlrqv

duh orz hqrxjk vr wkdw zlqqlqj lv judwli|lqj hyhq li rqh sdlg wkh frvwv ri sduwlflsdwlqj/ dqg orvhuv*

dvsludwlrqv duh kljk hqrxjk vr wkdw orvlqj lv glvvdwlvi|lqj hyhq li rqh dyrlghg wkrvh frvwv1 Ohw xv

wdnh xs wkh klqw lqkhuhqw lq revhuydwlrq 4 e| h{dplqlqj zkdw kdsshqv zkhq zh jr wr wkh rssrvlwh

h{wuhph= wkh dvsludwlrqv ri zlqqlqj yrwhuv duh kljk +h{fhhg e� f, zkloh wkrvh ri orvlqj vklunhuv duh

orz +duh ehorz 3,1 Lw lv dovr frqyhqlhqw wr dvvxph wkurxjkrxw wklv vxevhfwlrq wkdw doo dvsludwlrqv

duh uhdolvwlf/ l1h1/ h{fhhg wkh vwdjh jdph*v orzhvw srvvleoh sd|r� ri �f dqg duh vwulfwo| ohvv wkdq wkh

jdph*v kljkhvw srvvleoh sd|r� ri e1�b

Sursrvlwlrq 7= Vxssrvh s�c|+y, A 3 iru doo l1 Shrsoh dgmxvw e| dq| duelwudu| pl{ ri DEDUv1 Li

lq w wkh zlqqlqj yrwhuv* dvsludwlrqv h{fhhg e� f/ wkh orvlqj vklunhuv* dvsludwlrqv duh ohvv wkdq 3 dqg

doo dvsludwlrqv duh uhdolvwlf/ wkhq diwhu wkh hohfwlrq doo flwl}hqv zloo ehfrph ohvv lqfolqhg wr yrwh1

Reylrxvo|/ jlyhq wkdw hyhu|rqh*v surshqvlw| wr yrwh ghfuhdvhv/ sursrvlwlrq 7 lpphgldwho| lpsolhv

wkdw wkh hohfwrudwh*v dyhudjh surshqvlw| wr yrwh idoov12f Lqghhg/ zlwk rqo| d elw pruh vwuxfwxuh zh

fdq vd| pxfk pruh wkdq wkdw1

Wkh iroorzlqj uhvxow xvhv wkh lghd ri rqh glvwulexwlrq ehlqj vwrfkdvwlfdoo| vpdoohu wkdq dqrwkhu1

Wklv frqfhsw lv gh�qhg suhflvho| lq wkh dsshqgl{> khuh/ lw vx�fhv wr gh�qh lw lqirupdoo|1 Zh zloo

vd| wkdw glvwulexwlrq [ lv vwrfkdvwlfdoo| vpdoohu wkdq glvwulexwlrq \ li [ sxwv pruh zhljkw rq orzhu
�bW| �t i@t) |L t�L�c }��i? |�i i �t|i?Ui Lu |hi4M*itc |�@| ?L 4@||ih ��@| �?�|�@* @tT�h@|�L? @ U�|�3i? Mi}�?t ��|�c

i�i?|�@**) �ih @tT�h@|�L? ��** MiUL4i hi@*�t|�U ��|� ThLM@M�*�|) L?i� �?_ U*i@h*)c @?) @tT�h@|�L? |�@| �t hi@*�t|�U �? |

hi4@�?t hi@*�t|�U uLhi�ih @u|ih�
2f6Lh |��t hi@tL?c ��i? |�i �)TL|�itit Lu ThLTLt�|�L? e @hi t@|�t�i_ �i _L?<| ?ii_ |�i @?@*L}�it |L ThLTLt�|�L?t 2

Lh �� 5�?Ui |�i _iU*�?i Lu T@h|�U�T@|�L? �t �?��iht@* ��i? ThLTLt�|�L? e LM|@�?tc 4ihi*) @tt�4�?} |�@| TiLT*i @_@T|
��@ ���+t t��Uit( �i _L?<| ?ii_ |L 4@!i 4Lhi tTiU��U @tt�4T|�L?t @ML�| |�i ?@|�hi Lu |h�@*�@?_�ihhLh�
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ydoxhv wkdq \ grhv/ dqg \ sxwv pruh zhljkw rq kljkhu ydoxhv wkdq [ grhv1 Wkxv wkh vwrfkdvwlfdoo|

eljjhu glvwulexwlrq/ \/ lv _vkliwhg wr wkh uljkw% frpsduhg wr [1

Fruroodu| 5= Vxssrvh wkh frqglwlrqv ri sursrvlwlrq 7 krog1 Wkhq wkh glvwulexwlrqv ri yrwh0

surshqvlwlhv dqg ri wxuqrxw suredelolwlhv lq w. 4 duh vwulfwo| vwrfkdvwlfdoo| vpdoohu wkdq wkh fruuh0

vsrqglqj glvwulexwlrqv lq w1

Vlqfh wkh glvwulexwlrq ri wxuqrxw ehfrphv vwrfkdvwlfdoo| vpdoohu/ zh jhw iru iuhh wkdw wkh h{shfwhg

wxuqrxw lq wkh qh{w hohfwlrq dovr idoov1 Wkh iruphu surshuw| lv pxfk vwurqjhu wkdq wkh odwwhu1

Fohduo|/ vlqfh hyhu|rqh lv ehfrplqj pruh olnho| wr vwd| krph/ wklv vlwxdwlrq lv xqvwdeoh1 Khqfh

wklv rqh0vlghg grplqdwlrq fdqqrw eh d orqj0uxq suredelolvwlf htxloleulxp1 Vrphwklqj pxvw jlyh1

Zkdw zloo jlyh/ zh eholhyh/ lv wkdw wkh grplqdwlqj idfwlrq zloo ehfrph wrr frpsodfhqw= wrr pdq|

zloo ohduq wr iuhh ulgh rq wkhlu frpudghv* h�ruwv1 Wklv zloo pdnh wkh udfh frpshwlwlyh djdlq1

Qrwh wkdw sursrvlwlrq 7 dqg lwv lpsolfdwlrqv uhvw rq yhu| zhdn dvvxpswlrqv derxw wkh qdwxuh

ri wuldo0dqg0huuru ohduqlqj= rqo| wkh txdolwdwlyh surshuwlhv ri DEDUv zhuh dvvxphg1 Wkxv/ flwl}hqv

pd| gl�hu vxevwdqwldoo| lq krz wkh| ohduq1

Zkdw zloo surgxfh dvsludwlrqv ri wkh w|sh dvvxphg e| sursrvlwlrq 7B Wkh sur{lpdwh fdxvh lv

wkdw uhfhqwo| rqh idfwlrq kdv ehhq zlqqlqj d orw1 Vlqfh zlqqlqj surgxfhv sd|r�v ri hlwkhu e� f ru

e/ d orqj hqrxjk vwulqj ri ylfwrulhv zloo gulyh wkh zlqqhuv* dvsludwlrqv lqwr wkh +e � f> e, lqwhuydo1

Phdqzkloh/ orvhuv kdyh ehhq jhwwlqj hlwkhu }hur ru �f/ vr d orqj uxq ri ghihdwv vhqgv wkhlu dvsludwlrqv

lqwr +�f> 3,1

Zkdw surgxfhv vxfk rqh0vlghg vwulqjvB Wkhuh duh wzr pdlq srvvlelolwlhv1 Li rqh vlgh lv pxfk

odujhu wkdq wkh rwkhu lw zloo zlq pdq| hohfwlrqv e| yluwxh ri vl}h1 +Dv zh zloo vhh lq vhfwlrq Y/

fkdqjlqj wkh uhodwlyh vl}hv ri wkh idfwlrqv lq wkh vlpxodwlrq vhhpv wr d�hfw wxuqrxw dv wklv uhdvrqlqj

lqglfdwhv1, Dowhuqdwlyho|/ li wkh| duh uhodwlyho| edodqfhg rqh vlgh pljkw uhho r� d vwulqj ri ylfwrulhv

e| fkdqfh1 Wkxv/ ehfdxvh dvsludwlrqv dgmxvw wr h{shulhqfh dqg rqh vlgh kdv ehhq zlqqlqj zkloh

wkh rwkhu kdv ehhq orvlqj/ shrsoh lq wkh grplqdqw idfwlrq fxuuhqwo| kdyh kljk dvsludwlrqv zkloh

phpehuv ri wkh zhdnhu sduw| kdyh orz dvsludwlrqv1

Sursrvlwlrq 7 pdnhv wkh udwkhu uhvwulfwlyh dvvxpswlrq wkdw doo zlqqhuv kdyh kljk dvsludwlrqv dqg

doo orvhuv kdyh orz dvsludwlrqv1 Wklv doorzv xv wr xvh wkh yhu| zhdn dvvxpswlrq wkdw shrsoh dgmxvw

yld dq| duelwudu| pl{ ri DEDUv1 Li zh pdnh vwurqjhu dvvxpswlrqv derxw dgmxvwphqw phfkdqlvpv/

wkhq zh fdq zhdnhq wkh dvvxpswlrq derxw wkh glvwulexwlrq ri dvsludwlrqv1 Wkh iroorzlqj uhvxowv/

8 dqg 9/ sdudooho sursrvlwlrqv 5 dqg 6/ uhvshfwlyho|= olnh sursrvlwlrq 5/ sursrvlwlrq 8 dvvxphv wkdw
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dgdswdwlrq lv yld dq DEDU wkdw vdwlv�hv jhqhudo surshuwlhv vxfk dv prqrwrqlflw| zkloh 9 +olnh

sursrvlwlrq 6, suhvxphv wkdw dgdswdwlrq lv yld wkh v|pphwulf Exvk0Prvwhoohu uxoh1

Sursrvlwlrq 8 uhyhuvhv vhyhudo nh| dvvxpswlrqv ri sursrvlwlrq 512� Lw dovr dggv wkh xvhixo

surshuw| ri dfwlrq0lqyduldqfh1

Sursrvlwlrq 8= Vxssrvh hyhu|rqh dgdswv yld wkh vdph prqrwrqlf/ v|pphwulf/ dqg dfwlrq0

lqyduldqw DEDU1 Doo dvsludwlrqv duh uhdolvwlf lq w1 Wrjhwkhu/ zlqqlqj yrwhuv zkrvh dvsludwlrqv duh

ohvv wkdq ru htxdo wr e � f dqg orvlqj vklunhuv zkrvh dvsludwlrqv duh dw ohdvw 3 duh d plqrulw| lq w1

Li s�c|+y, �
�

2
iru doo l/ wkhq s|n�+y, ? s|+y,1

Vlploduo|/ sursrvlwlrq 9 lv hvvhqwldoo| wkh rssrvlwh ri sursrvlwlrq 6= qrz/ wkhuh duh pruh gh0

fuhdvhuv wkdq lqfuhdvhuv/ dqg wkh dyhudjh surshqvlw| wr yrwh lv douhdg| dw ohdvw rqh kdoi1 Wkh iruphu

frqglwlrq reylrxvo| surgxfhv d whqghqf| wrzdug uhgxfhg prelol}dwlrq/ dqg wkh odwwhu surgxfhv d

fhlolqj h�hfw rq wkh shu fdslwd txdqwlwlhv ri ixuwkhu lqfuhdvhv lq sduwlflsdwlrq1

Sursrvlwlrq 9= Vxssrvh hyhu|rqh xvhv wkh vdph v|pphwulf dqg dfwlrq0lqyduldqw Exvk0Prvwhoohu

uxoh1 Doo dvsludwlrqv duh uhdolvwlf lq w1 Ixuwkhu/ zlqqlqj yrwhuv zkrvh dvsludwlrqv duh ohvv wkdq ru

htxdo wr e� f dqg orvlqj vklunhuv zkrvh dvsludwlrqv duh dw ohdvw 3 wrjhwkhu irup d plqrulw| ri wkh

hohfwrudwh lq w1 Li s| �
�

2
wkhq s|n�+y, ? s|+y,1

Dqg rqfh djdlq/ vlqfh surshqvlwlhv duh phdqlqjixoo| frqqhfwhg wr dfwlrqv +l1h1/ � ? �

2
,/ erwk

sursrvlwlrq 8 dqg sursrvlwlrq 9 lpso| wkdw h{shfwhg wxuqrxw lq w. 4 lv ohvv wkdq wkdw lq shulrg w1

Wkhvh uhvxowv khos wr h{sodlq qrw rqo| zk| yrwhu sduwlflsdwlrq vwrsv zhoo vkruw ri xqlyhuvdolw|/

exw dovr zk| lw rffdvlrqdoo| froodsvhv dowrjhwkhu1 Iljxuh 7 vkrzv wkh hyroxwlrq ri yrwhu sduwlflsdwlrq

ryhu wkh frxuvh ri d vlqjoh 8/333 shulrg vlpxodwlrq1 Diwhu d vwulqj ri ghihdwv vwduwlqj qhdu shulrg

4:83/ yrwhuv iurp sduw| G txlfno| ehfrph glvd�hfwhg= wkhlu dvsludwlrqv duh qhjdwlyh/ vr vklunlqj

vdwlv�fhv hyhq lq ghihdw/ zkloh rffdvlrqdo yrwhv duh qrzkhuh qhdu slyrwdo1 Iru phpehuv ri wkh

ylfwrulrxv sduw| U/ krzhyhu/ yrwlqj vwloo vdwlv�fhv/ dqg rqo| vorzo| +wkurxjk wuhpeohv, gr wkhvh

flwl}hqv ohduq wr vwd| krph1 Exw iru uhdvrqv wkdw zh qrz xqghuvwdqg +sursrvlwlrq 6 dqg uxq

6d,/ wkh qr0yrwlqj rxwfrph wkdw lqhylwdeo| uhvxowv +qhdu shulrg 6833, lv xqvwdeoh/ dqg dv h{shfwhg

wkh flwl}hqv prelol}h rqfh djdlq1 Vxfk froodsvhv rffxu lqwhuplwwhqwo| wkurxjkrxw rxu vlpxodwlrq

uhvxowv/ dffrxqwlqj iru wkh voljkw elprgdolw| dssduhqw lq rxu klvwrjudpv ri yrwlqj surshqvlwlhv1

Vlqfh hdfk klvwrjudp fdswxuhv d _vqdsvkrw% ri surshqvlwlhv dw w @ 4> 333/ w|slfdoo| d ihz ri wkh
2�w�!i ThLTLt�|�L? 2c �| U@? Mi }i?ih@*�3i_ |L UL�ih u@�*�hi�ti?t�|��i ���+tc }��i? @ T*@�t�M*i |�h?L�| UL?_�|�L?�
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4> 333 vlpxodwlrqv lq hdfk uxq zloo eh lq wkh plgvw ri d sduwlflsdwlrq froodsvh1

^�jxuh 7 derxw khuh`

Wrjhwkhu/ sursrvlwlrqv 6 dqg 9 jlyh xv d udwkhu jrrg xqghuvwdqglqj ri wkh g|qdplfv ri wxuqrxw

lq wkh vlpxodwlrq/ jlyhq +iru h{dpsoh, d vwduw ri xqlyhuvdo sxuh vklunlqj1 Lqlwldoo|/ ghprjudsklf

prelol}dwlrq dqg wkh fhlolqj h�hfw�shu fdslwd dprxqwv ri surshqvlw|0fkdqjh�uhlqirufh hdfk rwkhu/

dv h{sodlqhg e| revhuydwlrqv 406= pruh shrsoh lqfuhdvh wkhlu surshqvlw| wr yrwh wkdq ghfuhdvh lw/

dqg vlqfh wkh| ehjdq zlwk }hur lqfolqdwlrq wr sduwlflsdwh/ lqfuhdvhuv kdyh sohqw| ri dgmxvwphqw urrp

zkloh ghfuhdvhuv kdyh olwwoh1 Hyhqwxdoo|/ krzhyhu/ prelol}dwlrq lv vhoi0olplwlqj ehfdxvh rqh ru erwk

ri wkh xqghuo|lqj idfwruv zloo uhyhuvh wkhpvhoyhv1 Iluvw/ rqfh wkh frppxqlw|*v dyhudjh surshqvlw|

wr yrwh h{fhhgv rqh kdoi/ wkh fhlolqj h�hfw idyruv vklunlqj= wkhuh lv qrz pruh urrp wr ghfuhdvh wkdq

wr lqfuhdvh1 Vhfrqg/ rqh vlgh pd| uxq r� d vwulqj ri ylfwrulhv/ zklfk zloo vhqg vrph ri wkh zlqqhuv*

dvsludwlrqv deryh e � f dqg vrph ri wkh orvhuv ehorz }hur1 Li wklv kdsshqv wr hqrxjk shrsoh/ wkh

ghprjudsk| ri prelol}dwlrq zloo wxuq durxqg= qrz d pdmrulw| ri shrsoh zloo ehfrph ohvv lqfolqhg

wr yrwh1 Dqg vr wxuqrxw zloo vwduw wr idoo1

Ixuwkhu/ rqfh wkh frppxqlw|*v dyhudjh wxuqrxw kdv idoohq ehorz rqh kdoi/ li d pdmrulw| ri shrsoh

vwloo duh ehfrplqj ohvv lqfolqhg wr yrwh wkhq wkh glvwulfw*v dyhudjh sduwlflsdwlrq zloo uhpdlq ehorz

rqh kdoi/ dv wkh iroorzlqj fruroodu| wr sursrvlwlrqv 6 dqg 9 vkrzv1

Fruroodu| 6= Dvvxph wkh frqglwlrqv ri sursrvlwlrq 9 krog/ h{fhsw wkdw s|+y, �
�

2
1 Wkhq

s|n�+y, ?
�

2
1

Iru dq| v|pphwulf Exvk0Prvwhoohu uxoh/ wkh fhlolqj h�hfw �lsv dw wkh plgsrlqw ri wkh vfdoh�d

yrwh0surshqvlw| ri 318�vr lw lv qrw vxusulvlqj wkdw lq rxu ehqfkpdun uxqv wkh dyhudjh wxuqrxw lv

durxqg 83 shufhqw1

Ghfuhdvlqj Wxuqrxw lq Xqvwdeoh Ghprfudflhv1 Wkxv idu zh kdyh sulpdulo| irfxvhg rq flu0

fxpvwdqfhv lq zklfk flwl}hqv kdyh uhdolvwlf dvsludwlrqv1 Wkhvh duh olnho| wr rffxu lq vwdeoh ghprf0

udflhv/ lq zklfk flwl}hqv kdyh ohduqhg zklfk sd|r�v duh ihdvleoh dqg zklfk duh xwrsldq1 Exw lq d

qhz ru xqvwdeoh ghprfudf| shrsoh pd| qrw nqrz zkdw lv d vdwlvidfwru| rxwfrph> wkh| pd| h{shfw

d qhz uhjlph wr wudqvirup wkh vrflhw| ryhuqljkw1

Kdylqj xquhdolvwlfdoo| kljk dvsludwlrqv�wkrvh h{fhhglqj wkh jdph*v pd{lpdo sd|r� +khuh/ e,�

fdq rqo| surgxfh glvdssrlqwphqw1 Dqg li lq wkh h{flwhphqw ri exloglqj d qhz vrflhw| wkhvh xq0

uhdvrqdeoh dvsludwlrqv duh frxsohg wr kljk udwhv ri sduwlflsdwlrq/ wkhq glvdssrlqwphqw ohdgv wr
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glvlooxvlrqphqw zlwk srolwlfv/ l1h1/ wr ghfuhdvhg srolwlfdo sduwlflsdwlrq/ dv wkh qh{w uhvxow vkrzv1

Sursrvlwlrq := Vxssrvh hyhu|rqh dgdswv e| wkh vdph prqrwrqlf dqg dfwlrq0lqyduldqw DEDU1

Li lq w doo dvsludwlrqv duh xquhdolvwlfdoo| kljk dqg s�c|+y, A
�

2
iru doo l/ wkhq s|+y, A H^s|n�+y,`1 Li

ixuwkhu d pdmrulw| ri flwl}hqv yrwh lq w/ wkhq s|+y, A s|n�+y,1

Khqfh glvlooxvlrqphqw zlwk wkh uhvxowv ri d �hgjolqj ghprfudf| fdq orzhu wkh dyhudjh surshqvlw|

wr sduwlflsdwh/ dqg +vlqfh � ? �

2
, h{shfwhg wxuqrxw dv zhoo122

V� �L4T@h@|��i 5|@|�Ut @?_ #)?@4�Ut

Dowkrxjk/ wkh pdlq uhvxow ri wklv sdshu lv wkh hphujhqfh ri vxevwdqwldo wxuqrxw lq odujh hohf0

wrudwhv/ wklv �qglqj grhv qrw h{kdxvw zkdw wkh prgho fdq jhqhudwh1 Zh wxuq qrz wr vhyhudo rwkhu

vlpxodwlrq uhvxowv1

Yduldwlrqv lq Lqlwldo Ydoxhv1 Rxu ghidxow ydoxh iru wkh lqlwldo surshqvlw| wr yrwh lv rqh kdoi/ dqg

wklv zdv dovr wkh ydoxh xvhg lq uxqv 4 dqg 51 Vlqfh lq hdfk uxq sduwlflsdwlrq zdv rq dyhudjh derxw

kdoi wkh hohfwrudwh/ rqh pljkw zrqghu zkhwkhu wkh uhvxow zdv ehlqj gulyhq e| wkh lqlwldo surshqvlw|1

Lv wkh v|vwhp vhqvlwlyh wr vwduwlqj frqglwlrqv lq wklv pdqqhuB

Wr dgguhvv wklv zh kdyh uxq wkh prgho zlwk gl�huhqw vwduwlqj ydoxhv ri wkh surshqvlw| wr yrwh

dqg ri dvsludwlrq ohyhov1 Uxqv 6d dqg 6f uhfrug w|slfdo sdwwhuqv1 +Zh kdyh douhdg| vhhq uxq 6d lq

dqrwkhu frqwh{w1, Wkh| lqglfdwh wkdw wkh vwduwlqj ydoxh ri wkh yrwh0surshqvlw| kdv qr orqj whup

h�hfw rq wkh v|vwhp1

^uxqv 6d dqg 6f derxw khuh`

Uxqv vxfk dv wkhvh lqglfdwh wkdw wkh v|vwhp uhdfkhv d xqltxh olplwlqj glvwulexwlrq/ qr pdwwhu zkdw

wkh vwduwlqj dvsludwlrq ohyhov dqg surshqvlwlhv zhuh1 +Ri frxuvh/ wkh olplwlqj glvwulexwlrq lv d�hfwhg

e| gl�huhqw ydoxhv lq h{rjhqrxv sdudphwhuv vxfk dv sd|r�v/ dv lw vkrxog eh1,

Yduldwlrqv lq wkh Frvwv ri Yrwlqj1 Rqh ri wkh prvw sx}}olqj ihdwxuhv ri udwlrqdo fkrlfh

prghov ri wxuqrxw lv wkdw zkloh wkh prghov fdqqrw h{sodlq zk| yrwhuv fduh wr yrwh dw doo/ wkh|

duh frqvlvwhqw zlwk pdq| hpslulfdo uhjxodulwlhv frqfhuqlqj wkh yduldwlrq ri wxuqrxw lq uhvsrqvh wr

fkdqjlqj h{rjhqrxv ihdwxuhv +h1j1 Kdqvhq/ Sdoiuh|/ dqg Urvhqwkdo 4<;8,1 Rqh ri wkhvh uhjxodulwlhv�
22 ì �L�*_ *�!i |L |�@?! �@hL*i N�*@?ih uLh t�}}it|�?} |�@| �i �ti L�h 4L_i* |L @?@*)3i |�i T�i?L4i?L? Lu
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zlwk frqvlghudeoh hylghqfh vxssruwlqj lw ^flwdwlrqv`�lv wkdw yrwlqj idoov dv lwv frvwv ulvh +uxq 7d,1

Wklv lv dq lpsolfdwlrq ri rxu prgho/ iru odujh +v|pphwulf, gl�huhqfhv lq frvwv +uxqv 7d07f,1

^uxqv 7d07f derxw khuh`

Vpdoo yduldwlrqv lq frvw vhhp wr kdyh olwwoh h�hfw rq wxuqrxw1 Wklv lv sduwo| d pdwwhu ri wkh v|v0

whp ehlqj _zhoo0ehkdyhg%= lwv hqgrjhqrxv yduldeohv dsshdu wr uhvsrqg lq d frqwlqxrxv pdqqhu wr

sdudphwulf yduldwlrqv1 Exw wkhuh lv dovr d vxevwdqwlyh lvvxh khuh uhjduglqj wkh h�hfwv ri dvslud0

wlrqv1 Lq jhqhudo/ wkh h�hfwv ri fkdqjlqj sd|r�v rq ehkdylru duh pxwhg e| dvsludwlrqdo phfkdqlvpv

+Pdufk 4<<7,/ dqg zh vhh wkdw skhqrphqrq sod|hg rxw khuh1 Wkh uhdvrq lv dvsludwlrqv dgmxvw

wr h{shulhqfh�khuh/ sd|r�v1 Khqfh dq lqfuhdvh lq wkh frvw ri yrwlqj lv sduwo| devruehg e| orzhu

dvsludwlrqv lq wkh vwhdg| vwdwh> wkxv yrwlqj vwd|v kljkhu wkdq lw zrxog kdyh kdg dvsludwlrqv ehhq

h{rjhqrxvo| �{hg1

Vlploduo|/ li wkh frvwv ri yrwlqj duh ghfuhdvhg sduwlflsdwlrq ulvhv +uxq 7e,/ wkrxjk shukdsv qrw

dv pxfk dv rqh zrxog h{shfw1 Djdlq/ wkh fkdqjh lq wkh frvw ri yrwlqj lv sduwo| devruehg�wklv

wlph/ e| kljkhu dvsludwlrqv/ zklfk _hdw xs% vrph ri wkh sdudphwulf vkliw1 Wklv phgldwlqj h�hfw ri

dvsludwlrqv fdq eh vwurqj hqrxjk wr surgxfh udwkhu frxqwhulqwxlwlyh h�hfwv1 Frqvlghu/ iru h{dpsoh/

zkdw kdsshqv zkhq d vhqvh ri flylf gxw| pdnhv wkh frvwv ri yrwlqj qhjdwlyh +uxq 7f,1 Dv h{shfwhg/

sduwlflsdwlrq udwhv frqwlqxh wr folpe/ uhodwlyh wr uxqv lq zklfk yrwlqj lv frvwo|1 Exw wkh| gr qrw

folpe dv kljk dv udwlrqdo fkrlfh frqvlghudwlrqv zrxog ohdg rqh wr h{shfw1 Lq sduwlfxodu/ li wkh frvwv

ri yrwlqj duh qhjdwlyh wkhq sduwlflsdwlqj lv d vwulfwo| grplqdqw vwudwhj|1 Fodvvlfdo jdph wkhru|

suhglfwv wkdw shrsoh zloo dozd|v sod| d vwulfwo| grplqdqw vwudwhj|1 \hw wklv lv qrw zkdw kdsshqv

lq uxq 7f= shrsoh gr qrw ehfrph ixoo| glvsrvhg wr yrwh1 Wklv vhhpv vwudqjh�xqwlo zh uhfdoo wkh

phgldwlqj h�hfwv ri dvsludwlrqv12� Qrwh wkdw wkh dvsludwlrqv lq uxq 7f duh pxfk kljkhu wkdq wkh|

zhuh lq wkh frpsdudeoh ehqfkpdun uxq +zlwk srvlwlyh frvwv ri yrwlqj,1 Khqfh orvlqj0zkloh0yrwlqj

lv vwloo xvxdoo| glvvdwlvi|lqj1 Frqvhtxhqwo| orvlqj yrwhuv riwhq ehfrph ohvv lqfolqhg wr sduwlflsdwh/

zklfk phdqv wkdw yrwh0surshqvlwlhv fdqqrw vwdelol}h dw 4131

Yduldwlrqv lq wkh Ehqh�wv ri Yrwlqj1 Wxuqlqj qrz wr yduldwlrqv lq wkh ydoxh ri zlqqlqj

wkh hohfwlrq/ zh vhh d vlplodu sdwwhuq= wxuqrxw jhqhudoo| pryhv lq wkh lqwxlwlyh gluhfwlrq�kljkhu

ehqh�wv/ pruh yrwlqj�exw wkh h�hfw rq ehkdylru lv gdpshqhg e| wkh phgldwlqj idfwru ri fkdqjhv

lq dvsludwlrqv +vhh/ h1j1/ uxqv 8d08e,1
2��t �i?_Lhc #�ih4i�ih @?_ A�?} E�bbb� t�L�c ���+t uhi^�i?|*) _L ?L| UL?�ih}i |L �@t� i^��*�Mh�@c Lh 4@) i�i?
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^uxqv 8d08e derxw khuh`

Krzhyhu/ fkdqjhv lq ehqh�wv fdq surgxfh h�hfwv wkdw duh txdolwdwlyho| frxqwhulqwxlwlyh/ qrw phuho|

txdqwlwdwlyho| vr1 Frqvlghu uxq 8d/ zklfk lv mxvw olnh uxq 7f +zklfk kdv qhjdwlyh frvwv ri yrwlqj,

h{fhsw wkdw lq wklv odwhvw uxq wkh ehqh�wv ri zlqqlqj kdyh ehhq vkduso| uhgxfhg1 Vxusulvlqjo|/

sduwlflsdwlrq lv kljkhu zkhq wkh ehqh�wv ri zlqqlqj duh orzhu1 Lqghhg/ zkhq zh uhgxfh e vwloo

ixuwkhu/ wr wkh srlqw zkhuh shrsoh gr qrw fduh derxw zlqqlqj dw doo +uxq 8e,/ wkhq flwl}hqv ehfrph

ixoo| glvsrvhg wr yrwh$

Zkdw lv jrlqj rq khuhB Duh uxqv 8d dqg 8e el}duuhB Gr wkh| lqglfdwh wkdw rxu vlpxodwlrq

prgho lv ixqgdphqwdoo| �dzhgB

Qrw vr= idu iurp ehlqj sdwkrorjlfdo/ wkhvh uxqv looxvwudwh d pruh jhqhudo uhvxow1 Wkh frxqwhu0

lqwxlwlyh h�hfw wkdw prelol}dwlrq lqfuhdvhv zkhq wkh ydoxh ri zlqqlqj idoov wr }hur lv qrw shfxoldu

hlwkhu wr wkh sduwlfxodu frq�jxudwlrq ri sdudphwhu ydoxhv lq uxqv 8d dqg 8e ru wr wkh ixqfwlrqdo

irupv ri wkh vlpxodwlrq prgho1 Wkh qh{w uhvxow zloo vkrz dqdo|wlfdoo| wkdw li flwl}hqv dgdsw e|

surfhvvhv wkdw vdwlvi| wzr jhqhudo frqglwlrqv/ wkhq zh rewdlq sdwwhuqv vlplodu wr wkrvh ri wkh deryh

uxqv12e

Wkh �uvw surshuw| lv d jhqhudol}dwlrq ri krz dvsludwlrqv dgmxvw ryhu wlph lq rxu vlpxodwlrq

prgho1 Lw lvrodwhv wkh hvvhqwldo surshuw| ri wkdw dgdswdwlrq= dvsludwlrqv dgmxvw e| prylqj wrzdug

fxuuhqw sd|r�v1 Iru wklv uhdvrq zh fdoo g|qdplfv ri dvsludwlrq0dgmxvwphqw wkdw kdyh wklv ihdwxuh

sd|r�0uhvsrqvlyh1

Gh�qlwlrq1 Sd|r�0uhvsrqvlyh dvsludwlrq dgmxvwphqw=

+4, Li d�c| ? ��c| wkhq d�c| ? d�c|n� ? ��c|>

+5, Li d�c| @ ��c| wkhq d�c| @ d�c|n� @ ��c|>

+6, Li d�c| A ��c| wkhq d�c| A d�c|n� A ��c|1

Wkh vljql�fdqfh ri sd|r�0uhvsrqvlyhqhvv iru wkh iroorzlqj uhvxow lv wkdw lw hqvxuhv wkdw rqfh dq

dvsludwlrq ehfrphv uhdolvwlf/ lw vwd|v uhdolvwlf wkhuhdiwhu1 Qrwh dovr wkdw wkh dprxqw ri dgmxvwphqw

qhhg qrw eh vwdwlrqdu|1 Lw fdq/ h1j1/ ghfuhdvh ryhu wlph= dq dvsludwlrq ohyho wkdw lv dqfkruhg lq

pxfk h{shulhqfh pd| uhvsrqg olwwoh wr rqh qhz rxwfrph12D Ilqdoo|/ qrwh wkdw wklv surshuw| doorzv
2e6Lh @ 4Lhi _i|@�*i_ @?@*)t�t Lu |�i UL�?|ih�?|��|��i igiU|t Lu @tT�h@|�L?�4i_�@|i_ U�@?}ic tii �i?_Lhc #�ih4i�ih
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dvsludwlrq0dgmxvwphqw wr eh vrphzkdw udqgrp/ dv orqj dv fxuuhqw sd|r�v duh qrw lghqwlfdo wr

fxuuhqw dvsludwlrqv1 +Iru h{dpsoh/ li d�c| ? ��c| wkhq wrpruurz*v dvsludwlrq frxog eh udqgrpo|

gudzq iurp wkh lqwhuydo +d�c|> ��c|,1,

Wkh vhfrqg surshuw| lv d _qr0ohdsiurjjlqj% frqglwlrq1 Lqirupdoo|/ lw vd|v wkdw li l*v yrwh0

surshqvlw| lv qr ohvv wkdq m*v dw wkh ehjlqqlqj ri shulrg w dqg l*v surshqvlw| lqfuhdvhv lq w wkhq m*v

surshqvlw| fdqqrw ohdsiurj sdvw l*v/ qr pdwwhu zkdw kdsshqv wr m1 Wklv vrxqgv hplqhqwo| uhdvrqdeoh

exw lw grhv kdyh vrph elwh= h1j1/ iru wkh Exvk0Prvwhoohu lw lpsolhv dgmxvwphqw wkdw lv v|pphwulf lq

wkh idfh ri vxffhvv dqg idloxuh1

Gh�qlwlrq1 Qr ohdsiurjjlqj=

Vxssrvh l dqg m xvh wkh vdph DEDU/ s�c|+y, � s�c|+y, dqg lq w hlwkhu +4, l yrwhv dqg lv uhlqirufhg

ru +5, l vklunv dqg lv lqklelwhg1 Zh zloo vd| wkdw wkh DEDU shuplwv qr ohdsiurjjlqj li s�c|n�+y, �

s�c|�+y,1

Zlwk wkhvh surshuwlhv lq kdqg zh fdq wxuq wr wkh qh{w uhvxow1 Qrwh wkdw wkh iroorzlqj uhvxow

krogv iru dq| ydoxh ri e odujhu wkdq �f1 Khqfh lw grhv qrw pdwwhu krz ydoxdeoh zlqqlqj lv> wkh sxuh

lqwulqvlf prwlydwlrq ri flylf gxw| ohdgv wr vwrfkdvwlfdoo| juhdwhu prelol}dwlrq1 Qrwh dovr wkdw wkh

uhvxow jhqhudol}hv uxq 7f frqvlghudeo| lq wkdw lw doorzv iru khwhurjhqhrxv lqlwldo surshqvlwlhv dqg

dvsludwlrqv1

Sursrvlwlrq ;= Glvwulfwv D dqg E duh sdudphwulfdoo| lghqwlfdo h{fhsw wkdw lq D/ e @ 3/ zkloh lq

E/ e A �f +f ? 3 lq erwk,1 Hyhu|rqh dgmxvwv surshqvlwlhv e| wkh vdph DEDU/ zklfk shuplwv qr

ohdsiurjjlqj1 Dvsludwlrqv duh dgmxvwhg e| dq| duelwudu| pl{ ri sd|r�0uhvsrqvlyh g|qdplfv1 Wkh

lqlwldo glvwulexwlrqv ri yrwh0surshqvlwlhv duh wkh vdph lq wkh wzr glvwulfwv1 Hyhu|rqh ehjlqv zlwk

uhdolvwlf dvsludwlrqv1 Wkhq iru doo w A 4/ D*v glvwulexwlrq ri yrwh0surshqvlwlhv lv vwrfkdvwlfdoo| eljjhu

wkdq E*v1

Sursrvlwlrq ; lpphgldwho| lpsolhv wkdw diwhu shulrg rqh/ wkh h{shfwhg yrwh0surshqvlw| lq glvwulfw

D h{fhhgv wkh h{shfwhg surshqvlw| lq E/ dw hyhu| gdwh1 Wkh uhvxow lv gulyhq suhflvho| e| wkh

idfw wkdw shrsoh lq glvwulfw D duh prwlydwhg rqo| e| wkhlu vhqvh ri flylf gxw|1 Vlqfh wkh| gr

qrw fduh derxw wkh froohfwlyh rxwfrph/ wkhuh duh rqo| wzr sd|r�v iru wkhp= �f A 3 iru yrwlqj

dqg }hur iru vklunlqj1 Vlqfh hyhu|rqh*v dvsludwlrqv duh uhdolvwlf +lq wkh ehjlqqlqj dqg/ e| sd|r�0

uhvsrqvlyhqhvv/ wkhuhdiwhu,/ lq glvwulfw D wkh| pxvw dozd|v eh lq +3>�f,1 Khqfh iru shrsoh lq wklv

glvwulfw sduwlflsdwlqj lv dozd|v judwli|lqj zkloh vklunlqj qhyhu lv1 Frqvhtxhqwo| yrwlqj lv dozd|v
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uhlqirufhg dqg vklunlqj lv dozd|v lqklelwhg/ uhjdugohvv ri wkh hohfwrudo rxwfrph1 Wkxv/ vlqfh hyhu|rqh

lv xvlqj dq DEDU/ lq glvwulfw D hyhu|rqh*v surshqvlw| wr wxuq rxw ulvhv lq hyhu| shulrg +xqwlo wkh|

uhdfk 413/ zkhuh wkh| zloo vwd|,1 Lq frqwudvw/ lq glvwulfw E shrsoh fduh derxw zlqqlqj1 Wklv lpsolhv

wkdw orvlqj zkloh yrwlqj fdq eh glvdssrlqwlqj1 Li wklv rffxuv�dqg vxfk dq rxwfrph lv dozd|v

srvvleoh�wkhq wkh orvlqj yrwhuv zloo ehfrph ohvv lqfolqhg wr yrwh1

Qrwh wkdw sursrvlwlrq ; krogv iru dq h{wuhph frpsdulvrq/ ehwzhhq d glvwulfw zkhuh zlqqlqj lv

zruwkohvv dqg rqh zkhuh zlqqlqj lv zruwk pruh wkdq wkh sulydwh vdwlvidfwlrq ri grlqj rqh*v flylf

gxw|�dqg |hw/ ghvslwh wklv/ wkh glvwulfw zkhuh zlqqlqj lv zruwkohvv kdv vwrfkdvwlfdoo| pruh wxuqrxw

wkdq wkh rqh zkhuh zlqqlqj lv qrw rqo| zruwk vrphwklqj/ lw lv wkh pruh lpsruwdqw sd|r�1 Wkh

uhpdlqlqj srvvlelolw| wkdw lv qrw frqvlghuhg e| wklv uhvxow lv wkdw 3 ? e � �f1 Wr jhw wkh uhvxow khuh

zrxog eh ohvv frxqwhulqwxlwlyh/ ehfdxvh lq wklv fdvh zlqqlqj lq glvwulfw E lv qrw zruwk yhu| pxfk1

Dv|pphwulf Frvwv1 Zkhq rqh idfwlrq kdv v|vwhpdwlfdoo| kljkhu frvwv ri yrwlqj +gxh hlwkhu wr

kdudvvphqw e| wkh rwkhu idfwlrq/ dv lq wkh rog Vrxwk/ ru wr pruh lqqrfxrxv idfwruv,/ rqh zrxog

h{shfw wkdw eorf wr sduwlflsdwh ohvv lq hohfwlrqv1 Wkdw vhhpv wr eh wkh fdvh khuh +uxq 9,1

^uxq 9 derxw khuh`

Uxq 9 vsuhdgv wkh idfwlrqv* frvwv ri yrwlqj dsduw iurp wkh frpprq ghidxow ydoxh ri 31581 Zlwk wkh

Ghprfudwv* frvw ri yrwlqj htxdo wr 317/ zkloh wkh Uhsxeolfdqv lqfxu d frvw ri rqo| 314/ zh vhh wkdw e|

derxw shulrg ;33 rqo| derxw rqh wklug ri doo Ghprfudwv duh yrwlqj1 Lw lv pruh lqwhuhvwlqj wr revhuyh

wkdw Uhsxeolfdq wxuqrxw lv dovr idoolqj ehorz wkh ydoxhv zh vdz lq wkh ehqfkpdun fdvhv ri uxqv 4

dqg 5/ hyhq wkrxjk wkhlu frvwv lq uxq 9 duh orzhu wkdq lq 4 dqg 51 Hylghqwo| wklv uh�hfwv dq lqgluhfw

lq�xhqfh ri wkh kljkhu Ghprfudw frvwv= vlqfh Ghprfudwlf sduwlflsdwlrq lv uhgxfhg/ Uhsxeolfdqv

ohduq wkdw wkh| fdq vwd| krph dqg vwloo zlq1 Jhqhudoo| lq uxqv vxfk dv wklv wkh glvdgydqwdjhg jurxs

zloo h{shulhqfh d uherxqg diwhu wkhlu rssrqhqwv vwrs yrwlqj1 Krzhyhu/ wklv uhfryhu| lv eulhi dv wkh

dgydqwdjhg jurxs zloo txlfno| uh0dvvhuw lwvhoi/ wkxv surgxflqj djdlq wkh sdwwhuq revhuyhg lq uxq 91

Krzhyhu/ uxq 8d dqg sursrvlwlrq ; vxjjhvw wkdw li flwl}hqv kdg qhjdwlyh frvwv ri yrwlqj exw rqh

idfwlrq zdv lqgl�huhqw wr zlqqlqj +e @ 3, zkloh wkh rwkhu glg fduh/ wkhq wkh idfwlrq zlwk wkh orzhu

e zrxog wxuq rxw pruh wkdq wkh vlgh zlwk wkh kljkhu e1 Wklv h{shfwdwlrq lv frq�uphg e| uxq :1

^uxq : derxw khuh`

Yduldwlrqv lq Uhodwlyh Idfwlrq Vl}h1 Wkh yrwhuv* ehkdylru lq wkh vlpxodwlrq grhv qrw uhvsrqg

wr fkdqjhv lq wkh devroxwh vl}h ri wkh hohfwrudwh1 +Wklv/ dv qrwhg/ lv frqvlvwhqw zlwk rxu dqdo|wlfdo
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uhvxowv/ zklfk gr qrw ghshqg rq wklv sdudphwhu dw doo1, Krzhyhu/ wkh v|vwhp grhv uhvsrqg lq

lqwhuhvwlqj zd|v wr wkh uhodwlyh vl}hv ri wkh idfwlrqv1

Frqvlghu �uvw uxq ;d/ lq zklfk wkhuh duh 8/533 Ghprfudwv dqg 7/;33 Uhsxeolfdqv1 Hyhq zlwk

wklv prghvw sduwlvdq vsolw/ plqrulw| idfwlrq phpehuv +Uhsxeolfdqv, lq qhduo| kdoi ri wkh hohfwrudwhv

vlw lw rxw doprvw frpsohwho| e| shulrg 4/3331 Rqh zrxog h{shfw wklv wr ghsuhvv orqj0uxq Ghprfudwlf

wxuqrxw dv zhoo/ dqg lqghhg wkhlu sduwlflsdwlrq lv vxevwdqwldoo| orzhu wkdq lq wkh ehqfkpdun fdvhv1

^uxq ;d derxw khuh`

Zkdw fdxvhv wklvB Hyhq uhodwlyho| vpdoo gl�huhqfhv lq idfwlrqdo vl}hv fdq surgxfh elj gl�huhqfhv

lq zlqqlqj hohfwlrqv/ dw ohdvw lqlwldoo|1 Khqfh Uhsxeolfdqv txlfno| ohduq wkdw yrwlqj grhvq*w sd|= lw

|lhogv d sd|r� ri �f1 Wklv jhqhudwhv qhjdwlyh uhlqirufhphqw/ jlyhq uhdolvwlf dvsludwlrqv1 Dv wkhlu

surshqvlwlhv gurs wr }hur/ Ghprfudwv judgxdoo| ohduq wkdw yrwlqj lv xqqhfhvvdu| +dv lq Iljxuh 7,1

Exw diwhu Ghprfudwlf wxuqrxw gursv orz hqrxjk/ Uhsxeolfdqv ohduq wr yrwh djdlq/ zlqqlqj eulh�|

xqwlo wkh odujhu idfwlrq prelol}hv rqfh pruh/ gulylqj wkh plqrulw| idfwlrq lqwr dqrwkhu surorqjhg

voxps1

Wklv sdwwhuq lv wurxeohvrph= hpslulfdoo|/ wxuqrxw lv qrw wklv vhqvlwlyh wr vpdoo ghsduwxuhv iurp

h{dfw sduwlvdq edodqfh1 Vxusulvlqjo|/ krzhyhu/ d vhhplqjo| lqqrfxrxv +dqg |hw pruh uhdolvwlf,

dvvxpswlrq derxw sd|r�v surgxfhv idu pruh uhdvrqdeoh wxuqrxw sdwwhuqv1 Vxssrvh wkdw hohfwrudo

sd|r�v duh vwrfkdvwlf udwkhu wkdq ghwhuplqlvwlf1 Zlqqhuv jhw e. ��c| dqg orvhuv jhw }hur soxv ��c|/

zkhuh ��c| � X ^�v> v` +v A 3, dqg lv lqghshqghqw dqg lghqwlfdoo| glvwulexwhg dfurvv yrwhuv dqg

shulrgv1 Xvlqj v @ 3=4/ uxq ;e vkrzv wkdw zlwk wkh vdph glvwulexwlrq ri yrwhuv/ wxuqrxw ohyhov duh

erwk kljkhu dqg pruh vwdeoh1 Lq idfw/ wkh h�hfw qrwhg lq uxq ;d lv h{dfwo| uhyhuvhg= yrwhuv lq wkh

plqrulw| idfwlrq duh pruh olnho| wr sduwlflsdwh$2S

^uxq ;e derxw khuh`

Wkhvh h�hfwv duh wkh mrlqw surgxfw ri wkh vl}h ri wkh udqgrp vkrfn/ wkh vl}h ri wkh plqrulw|

idfwlrq/ dqg +rqfh djdlq, wkh phgldwlqj uroh ri dvsludwlrqv1 Wr vhh krz doo wklv zrunv/ ohw xv

frqvlghu d plqrulw| idfwlrq wkdw lv kxuwlqj= lw kdv orvw uhshdwhgo|/ dqg vr erwk dvsludwlrqv dqg yrwh0

surshqvlwlhv kdyh ehhq ghsuhvvhg1 Dvsludwlrqv duh qrz orz hqrxjk vr wkdw orvlqj0zkloh0vklunlqj lv

dffhswdeoh +l1h1/ wkh| gr qrw h{fhhg }hur/ wkh sd|r� wr d orvlqj vklunhu,/ exw wkh| duh vwloo uhdolvwlf/
2S� t�4�*@h igiU| U@? Mi @U��i�i_ M) �@h)�?} |�i ULt| Lu �L|�?}� 6�h|�ihc |��t @__�|�L?@* hit�*| _Lit ?L| hi^��hi

4@!�?} �L|�?} ULt|t ?i}@|��i� W?t|i@_c @t ��|� h@?_L4 i*iU|Lh@* T@)Lgtc h@?_L4 �L|�?} ULt|t 4@||ih ��i? |�i
t�TTLh| Lu |�i t�LU! �t t��U�i?|*) *@h}i�
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vr wkh| h{fhhg wkh zruvw srvvleoh sd|r�/ �f/ zklfk dffuxhv wr d orvlqj yrwhu1 Ixuwkhu/ wkhlu yrwh

surshqvlwlhv duh vr orz wkdw wkh| duh doprvw vxuh wr orvh lq wkh fxuuhqw shulrg1 Dqg jlyhq wkhlu

uhdolvwlfdoo| orz dvsludwlrqv/ d orvv wkdw |lhogv ghwhuplqlvwlf hohfwrudo sd|r�v zrxog ixuwkhu uhgxfh

wkh yrwh0surshqvlwlhv ri doo plqrulw| flwl}hqv= wkh orvlqj yrwhuv zloo ehfrph vwloo pruh glvhqfkdqwhg

zlwk wxuqlqj rxw/ zkloh wkh orvlqj vklunhuv dffhsw wkhlu orw1

Qrz frqvlghu/ krzhyhu/ udqgrpo| shuwxuehg hohfwrudo sd|r�v1 Vlqfh wkh ghwhuplqlvwlf sd|r� wr

orvhuv lv }hur/ hyhu| plqrulw| flwl}hq zloo jhw d udqgrp gudz ri �|1 Qrz frphv wkh fuxfldo srlqw=

li �| kdv d vx�flhqwo| elj yduldqfh/ wkhq d vxevwdqwldo qxpehu ri orvlqj yrwhuv zloo eh vdwlv�hg

+vlqfh wkhuh zloo eh dq dssuhfldeoh fkdqfh wkdw �f . ��c| zloo h{fhhg l*v dvsludwlrq,/ dqg vlploduo|

d vxevwdqwldo qxpehu ri orvlqj vklunhuv zloo eh glvvdwlv�hg +vlqfh wkhuh zloo eh d vxevwdqwldo fkdqfh

wkdw ��c| zloo idoo ehorz l*v dvsludwlrq,1 Dqg erwk ri wkhvh vhwv zloo ehfrph pruh lqfolqhg wr yrwh1

Wkxv/ vwrfkdvwlf hohfwrudo sd|r�v fdq lqwhuuxsw wkh ylflrxv f|foh wkdw nhhsv wkh plqrulw|*v yrwlqj

surshqvlw| orz1

Uxqv ;d dqg ;e kdyh vkrzq wkdw dv zh lqfuhdvh wkh vxssruw ri � iurp 3 wr 317 +l1h1/ v @ 3=5,/

wkh sduwlflsdwlrq ohyho ri wkh plqrulw| vwdelol}hv dw qhdu 83(1 Uxqv ;f dqg ;g vkrz vrph uhvxowv

iru hyhq pruh orsvlghg glvwulexwlrqv ri yrwhuv1 Lq ;f/ wkh Ghprfudwv kdyh 93( ri yrwhuv/ exw vwloo

ehwzhhq 78 dqg 83 shufhqw ri wkh plqrulw| idfwlrq wxuq rxw1 Plqrulw| sduwlflsdwlrq kdv lwv olplwv/

krzhyhu1 Lq uxq ;g/ zkhuh rqo| 58( ri flwl}hqv duh Uhsxeolfdqv/ wkh sdwwhuq pruh forvho| uhvhpeohv

wkdw ri uxq ;d1 Vljql�fdqwo|/ wkh yduldwlrq lq e lv txlwh vpdoo lq uxqv ;e0;g/ udqjlqj iurp 3=< dqg

4=41 Wkxv wkh lqvwdelolw| lq uxq ;d +zkhuh v @ 3, dsshduv wr eh pruh wkh h{fhswlrq wkdq wkh uxoh1

^uxqv ;f dqg ;g derxw khuh`

D jodqfh dw wkh klvwrjudpv uhyhdov vrph lqwhuhvwlqj hpslulfdo lpsolfdwlrqv1 Dv wkh glvsdulw|

lq idfwlrq vl}h lqfuhdvhv/ djjuhjdwh wxuqrxw gursv1 Wkh plqrulw| wxuqrxw udwh dovr h{fhhgv wkh

pdmrulw|*v/ zlwk wkh glvsdulw| lqfuhdvlqj lq wkh dv|pphwu| lq idfwlrq vl}h1 Wklv glvsdulw| dulvhv

ehfdxvh lw lv kdughu iru plqrulw| phpehuv wr iuhh0ulgh rq wkhlu froohdjxhv1 Dv wkh uxqv vkrz/ wklv

lv uh�hfwhg lq wkh dvsludwlrqv ri wkh wzr sduwlhv1 Zkhq idfwlrqv duh yhu| xqedodqfhg/ pdmrulw|

flwl}hqv/ zkr riwhq zlq zlwkrxw yrwlqj/ kdyh kljk dvsludwlrqv> plqrulw| yrwhuv dvsluh wr olwwoh pruh

wkdq }hur1

Rxu odvw dqdo|wlfdo plql0uhvxow vkrzv wkdw wkh sdwwhuqv h{klelwhg e| uxqv ;e0;g krog iru pdq|

w|shv ri dgmxvwphqw uxohv dqg pdq| nlqgv ri vkrfnv1 Sursrvlwlrq < hvwdeolvkhv wkdw plqrulw|

yrwh surshqvlwlhv fdq lqfuhdvh hyhq lq wkh wrxjkhvw ri vlwxdwlrqv�l1h1/ hyhq zkhq +4, plqrulw|

59



dvsludwlrqv duh uhdolvwlfdoo| orz/ vr dv wr pdnh orvlqj0zkloh0vklunlqj dffhswdeoh exw orvlqj0zkloh0

yrwlqj glvvdwlvi|lqj/ dqg +5, wkh plqrulw| idfwlrq orvhv�li wkh udqgrp vkrfn lv vx�flhqwo| vsuhdg

rxw1

Wklv fuxfldo dvvxpswlrq derxw wkh udqgrp vkrfn lv gh�qhg lqirupdoo| dv iroorzv1 D udqgrp

yduldeoh � wklqv rxw li zh fdq pdnh wkh suredelolw| wkdw � lv lq dq| lqwhuydo ^d> e` dv vpdoo dv zh

sohdvh1 +D suhflvh gh�qlwlrq ri wklqqlqj rxw lv surylghg lq wkh dsshqgl{1, Glvwulexwlrqv wkdw wklq

rxw lqfoxgh wkh qrupdo dqg wkh xqlirup1

Lq wkh iroorzlqj uhvxow/ s6c|+y, ghqrwhv wkh yrwh0surshqvlw| ri d plqrulw| idfwlrq phpehu lq

shulrg w1

Sursrvlwlrq <= Vxssrvh wkh plqrulw| idfwlrq orvhv lq w1 Dvsludwlrqv ri doo plqrulw| idfwlrq

phpehuv duh lq +�f> 3` lq w> doo wkhlu yrwh surshqvlwlhv duh vwulfwo| ohvv wkdq �

2
1 Sod|huv fdq xvh

dq| DEDU wkdw lv prqrwrqlf/ dfwlrq0lqyduldqw/ dqg v|pphwulf1 Wkh udqgrp sd|r� vkrfn ��c| lv

lqghshqghqw dqg lghqwlfdoo| glvwulexwhg dfurvv djhqwv/ lw lv frqwlqxrxvo| glvwulexwhg zlwk Su+� ?

3, @ Su+� A 3, @ �

2
/ dqg lw wklqv rxw1 Li �| lv vx�flhqwo| wklq wkhq iru hyhu| plqrulw| idfwlrq

phpehu H^s6c|n�+y,` A s6c|+y,1

Wkh frqfoxvlrq ri wkh sursrvlwlrq lv wkdw/ xqghu wkh vwdwhg frqglwlrqv/ wkh h{shfwhg surshqvlw|

+lq w . 4, ri hyhu|rqh lq wkh plqrulw| idfwlrq ulvhv12. Reylrxvo|/ wkhuhiruh/ wkh h{shfwhg yrwh0

surshqvlw| ri wkh ryhudoo plqrulw| idfwlrq pxvw dovr ulvh1 Dqg vlqfh � ? �

2
/ wkh plqrulw|*v h{shfwhg

wxuqrxw dovr lqfuhdvhv lq wkh qh{w shulrg1

VW� , |i?t�L?t @?_ �L?U*�t�L?t

Wklv zrun dwwhpswv wr frqvwuxfw d pdwkhpdwlfdo prgho ri dgdswlyho| udwlrqdo hohfwrudo sduwlfl0

sdwlrq1 Dv vxfk lw lv txlwh suholplqdu|1 Wkhuh duh d qxpehu ri prgl�fdwlrqv zklfk zrxog lpsuryh

wkh prgho1 Zh frqvlghu vhyhudo ri wkhvh khuh1

+4, Shukdsv wkh prvw lpsruwdqw fkdqjh zrxog eh wr doorz wkh flwl}hqv wr ghflgh zklfk sduw|

wr yrwh iru1 Wkxv hdfk shuvrq zrxog kdyh wkuhh fkrlfhv= vwd| dw krph/ yrwh Ghprfudwlf/ yrwh

Uhsxeolfdq1 Gxh wr wkh frduvhqhvv ri wkh ihhgedfn dqg wkh vlpsoh qdwxuh ri ohduqlqj srvlwhg khuh/

zh h{shfw wklv prgl�fdwlrq zloo uhvxow lq yrwhuv riwhq pdnlqj plvwdnhv= yrwhu l pljkw yrwh iru wkh

zurqj sduw|/ exw iru rwkhu uhdvrqv +krz prvw shrsoh yrwhg, l*v sd|r� h{fhhgv klv dvsludwlrq ohyho/

wkxv uhlqiruflqj klv huuru1 Khqfh lw pd| wdnh d orqj wlph iru wkh zhdno| grplqdwhg vwudwhj| ri
2.�hLTLt�|�L? b }i?ih@*�3it |L @t)44i|h�U Eu@�*�hi�ti?t�|��i� ���+t� 5ii |�i ThLLu �? |�i @TTi?_� �
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yrwlqj iru wkh zurqj sduw| wr eh h{wlqjxlvkhg +li lqghhg lw hyhu lv,1 Krzhyhu/ zh gr qrw h{shfw wkdw

wklv fkdqjh zloo fdxvh sduwlflsdwlrq wr soxpphw1

Dowhuqdwlyho|/ lw zrxog eh htxdoo| frqvlvwhqw zlwk wkh vslulw ri dgdswlyh udwlrqdolw| wr dvvxph

wkdw yrwhuv vdwlv�fhg e| yrwlqj iru wkh lqfxpehqw li dqg rqo| li wkh lqfxpehqw*v shuirupdqfh

h{fhhghg vrph fulwlfdo wkuhvkrog1

+5, Qh{w rq wkh djhqgd zrxog eh wr lqwurgxfh dfwlyh +wkrxjk dgdswlyh, sduwlhv ru fdqglgdwhv1

Sd|r�v wr yrwhuv zrxog wkhq qr orqjhu eh h{rjhqrxvo| �{hg> lqvwhdg/ wkh| zrxog ghshqg rq wkh

sodwirup wdnhq e| wkh zlqqlqj sduw|1 Lw zrxog eh lqwhuhvwlqj wr vhh zkhwkhu wkh fdqglgdwhv whqg wr

frqyhujh wr wkh phgldq yrwhu12H Li wklv frqyhujhqfh grhv rewdlq/ lw pljkw ghsuhvv wxuqrxw/ wkrxjk

djdlq zh vxvshfw wkdw lw zloo qrw gulyh sduwlflsdwlrq grzq wr qhjoljleoh ohyhov1

+6, Wkh udwh ri dgmxvwphqw lq ohduqlqj suredeo| vkrxog uhvsrqg wr krzpxfk fxuuhqw dvsludwlrqv

dqg fxuuhqw sd|r�v gl�hu1 Elj gl�huhqfhv vkrxog surgxfh odujh fkdqjhv lq surshqvlwlhv1

Wkh uhvxowv uhsruwhg khuh duh txlwh hqfrxudjlqj1 Uhlqirufhphqw ohduqlqj/ phgldwhg e| hqgrjh0

qrxv dvsludwlrqv/ vhhpv wr ohdg qdwxudoo| wr vxevwdqwldo wxuqrxw xqghu d zlgh duud| ri sdudphwulf

frq�jxudwlrqv1 Lqghhg/ zh kdyh kdg wr zrun kdug lq rughu wr vxssuhvv sduwlflsdwlrq1 Wkxv/ zh orrn

iruzdug wr vhhlqj wkh prgho vxemhfwhg wr v|vwhpdwlf hpslulfdo whvwlqj12b

Ilqdoo|/ zh wklqn lw lv zruwk qrwlqj wkdw zh glg qrw ghvljq wklv prgho lq rughu wr vwxg| wkh

sdudgr{ ri yrwlqj1 Lqghhg/ rxu ruljlqdo sxusrvh zdv txlwh idu uhpryhg iurp wklv= zh zdqwhg wr vwxg|

krz dgdswlyho| udwlrqdo djhqwv zrxog ehkdyh lq wzr0shuvrq/ pl{hg0prwlyh jdphv wkdw uhsuhvhqwhg

ydulrxv nlqgv ri lqvwlwxwlrqdo vlwxdwlrqv/ vxfk dv frpplwwhh0�rru uhodwlrqv +Ehqgru/ Glhuphlhu dqg

Wlqj 4<<<,1 Wkdw wkh prgho wkxv idu vhhpv wr gr udwkhu zhoo lq d gl�huhqw grpdlq kdv frph dv

d sohdvdqw vxusulvh1 Dqg jlyhq wkh riwhq0duwlfxodwhg fulwhulrq lq wkh sklorvrsk| ri vflhqfh +h1j1/

Odxgdq/ Odxgdq dqg Grqrydq 4<;;, wkdw wkhrulhv vkrxog eh deoh wr kdqgoh qhz sureohpv +l1h1/

sureohpv zklfk d wkhru| zdv qrw ghvljqhg wr vroyh,/ rxu vxusulvh pd| uh�hfw pruh wkdq phuho| d

uhsruw rq wkh sv|fkrorj| ri wkh uhvhdufkhuv1
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D1 Qrwdwlrq/ Gh�qlwlrqv/ dqg Vrph Edvlf Dvvxpswlrqv

Zh dgrsw wkh iroorzlqj whuplqrorj| lq ghvfulelqj wkh prgho dqg vlpxodwlrq1 D shulrg lv d rqh0

vkrw sod| ri wkh wxuqrxw jdph1 D vlpxodwlrq lv d vhtxhqfh ri shulrgv/ iru d vshfl�f vhw ri yrwhuv1

Ilqdoo|/ d uxq lv d froohfwlrq ri vlpxodwlrqv1

s�c|+{, +{ @ y> v, ghqrwhv wkh surshqvlw| ri flwl}hq l wr fkrrvh dfwlrq { lq shulrg w1

Vlqfh doo wkh uhvxowv duh frxfkhg lq whupv ri wkh surshqvlw| wr yrwh/ iru frqyhqlhqfh zh vkruwhq

s�c|+y, wr s�c| lq prvw ri wkh dsshqgl{1 Wkxv s�c| ghqrwhv l*v surshqvlw| wr yrwh lq shulrg w1

s| ghqrwhv wkh hohfwrudwh*v dyhudjh surshqvlw| wr yrwh lq shulrg w1 +Wklv lv d vxppdu| vwdwlvwlf

ri d sduwlfxodu vdpsoh sdwk> lw lv qrw dq h{shfwdwlrq1,

Q A 4 lv wkh qxpehu ri flwl}hqv lq wkh glvwulfw1

q( lv wkh qxpehu ri Ghprfudwv> q-/ wkh qxpehu ri Uhsxeolfdqv1 +Zh dozd|v dvvxph wkdw

q( A 3 dqg q- A 31,

d�c| lv flwl}hq l*v dvsludwlrq ohyho lq shulrg w1

Dq dvsludwlrq lv uhdolvwlf lq w li lw lv vwulfwo| odujhu wkdq wkh vwdjh jdph*v plqlpdo sd|r� dqg

vwulfwo| ohvv wkdq wkh vwdjh jdph*v pd{lpdo sd|r�1

��c| lv flwl}hq l*v sd|r� lq shulrg w1

e lv wkh ehqh�w ri zlqqlqj dqg f lv wkh frvw ri yrwlqj1 Xqohvv vshfl�hg rwkhuzlvh +l1h1/ lq

sursrvlwlrq ;,/ zh dvvxph e A 3 dqg f A 31

� lv wkh suredelolw| ri d wuhpeoh/ l1l1g1 ryhu wlph dqg ryhu djhqwv1

� 5 +3> 4` lv wkh h{whqw wr zklfk surshqvlwlhv dgmxvw wrzdug rqh xqghu uhlqirufhphqw xvlqj d

Exvk0Prvwhoohu uxoh1

� 5 +3> 4` lv wkh h{whqw wr zklfk surshqvlwlhv dgmxvw wrzdug }hur xqghu lqklelwlrq xvlqj d Exvk0

Prvwhoohu uxoh1

� 5 +3> 4, lv wkh h{whqw wr zklfk dvsludwlrqv duh zhljkwhg wrzdug h{wdqw dvsludwlrqv1

Zh fdoo dq hohfwlrq frqfoxvlyh li lw lvq*w d wlh1

E1 Wkh Jhqhudo Prgho

Sod|huv dqg Sd|r�v1 Zh frqvlghu d vhulhv ri hohfwlrqv lq d vlqjoh _glvwulfw1% Wkhuh duh wzr w|shv

ri flwl}hqv/ G dqg U/ zkrvh srsxodwlrqv vdwlvi| q( . q- @ Q 1 Lq hdfk shulrg/ hdfk flwl}hq pd|
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hlwkhu yrwh +{ @ y, ru vwd| krph +{ @ v,1 Wkh vlgh zklfk wxuqv rxw pruh yrwhuv zlqv wkh hohfwlrq1

Phpehuv ri wkh zlqqlqj vlgh hduq d sd|r� ri e.��c|/ zkloh phpehuv ri wkh orvlqj idfwlrq jhw d sd|r�

ri g. ��c|/ zkhuh ��c| � X ^�v> v` +v � 3, dqg lv l1l1g1 dfurvv yrwhuv dqg shulrgv1 +Xqohvv rwkhuzlvh

vwdwhg�l1h1/ lq uxqv ;d0;f dqg lq sursrvlwlrq <�v @ 3/ vr wkh hohfwrudo sd|r�v duh ghwhuplqlvwlf

iru prvw vlpxodwlrq uxqv dqg prvw ri wkh dqdo|wlfdo uhvxowv1, Lq wkh hyhqw ri d wlh/ hyhu|rqh jhwv

K
2
1 Wkh sulydwh frvw ri yrwlqj lv f1 Sd|r�v duh dgglwlyh lq wkh ehqh�wv dqg frvwv1 Wkxv zlqqlqj

yrwhuv jhw dq h{shfwhg sd|r� ri e� f> zlqqlqj vklunhuv jhw dq h{shfwhg sd|r� ri e1 Orvlqj yrwhuv

jhw dq h{shfwhg sd|r� ri g � f> wkdw ri orvlqj vklunhuv lv g1 H{fhsw zkhuh qrwhg/ zh dvvxph wkdw

e A f A 3 @ g1

Dw w @ 4/ hdfk flwl}hq l ehjlqv zlwk dq lqlwldo surshqvlw| wr yrwh/ s�c� 5 ^3> 4`/ dqg dq lqlwldo

dvsludwlrq ohyho/ d�c�1 Yrwhuv lq wkh vdph eorf duh dvvxphg wr eh lqlwldoo| krprjhqhrxv lq wkhvh dqg

doo rwkhu uhvshfwv1

Surshqvlwlhv/ Wuhpeohv dqg Dfwlrqv1 Lq hdfk shulrg/ lqwhqghg dfwlrqv duh ghwhuplqhg udq0

grpo| wkurxjk hdfk flwl}hq*v surshqvlwlhv1 Flwl}hqv wkhq _wuhpeoh% wkhlu pryhv zlwk suredelolw| �1

D wuhpeohg pryh lv wkh rssrvlwh ri wkh lqwhqghg pryh1 Wkxv/ wkh suredelolw| wkdw yrwhu l dfwxdoo|

fkrrvhv dfwlrq { lq shulrg w htxdov s�c|+{, � +4� �, . +4� s�c|+{,, � �1

Wkh uhdol}hg dfwlrqv ghwhuplqh wkh hohfwlrq zlqqhu1 Sd|r�v duh wkhq dvvljqhg dv deryh1

Dvsludwlrqv dqg Dgdswdwlrq1 D sod|hu zkr dfklhyhv d sd|r� ri dw ohdvw khu dvsludwlrq

+��c| � d�c|, frghv khu odvw dfwlrq dv d _vxffhvv/% zkloh li ��c| ? d�c| wkh dfwlrq lv frghg dv d _idloxuh1%

Surshqvlwlhv iru vxffhvvixo dfwlrqv duh uhlqirufhg dffruglqj wr wkh fodvvlfdo olqhdu Exvk0Prvwhoohu

htxdwlrq=

s�c|n�+{, @ s�c|+{, . �+4� s�c|+{,,

Olnhzlvh/ surshqvlwlhv iru xqvxffhvvixo dfwlrqv duh lqklelwhg=

s�c|n�+{, @ s�c|+{,� �s�c|+{,

Reylrxvo|/ wkh dfwlrq qrw wdnhq lq shulrg w lv dgmxvwhg vxlwdeo| grzqzdugv li { lv uhlqirufhg/ dqg

xszdugv li { lv lqklelwhg1 Zh dvvxph wkdw � @ � iru wkh vlpxodwlrq uxqv lq wklv sdshu/ l1h1/ zh xvh

d v|pphwulf Exvk0Prvwhoohu uxoh1 +V|pphwu| lv uhod{hg lq sursrvlwlrqv 4/ 5/ 7/ 8/ dqg :0<1,

Dvsludwlrqv dovr dgmxvw wr h{shulhqfh1 Dw wkh hqg ri hdfk shulrg wkhuh lv d sd|r�0zhljkwhg

suredelolw| ri dvsludwlrqv xsgdwlqj iru hdfk flwl}hq=
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Su +xsgdwh, @

#
m��c| � d�c|m

pd{i��j �plqi��j. F

$g

Khuh/ pd{i��j dqg plqi��j ghqrwh wkh pd{lpxp dqg plqlpxp sd|r�v dwwdlqdeoh lq d vlqjoh

hohfwlrq iru sod|hu l +w|slfdoo|/ pd{i��j �plqi��j @ e . f,1 F dqg N duh dx{loldu| sdudphwhuv

wkdw pd| eh xvhg wr �qh0wxqh wkh suredelolw| ri dvsludwlrq dgmxvwphqw1 Lq wkh uxqv frqgxfwhg khuh/

zh dvvxph F @ N @ 41

Zkhq dvsludwlrqv gr dgmxvw/ wrpruurz*v dvsludwlrqv duh d zhljkwhg dyhudjh ri wrgd|*v dvsludwlrqv

dqg wrgd|*v sd|r�v=

d�c|n� @ � � d�c| . +4� �,��c|

Wklv surfhvv uhshdwv xqwlo wkh xvhu0vshfl�hg qxpehu ri hohfwlrq shulrgv lv uhdfkhg1

F1 Vlpxodwlrq Surjudp

Ehfdxvh ri wkh vhulrxv wudfwdelolw| lvvxhv lqyroyhg/ zh kdyh zulwwhq d surjudp lq DQVL F wr

vlpxodwh wkh ghvfulehg dgdswlyho| udwlrqdo ehkdylru1 Wkh surjudp lv frpsdwleoh zlwk wkh JQX F

frpslohu dqg prvw XQL[ rshudwlqj v|vwhp frq�jxudwlrqv1

Zkhq vwduwhg/ wkh surjudp doorzv wkh xvhu wr vhw wkh iroorzlqj sdudphwhuv ehiruh hdfk uxq=

� wkh qxpehu ri vlpxodwlrqv>

� wkh qxpehu ri shulrgv shu vlpxodwlrq>

� wkh idfwlrq vl}hv/ q(/ dqg q->

� wkh sd|r� sdudphwhuv/ e/ f/ dqg g>

� wkh wuhpeoh suredelolw|/ �>

� wkh uhlqirufhphqw dqg lqklelwlrq udwhv/ � dqg �>

� wkh dvsludwlrq xsgdwlqj sdudphwhuv/ �/ F/ dqg N1

� hdfk idfwlrq*v yrwh surshqvlw| dw w @ 3/ +s�cf,>

� hdfk idfwlrq*v dvsludwlrq ohyho dw w @ 3/ +d�cf,>
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Zkhq d uxq ehjlqv/ wkh surjudp lqlwldol}hv d svhxgrudqgrp qxpehu jhqhudwru zlwk dq lqwhjhu

uhsuhvhqwlqj wkh fxuuhqw wlph1 Wklv vwdqgdug surfhgxuh h�hfwlyho| hqvxuhv wkdw hdfk uxq*v udqgrp

sdudphwhuv duh lqghshqghqw ri wkrvh ri rwkhu uxqv1 Wkh surjudp wkhq lqlwldol}hv d fxvwrp gdwd

vwuxfwxuh wkdw nhhsv wudfn ri vwdwh yduldeohv +l1h1/ surshqvlwlhv dqg dvsludwlrqv/ zklfk pd| fkdqjh

ryhu wkh frxuvh ri d uxq, dqg vwdwlvwlfv uhodwhg wr wkh klvwru| ri sod|1

Lq hdfk shulrg/ lqwhqghg pryhv duh ghwhuplqhg dqg wkhq wuhpeohg wr surgxfh dfwxdo pryhv lq

wkh pdqqhu ghvfulehg suhylrxvo|1 Diwhu sd|r�v duh uhyhdohg/ wkh gdwd vwuxfwxuh lv xsgdwhg wr uh�hfw

wkh fkdqjhg surshqvlwlhv dqg dvsludwlrqv1 Wkhvh yduldeohv uhyhuw edfn wr wkhlu ruljlqdo ydoxhv iru

hdfk qhz vlpxodwlrq1

Wkh gdwd vwuxfwxuh dvvrfldwhg zlwk hdfk uxq fdq eh xvhg wr uhfryhu vwdwlvwlfv dw gl�huhqw ohyhov

ri d uxq1 Wr uhgxfh uxqwlphv/ rqo| wkrvh vwdwlvwlfv wkdw duh uhtxhvwhg e| wkh xvhu duh froohfwhg1 Lq

sduwlfxodu/ wkh xvhu pd| rsw wr ylhz ru vdyh wr glvn dq| ri wkh iroorzlqj=

� wkh pryhv/ sd|r�v/ dqg dgmxvwhg surshqvlwlhv dqg dvsludwlrqv diwhu hdfk shulrg>

� dyhudjh dqg fxpxodwlyh surshqvlwlhv dqg dvsludwlrqv iru hdfk vlpxodwlrq>

� d klvwrjudp ri surshqvlwlhv iru hdfk yrwhu iru hdfk vlpxodwlrq>

� dyhudjh surshqvlwlhv dqg dvsludwlrqv dfurvv vlpxodwlrqv iru fhuwdlq shulrgv>

� d klvwrjudp ri �qdo0shulrg surshqvlw| dqg dvsludwlrq ohyhov dfurvv vlpxodwlrqv1

Iru wkh jdphv lqyhvwljdwhg lq wklv sdshu/ wkh �qdo wzr lwhpv suryhg wr eh prvw xvhixo1 Doo ri

wkh uxq uhsruwv duh frpsrvhg ri hlwkhu wlph vhulhv ri dyhudjh surshqvlwlhv ru klvwrjudpv ri �qdo

shulrg surshqvlwlhv dfurvv vlpxodwlrqv1 Zkloh wkh surjudp grhv qrw jhqhudwh judsklfv rq lwv rzq/

wkh rxwsxw �ohv lw fuhdwhv duh hdvlo| uhdg lqwr rwkhu surjudpv iru ixuwkhu surfhvvlqj1

Wkh surjudp lv deoh wr jhqhudwh odujh vdpsohv ri jdph sod| txlfno|/ dowkrxjk qdwxudoo| odujh

hohfwrudwhv zloo vorz uxq wlphv frqvlghudeo|1 W|slfdo uxqwlphv iru prvw ri wkh uxqv uhsruwhg khuh

+43/333 yrwhuv/ 4/333 shulrgv dqg 4/333 vlpxodwlrqv, udqjhg ehwzhhq 8 dqg 63 krxuv/ ghshqglqj

rq kdugzduh frq�jxudwlrqv1 Krzhyhu/ wkh lqyduldqfh lq erwk rxu vlpxodwlrq dqg dqdo|wlfdo uhvxowv

zlwk uhvshfw wr srsxodwlrq vl}h +vhh uxq 5 dqg sursrvlwlrqv 40:, jlyhv xv kljk frq�ghqfh lq wkhlu

urexvwqhvv1

G1 Surriv
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Ehiruh zh suryh wkh uhvxowv ghvfulehg lq wkh wh{w/ lw lv frqyhqlhqw wr hvwdeolvk vrph idfwv derxw

DEDUv1 Wkhvh zloo eh xvhg lq sursrvlwlrqv 5/ 8/ : dqg <1

Xvhixo Idfwv derxw DEDUv

Qrwdwlrq= zh xvh �n�c|+y> s, wr ghqrwh wkh lqfuhphqw lq l*v yrwh0surshqvlw| li l*v fxuuhqw yrwh0

surshqvlw| lv s/ l yrwhv lq w/ dqg lv vdwlv�hg1 �n�c|+v> 4 � s, lv wkh dqdorjrxv lqfuhdvh lq l*v vklun0

surshqvlw|/ li l*v fxuuhqw vklun0surshqvlw| lv 4 � s/ l vklunv lq w/ dqg lv vdwlv�hg1 �3�c|+y> s, dqg

�3�c|+v> 4 � s, ghqrwh wkh dqdorjrxv ghfuhphqwv +wkhlu devroxwh ydoxhv/ l1h1, lq yrwh0surshqvlw| dqg

vklun0surshqvlw|/ frqglwlrqdo rq yrwlqj dqg ehlqj glvvdwlv�hg ru rq vklunlqj dqg ehlqj glvvdwlv0

�hg/ uhvshfwlyho|1 +Zh zloo vxssuhvv wkh w vxevfulsw zkhqhyhu wkh gdwh lv vx�flhqwo| fohdu1 Dw

rwkhu srlqwv zh zloo vlpsoli| wkh qrwdwlrq wr/ h1j1/ �n�c|+y, zkhq wkh ydoxh ri wkh yrwh0surshqvlw| ru

vklun0surshqvlw| lv vx�flhqwo| fohdu1,

Idfw 4= Li doo djhqwv xvh wkh vdph DEDU/ zklfk lv prqrwrqlf dqg dfwlrq0lqyduldqw/ dqg s�c| ? +A, �

2

;l/ wkhq iru doo l dqg m +zkhuh l pd| htxdo m ru qrw,/

+d, �n� +y> s, A +?, �n� +v> 4� s,/ dqg

+e, �3� +y> s, ? +A, �3� +v> 4� s,1

+Li s�c| � +�,�
2
;l/ wkhq wkh frqfoxvlrqv lq +d, dqg +e, fkdqjh wr zhdn lqhtxdolwlhv1,

Surri= Zh suryh wkh fdvh ri s�c| ?
�

2
> wkh surri iru s�c| A

�

2
lv frpsohwho| dqdorjrxv1

+d, Jlyhq s ? 4�s/ prqrwrqlflw| lpsolhv wkdw �n� +y> s, A �n� +y> 4�s,1 Lq wxuq wkh odwwhu htxdov

�n� +y> 4� s,/ vlqfh hyhu|rqh xvhv wkh vdph DEDU1 E| dfwlrq0lqyduldqfh/ �n� +y> 4� s, @ �n� +v> 4� s,1

Wkhq wudqvlwlylw| lpsolhv �n� +y> s, A �n� +v> 4� s,1

+e, Djdlq/ jlyhq s ? 4�s/ prqrwrqlflw| lpsolhv �3� +v> 4�s, A �3� +v> s,1 Lq wxuq wkh odwwhu htxdov

�3� +v> s,/ vlqfh wkh DEDU lv frpprq1 E| dfwlrq0lqyduldqfh/ �3� +v> s, @ �3+y> s,1 Wkhq wudqvlwlylw|

lpsolhv �3� +v> 4� s, A �3+y> s,1 THG1

Idfw 5= Li doo djhqwv l xvh wkh vdph DEDU/ zklfk lv prqrwrqlf dqg v|pphwulf/ dqg s�c| ? +A, �

2

;l/ wkhq iru doo l dqg m +zkhuh l pd| htxdo m ru qrw, dqg ;t ? �

2
/

+d, �n� +y> s, A +?, �3� +y> t,/ dqg

+e, �3� +v> 4� s, A +?, �n� +v> 4� t,1
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+Li s�c| � +�, �

2
/ wkh frqfoxvlrqv fkdqjh wr zhdn lqhtxdolwlhv1,

Surri= Zh suryh wkh fdvh ri s�c| ?
�

2
> wkh surri iru s�c| A

�

2
lv dqdorjrxv1

+d, Vlqfh s ? �

2
/ prqrwrqlflw| lpsolhv wkdw �n� +y> s, A �n� +y>

�

2
,1 V|pphwu| |lhogv �n� +y>

�

2
, @

�3� +y>
�

2
,1 Wkhq/ iru doo t ? �

2
/ prqrwrqlflw| lpsolhv �3� +y>

�

2
, A �3� +y> t,1 Ehfdxvh hyhu|rqh xvhv wkh

vdph DEDU/ �3� +y> t, @ �3� +y> t,1 Ilqdoo|/ wudqvlwlylw| jlyhv �n� +y> s, A �3� +y> t,1

+e, Vlqfh 4 � s A �

2
/ prqrwrqlflw| lpsolhv wkdw �3� +v> 4 � s, A �3� +v>

�

2
,1 V|pphwu| |lhogv

�3� +v>
�

2
, @ �n� +v>

�

2
,1 Wkhq/ ehfdxvh t ? �

2
/ prqrwrqlflw| lpsolhv �n� +v>

�

2
, A �n� +v> 4 � t,1 Ehfdxvh

hyhu|rqh xvhv wkh vdph DEDU/ �n� +v> 4� t, @ �n� +v> 4� t,1 Ilqdoo|/ wudqvlwlylw| jlyhv �3� +v> 4�s, A

�n� +v> 4� t,1 THG1

Idfw 6= Li doo djhqwv xvh wkh vdph DEDU zklfk lv prqrwrqlf/ dfwlrq0lqyduldqw dqg v|pphwulf/

dqg s�c| ? +A, �

2
/ wkhq �3� +v> 4� s, @ �n� +y> s, A +?, �3� +y> s, @ �n� +v> 4� s,1

+Li s�c| � +�, �

2
/ wkhq wkh frqfoxvlrq fkdqjhv wr d zhdn lqhtxdolw|1,

Surri= Wklv lv suryhg iru wkh fdvh ri s ? �

2
> wkh surri iru s A �

2
lv dqdorjrxv1

E| wkh gh�qlwlrq ri v|pphwulf dgmxvwphqw/ �3� +v> 4 � s, @ �n� +v> s,1 Dfwlrq lqyduldqfh lp0

solhv �n� +v> s, @ �n� +y> s,/ vr �3� +v> 4 � s, @ �n� +y> s,1 Vlploduo|/ v|pphwulf dgmxvwphqw dqg dfwlrq0

lqyduldqfh lpso| wkdw �3� +y> s, @ �n� +v> 4� s,1 Ehfdxvh hyhu|rqh xvhv wkh vdph DEDU/ �n� +y> s, @

�n� +y> s, dqg �3� +y> s, @ �3� +y> s,> khqfh �
3

� +v> 4� s, @ �n� +y> s, dqg �3� +y> s, @ �n� +v> 4� s,1 Ilqdoo|/

Idfw 5 vkrzv wkdw �n� +y> s, A �3� +y> t, iru s ?
�

2
/ dqg vlqfh wklv khog iru m @ l dv zhoo/ wklv lpsolhv

�n� +y> s, A �3� +y> t,1 THG1

Wkh qh{w idfw gursv wkh dvvxpswlrq wkdw wkh DEDU uhvsrqgv v|pphwulfdoo| wr idloxuhv dqg

vxffhvvhv/ dvvxplqj lqvwhdg wkdw lw lv idloxuh0vhqvlwlyh/ zklfk zh qrz gh�qh1

Gh�qlwlrq1 Vxssrvh wkdw djhqwv l dqg m xvh wkh vdph DEDU1 Lq w/ s�c| @ 4� s�c| dqg erwk djhqwv

yrwh/ exw l jhwv qhjdwlyh ihhgedfn zkloh m jhwv srvlwlyh ihhgedfn1 Wkh DEDU lv idloxuh0vhqvlwlyh li

s�c| � s�c|n� � s�c|n� � s�c|

iru doo s�c| 5 ^3> 4`/ dqg wkh lqhtxdolw| lv vwulfw iru vrph ydoxhv ri s�c|1 +Zkhq erwk djhqwv vklun wkh

gh�qlwlrq lv dqdorjrxv1,

Idfw 7= Li doo djhqwv l xvh wkh vdph DEDU/ zklfk lv prqrwrqlf dqg idloxuh0vhqvlwlyh/ dqg s�c| ?
�

2

;l/ wkhq iru doo l dqg m +zkhuh l pd| htxdo m ru qrw, dqg ;t ? �

2
/ �3� +v> 4� s, A �n� +v> 4� t,1
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+Li s�c| �
�

2
/ wkh frqfoxvlrq fkdqjhv wr d zhdn lqhtxdolw|1,

Surri= Vlqfh s ? �

2
/ prqrwrqlflw| lpsolhv wkdw g3� +v> 4 � s, A g3� +v>

�

2
,1 Idloxuh0vhqvlwlylw| jlyhv

g3� +v>
�

2
, � gn� +v>

�

2
,1 Vlqfh 4�t A �

2
/ prqrwrqlflw| |lhogv gn� +v>

�

2
, A gn� +v> 4�t,1 Ehfdxvh hyhu|rqh

xvhv wkh vdph DEDU/ gn� +v> 4�t, @ gn� +v> 4�t,/ dqg wudqvlwlylw| frpsohwhv wkh surri e| vxsso|lqj

g3� +v> 4� s, A gn� +v> 4� t,1 THG1

Surriv ri Revhuydwlrqv dqg Sursrvlwlrqv

Revhuydwlrq 4= Li lq w wkh dvsludwlrqv ri hyhu|rqh lq wkh zlqqlqj idfwlrq duh vwulfwo| ohvv wkdq

e � f dqg wkh dvsludwlrqv ri hyhu|rqh rq wkh orvlqj vlgh duh vwulfwo| srvlwlyh/ wkhq doo zlqqhuv duh

vdwlv�hg e| wkh rxwfrph lq w zkloh doo orvhuv duh glvvdwlv�hg1

Surri= Wklv iroorzv lpphgldwho| iurp wkh gh�qhg sd|r�v +zlqqhuv jhw hlwkhu e ru e�f/ orvhuv jhw

hlwkhu 3 ru �f, dqg wkh dvvxpswlrq derxw dvsludwlrqv1

Revhuydwlrq 5= Xqghu wkh frqglwlrqv ri revhuydwlrq 4/ li dgmxvwphqw lv e| dq| duelwudu| pl{ ri

Dvsludwlrq0Edvhg Dgdswlyh Uxohv +DEDUv,/ wkhq doo zlqqlqj yrwhuv dqg doo orvlqj vklunhuv ehfrph

pruh glvsrvhg wr yrwh +li wkdw lv srvvleoh/ l1h1/ iru s�c| ? 4, diwhu wkh hohfwlrq lq w1 Wkh rwkhu flwl}hqv

ehfrph ohvv lqfolqhg +li wkdw lv srvvleoh/ l1h1/ iru s�c| A 3,1

Surri= Wklv iroorzv lpphgldwho| iurp revhuydwlrq 4 dqg wkh gh�qlwlrq ri DEDUv1

Revhuydwlrq 6= Li lq w wkh Ghprfudwv zlq dqg q( � q- ru wkh Uhsxeolfdqv zlq dqg q( � q-/

wkhq wkh qxpehu ri zlqqlqj yrwhuv soxv orvlqj vklunhuv lv d pdmrulw| ri wkh hohfwrudwh lq w1

Surri= Vxssrvh wkh Uhsxeolfdqv zlq1 Ri frxuvh/ wkhuh pxvw eh pruh zlqqlqj yrwhuv wkdq orvlqj

yrwhuv1 Dqg vlqfh wkh qxpehu ri Ghprfudwlf vklunhuv lq w pxvw htxdo q( plqxv wkh qxpehu ri

Ghprfudwlf yrwhuv/ zkloh wkh qxpehu ri Uhsxeolfdq vklunhuv htxdov q- plqxv wkh qxpehu ri Uh0

sxeolfdq yrwhuv/ li q( � q- zkloh Uhsxeolfdq yrwhuv rxwqxpehu Ghprfudwlf yrwhuv/ wkhq reylrxvo|

wkhuh pxvw eh pruh Ghprfudwlf vklunhuv wkdq Uhsxeolfdq rqhv1 Wkh surri ri wkh rwkhu fdvh lv

lghqwlfdo1 THG1

Sursrvlwlrq 4= Vxssrvh wkh frqglwlrqv ri revhuydwlrqv 4/ 5 dqg 6 krog1 Ixuwkhu/ s�c| ? 4 iru doo

l1 Wkhq diwhu wkh hohfwlrq lq w d pdmrulw| ri flwl}hqv ehfrph pruh glvsrvhg wr yrwh1

Surri= Vxssrvh wkh Uhsxeolfdqv zlq1 Jlyhq wkh dvvxphg dvsludwlrqv/ d Uhsxeolfdq ylfwru|
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surgxfhv vdwlv�hg Uhsxeolfdqv dqg glvvdwlv�hg Ghprfudwv1 Khqfh/ vlqfh hyhu|rqh dgmxvwv e| vrph

nlqg ri DEDU/ Uhsxeolfdq yrwhuv dqg Ghprfudwlf vklunhuv zloo lqfuhdvh wkhlu surshqvlw| wr yrwh1

Jlyhq wkdw Uhsxeolfdqv gr qrw rxwqxpehu Ghprfudwv exw Uhsxeolfdqv zrq dq|zd|/ revhuydwlrq 6

dssolhv= Uhsxeolfdq yrwhuv soxv Ghprfudwlf vklunhuv pxvw h{fhhg �
2
1 H{dfwo| wkh vdph orjlf krogv

iru wkh rwkhu fdvh1 THG1

Sursrvlwlrq 5= Vxssrvh wkdw revhuydwlrqv 406 krog1 Ixuwkhu/ hyhu|rqh xvhv wkh vdph prqrwrqlf

DEDU/ zklfk lv hlwkhu +l, v|pphwulf ru +ll, idloxuh0vhqvlwlyh dqg dovr wkhuh duh lq w dw ohdvw dv pdq|

orvlqj vklunhuv dv orvlqj yrwhuv1 Li s�c| �
�

2
iru doo l wkhq s|n� A s|1

Surri= Wkh surri lv glylghg lqwr sduwv +l, dqg +ll,/ ghshqglqj rq zkhwkhu wkh DEDU lv v|pphwulf

ru idloxuh0vhqvlwlyh1

+l, Frqvlghu �uvw zlqqlqj yrwhuv/ zkr lqfuhdvh wkhlu sduwlflsdwlrq0surshqvlwlhv/ yhuvxv orvlqj

yrwhuv/ zkr ghfuhdvh wkhluv1 Zh nqrz wkdw wkhuh duh pruh ri wkh iruphu1 Idfw 5 vkrzv wkdw qrqh ri

wkhvh shu0fdslwd lqfuhdvhv fdq eh ohvv wkdq dq| ri wkh ghfuhdvhv1 Khqfh wkh qhw h�hfw ri wkh fkdqjhv

ri wkhvh wzr jurxsv pxvw eh wr lqfuhdvh wkh dyhudjh surshqvlw| wr yrwh1

Qrz frpsduh wkh orvlqj vklunhuv/ zkr ghfuhdvh wkhlu surshqvlw| wr vklun/ zlwk zlqqlqj vklunhuv/

zkr lqfuhdvh wkhluv1 Wkh iruphu duh pruh qxphurxv/ jlyhq wkh dvvxpswlrqv ri wkh sursrvlwlrq1

Khqfh zh rqo| qhhg wr fkhfn wkdw wkhlu shu fdslwd ghfuhdvhv duh dw ohdvw dv elj dv wkh shu fdslwd

lqfuhdvhv ri wkh zlqqlqj vklunhuv1 Wklv lv dovr hqvxuhg e| Idfw 51 THG1

+ll, Lw lv frqyhqlhqw wr glylgh wklv lqwr wzr fdvhv1

Fdvh 4= wkhuh duh h{dfwo| dv pdq| orvlqj vklunhuv dv orvlqj yrwhuv1

Idfw 4 lpsolhv wkdw qr orvlqj yrwhu ghfuhdvhv klv yrwh0surshqvlw| pruh wkdq dq| orvlqj vklunhu

ghfuhdvhv khu vklun0surshqvlw|1 Dqg vlqfh wkhuh duh dv pdq| ri wkh odwwhu dv ri wkh iruphu/ wkh wrwdo

fkdqjh ehwzhhq wkhvh wzr vhwv fdqqrw orzhu wkh dyhudjh surshqvlw| wr yrwh1

Idfw 4 dovr lpsolhv wkdw qr zlqqlqj vklunhu fdq lqfuhdvh klv vklun0surshqvlw| pruh wkdq dq|

zlqqlqj yrwhu lqfuhdvhv khu yrwh0surshqvlw|1 Dqg zlqqlqj yrwhuv pxvw rxwqxpehu zlqqlqj vklunhuv/

vlqfh revhuydwlrq 6 krogv dqg wkh orvhuv duh h{dfwo| vsolw ehwzhhq yrwhuv dqg vklunhuv1 Wkxv wkh

wrwdo fkdqjh ehwzhhq wkhvh wzr vhwv pxvw lqfuhdvh wkh dyhudjh surshqvlw| wr yrwh1

Fdvh 5= orvlqj vklunhuv rxwqxpehu orvlqj yrwhuv1

Iru wkh orvlqj yrwhuv zkr fdq eh pdwfkhg xs zlwk orvlqj vklunhuv/ wkh frpsdulvrq lv dv lq fdvh

41

Wdnh wkh h{fhvv +ri orvlqj vklunhuv, dqg pdwfk wkhp xs zlwk zlqqlqj vklunhuv1 Idfw 7 lpsolhv
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wkdw qr zlqqlqj vklunhu fdq lqfuhdvh khu surshqvlw| wr vklun pruh wkdq dq| orvlqj vklunhu ghfuhdvhv

khuv1

Wkh frpsdulvrq ri zlqqlqj yrwhuv zlwk zlqqlqj vklunhuv lv dv lq fdvh 41

Ilqdoo|/ vlqfh revhuydwlrq 6 krogv/ rqfh hyhu| orvlqj vklunhu kdv ehhq pdwfkhg xs zlwk d orvlqj

yrwhu/ wkh vxp ri zlqqlqj yrwhuv soxv uhpdlqlqj +h{fhvv, orvlqj vklunhuv pxvw h{fhhg wkh zlqqlqj

vklunhuv/ vr wkh uhvxow krogv1 THG1

Sursrvlwlrq 6= Vxssrvh revhuydwlrqv 4 dqg 6 krog/ dqg hyhu|rqh dgmxvwv e| wkh vdph v|pphwulf

dqg dfwlrq0lqyduldqw Exvk0Prvwhoohu uxoh1

+l, Li s| �
�

2
/ wkhq s| ? s|n�1

+ll, Li s| �
�

2
/ wkhq s|n� A

�

2
1

Surri= +l, Iru wkh xvxdo uhdvrqv zh nqrz wkdw pruh shrsoh zloo ehfrph pruh lqfolqhg wr yrwh +ru

krog vwhdg| dw d surshqvlw| ri rqh, wkdq zloo ehfrph ohvv lqfolqhg +ru krog vwhdg| dw d surshqvlw|

ri }hur,1 Khqfh lw zrxog vx�fh wr vkrz wkdw wkh dyhudjh surshqvlw| wr yrwh grhvq*w idoo li wkhvh wzr

jurxsv duh h{dfwo| htxdo1

Vlqfh zh duh jlyhq wkdw s| @
S�

&'�
R&c|

�
� �

2
/ lw iroorzv wkdw

�[
&'�

s&c| �
�[
&'�

+4� s&c|,

ru/ euhdnlqj xs wkh Q flwl}hqv lqwr wzr htxdo0vl}h jurxsv zlwk duelwudu| odehov/

�
2[

�'�

s�c| .
�[

�'
�
2
n�

s�c| �

�
2[

�'�

+4� s�c|, .
�[

�'
�
2
n�

+4� s�c|,

Uhduudqjlqj zh jhw

�
2[

�'�

s�c| .

�
2[

�'�

+4� s�c|, @
Q

5
@

�[
�'

�
2
n�

s�c| .
�[

�'
�
2
n�

+4� s�c|,

Vlqfh vzlwfklqj
S�

2

�'�+4� s�c|, iru
S�

�'�
2
n�

s�c| surgxfhg d vwulfw htxdolw| rxw ri zkdw kdg ehhq

d zhdn lqhtxdolw|/ lw pxvw eh wuxh wkdw

�
2[

�'�

+4� s�c|, �
�[

�'
�
2
n�

s�c|

6:



Exw wkhq lw lpphgldwho| iroorzv wkdw

�
2[

�'�

s�c| �
�[

�'�
2
n�

+4� s�c|,

Vlqfh wklv zdv dq duelwudu| sduwlwlrq ri wkh Q flwl}hqv/ lw iroorzv wkdw
S�

&'� s&c| �
S�

&'�+4�s&c|,

lpsolhv wkdw iru dq| duelwudu| euhdn0grzq ri wkh Q flwl}hqv lqwr wzr jurxsv ri �
2
ghfuhdvhuv dqg �

2

lqfuhdvhuv/
S�

2

�'� s�c| �
S�

�'�
2
n�
+4 � s�c|,1 Exw wklv lpsolhv wkdw

S�
2

�'� �s�c| �
S�

�'�
2
n�

�+4 � s�c|,/

l1h1/ wkh wrwdo ghfuhdvh lq sduwlflsdwlrq0surshqvlw| fdqqrw h{fhhg wkh wrwdo lqfuhdvh1 Vlqfh wklv krogv

iru wkh fdvh ri htxdoo| pdq| ghfuhdvhuv dv lqfuhdvhuv/ lw iroorzv wkdw li wkh odwwhu rxwqxpehu wkh

iruphu/ s|n� A s|1 THG1

+ll, Ohw l @ 4> = = = >p lqgh{ wkh flwl}hqv zkr diwhu wkh hohfwlrq lq w zloo ehfrph pruh glvsrvhg

wr sduwlflsdwh +ru uhpdlq dw s�c| @ 4, dqg ohw m @p.4> = = = >Q ghqrwh wkh flwl}hqv zkr zloo ehfrph

ohvv glvsrvhg +ru uhpdlq dw s�c| @ 3,1 Vlqfh wkh hohfwlrq lv frqfoxvlyh/ p A �
2
1

Vlqfh dgmxvwphqw lv e| v|pphwulf Exvk0Prvwhoohu/ lw lv hdv| wr vkrz wkdw wkh yrwh0surshqvlwlhv

ri erwk zlqqlqj yrwhuv dqg orvlqj vklunhuv dgmxvw lq wkh vdph zd|= lq hdfk fdvh s�c|n� @ s�c| .

�+4 � s�c|,1 Vlploduo|/ wkh surshqvlw| dgmxvwphqw iru erwk zlqqlqj vklunhuv dqg orvlqj yrwhuv lv

s�c|n� @ s�c| � � � s�c|1 Khqfh

s|n� @
4

Q

� 6[
�'�

s�c| . �+4� s�c|, .
�[

�'6n�

s�c| � � � s�c|

�

@
4

Q

� 6[
�'�

s�c| .
�[

�'6n�

s�c|

�
.

�

Q

� 6[
�'�

+4� s�c|,�
�[

�'6n�

s�c|

�

@ s| .
�

Q

� 6[
�'�

+4� s�c|,�
�[

�'6n�

s�c|

�

@ s| .
�

Q

� 6[
�'�

4�
6[
�'�

s�c| �
�[

�'6n�

s�c|

�

@ s| .
�

Q
�p� �s|

@ +4� �,s| . �
p

Q
A

4

5

vlqfh e| dvvxpswlrq s| �
�

2
dqg 6

�
pxvw h{fhhg �

2
1 THG1

Fruroodu| 4= Xqghu wkh dvvxpswlrqv ri sursrvlwlrqv 5 ru 6/ h{shfwhg wxuqrxw lq w . 4 h{fhhgv

wkh h{shfwhg wxuqrxw lq w1
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Surri= Xqghu erwk sursrvlwlrqv 5 dqg 6/ s|n� A s|1 Wklv lpsolhv wkdw
S�

�'� s�c|n� A
S�

�'� s�c|1

Qrz h{shfwhg wxuqrxw lq shulrg w htxdov
S�

�'�+s�c|+4��,.+4�s�c|,�,1 Exw vlqfh � ?
�

2
/ zh kdyh

4� � A �/ vr
S�

�'�+s�c|n�+4� �, . +4� s�c|n�,�, A
S�

�'�+s�c|+4� �, . +4� s�c|,�, e| vlpsoh dojheud1

THG1

Sursrvlwlrq 7= Vxssrvh iru doo l/ s�c| A 3 dqg d�c| lv uhdolvwlf1 Wkh hohfwlrq lv frqfoxvlyh lq w1

Shrsoh dgmxvw e| dq| duelwudu| pl{ ri DEDUv1 Li lq w wkh zlqqlqj yrwhuv* dvsludwlrqv duh vwulfwo|

eljjhu wkdq e� f dqg wkh orvhuv* dvsludwlrqv duh vwulfwo| qhjdwlyh/ wkhq s�c|n� ? s�c| iru doo l1

Surri= Vxssrvh wkh Ghprfudwv zlq1 Jlyhq wkh uhdol}hg sd|r�v dqg wkh dvvxphg dvsludwlrq ohyhov/

Ghprfudwlf vklunhuv duh vdwlv�hg exw Ghprfudwlf yrwhuv duhq*w1 Vlploduo|/ Uhsxeolfdq vklunhuv duh

frqwhqw exw Uhsxeolfdq yrwhuv duhq*w1 E| wkh gh�qlwlrq ri d DEDU/ vdwlv�hg vklunhuv lqfuhdvh

wkhlu surshqvlw| wr vklun +li srvvleoh, dqg glvvdwlv�hg yrwhuv ghfuhdvh wkhlu surshqvlw| wr yrwh +li

srvvleoh,1 THG1

Gh�qlwlrq= Wkh glvwulexwlrq ri yrwh0surshqvlwlhv lq glvwulfw D lv vwrfkdvwlfdoo| eljjhu wkdq wkdw

ri glvwulfw E li iru vrph w/ iru doo q @ 4> = = = >Q / dqg iru doo { 5 ^3> 4`>Su+milms�c| � {jm � q lq D,

� Su+mimms�c| � {jm � q lq E,/ dqg wklv lqhtxdolw| krogv vwulfwo| iru dw ohdvw rqh ydoxh ri q dqg dw

ohdvw rqh ydoxh ri {1

Wkh glvwulexwlrq ri wxuqrxw suredelolwlhv lv gh�qhg dqdorjrxvo|1

Fruroodu| 5= Vxssrvh wkh frqglwlrqv ri sursrvlwlrq 7 krog1 Wkhq

+l, wkh glvwulexwlrq ri surshqvlwlhv wr yrwh lq w . 4 lv vwulfwo| vwrfkdvwlfdoo| vpdoohu wkdq wkh

glvwulexwlrq lq w>

+ll, wkh glvwulexwlrq ri wxuqrxw suredelolwlhv lq w . 4 lv vwulfwo| vwrfkdvwlfdoo| vpdoohu wkdq wkh

glvwulexwlrq lq w1

Surri= +l, Jlyhq sursrvlwlrq 7/ hyhu| flwl}hq zloo ghfuhdvh klv2khu surshqvlw| wr yrwh/ zklfk

lpphgldwho| lpsolhv d vwrfkdvwlfdoo| vpdoohu glvwulexwlrq ri surshqvlwlhv1

+ll, Iru dq| flwl}hq l/ Su+l yrwhv lq w, @ s�c| � +4� �, . +4� s�c|, � �1 Wklv lv reylrxvo| lqfuhdvlqj

lq s�c|/ vlqfh 4� � A �

2
1 Wkxv/ jlyhq wkdw s�c|n� ? s�c| iru doo l/ hyhu| lqglylgxdo lv ohvv olnho| wr wxuq

rxw lq w. 4/ vr wkh glvwulexwlrq ri wxuqrxw lv vwrfkdvwlfdoo| vpdoohu1 THG1

Sursrvlwlrq 8= Vxssrvh hyhu|rqh dgdswv yld wkh vdph prqrwrqlf dqg dfwlrq0lqyduldqw DEDU1

Ixuwkhu/ wkh DEDU lv hlwkhu +l, v|pphwulf ru +ll, idloxuh0vhqvlwlyh dqg dovr wkhuh duh lq w dw ohdvw
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dv pdq| orvlqj yrwhuv dv orvlqj vklunhuv1 Doo dvsludwlrqv duh uhdolvwlf lq w1 Wrjhwkhu/ zlqqlqj yrwhuv

zkrvh dvsludwlrqv duh ohvv wkdq ru htxdo wr e� f dqg orvlqj vklunhuv zkrvh dvsludwlrqv duh dw ohdvw

3 duh d plqrulw| lq w1 Li s�c| �
�

2
iru doo l wkhq s|n� ? s|1

Surri= +l, Vlqfh doo dvsludwlrqv duh uhdolvwlf/ wkh rqo| shrsoh lq w zkr zloo ehfrph pruh glvsrvhg

wr yrwh duh zlqqlqj yrwhuv iru zkrp dvsludwlrqv grq*w h{fhhg e � f dqg orvlqj vklunhuv zlwk qrq0

qhjdwlyh dvsludwlrqv1 Wkhvh duh d plqrulw|/ e| dvvxpswlrq1 Hyhu|rqh hovh ehfrphv ohvv lqfolqhg

wr yrwh1 +D whfkqlfdolw|= qrwh wkdw wkh sursrvlwlrq dvvxphv wkdw zlqqlqj yrwhuv zlwk dvsludwlrqv

ohvv wkdq ru htxdo wr e � f dqg orvlqj vklunhuv zlwk dvsludwlrqv juhdwhu wkdq ru htxdo wr 3 irup d

plqrulw|1 Khqfh wkh dvsludwlrqv ri wkh uhpdlqlqj zlqqlqj yrwhuv pxvw vwulfwo| h{fhhg e�f/ vr e| wkh

gh�qlwlrq ri dq DEDU wkh| pxvw vwulfwo| ghfuhdvh wkhlu yrwh0surshqvlw|> vlploduo|/ wkh dvsludwlrqv

ri wkh uhpdlqlqj orvlqj vklunhuv pxvw eh vwulfwo| ohvv wkdq }hur/ vr wkh| pxvw vwulfwo| lqfuhdvh wkhlu

surshqvlw| wr vklun1,

Jlyhq wkhvh ghprjudsklf idfwv/ lw vx�fhv wr vkrz wkdw doo wkrvh ghfuhdvlqj wkhlu sduwlflsdwlrq0

surshqvlwlhv pxvw uhgxfh wkhlu surshqvlw| dw ohdvw pxfk dv dq| lqfuhdvhu udlvhv wkhluv1 Wklv lv

hvwdeolvkhg e| Idfw 61

+ll, Wklv surri sdudoohov wkh surri ri sduw +ll, ri sursrvlwlrq 51 Lq fdvh 4 zh dvvxph wkdw wkhuh

duh htxdoo| pdq| orvlqj yrwhuv dv orvlqj vklunhuv/ dqg frpsduh wkhlu shu fdslwd surshqvlw| fkdqjhv1

Wkhq zh frpsduh wkh shu fdslwd surshqvlw| fkdqjhv ri zlqqlqj yrwhuv dqg zlqqlqj vklunhuv1 Doo

wkh shu fdslwd h�hfwv zhdno| uhgxfh wkh dyhudjh yrwh0surshqvlw|1 Wkh ghprjudsklfv +l1h1/ wkh

dvvxpswlrq wkdw wkh vdwlv�hg zlqqhuv soxv wkh glvvdwlv�hg orvhuv duh d plqrulw|, wkhq wlow wkh qhw

h�hfw wrzdug d orvv lq wkh dyhudjh surshqvlw| wr yrwh1 Lq fdvh 5 zh dvvxph wkdw orvlqj yrwhuv

rxwqxpehu wkh orvlqj vklunhuv/ dqg wkhq zh xvh wkh h{fhvv orvlqj yrwhuv lq d pdqqhu dqdorjrxv wr

krz wkh h{fhvv orvlqj vklunhuv zhuh ghsor|hg lq sduw +ll, ri sursrvlwlrq 51 THG1

Sursrvlwlrq 9= Vxssrvh hyhu|rqh xvhv wkh vdph v|pphwulf dqg dfwlrq0lqyduldqw Exvk0Prvwhoohu

uxoh1 Doo dvsludwlrqv duh uhdolvwlf lq w1 Wrjhwkhu/ zlqqlqj yrwhuv zkrvh dvsludwlrqv duh ohvv wkdq ru

htxdo wr e�f dqg orvlqj vklunhuv zkrvh dvsludwlrqv duh dw ohdvw }hur duh d plqrulw| ri wkh hohfwrudwh

lq w1 Li s| �
�

2
wkhq s|n� ? s|1

Surri= Wklv surri sdudoohov wkh surri ri sursrvlwlrq 61 Wkh odwwhu*v wzr nh| dvvxpswlrqv duh

uhyhuvhg= khuh/ wkhuh duh pruh ghfuhdvhuv wkdq lqfuhdvhuv/ dqg s| �
�

2
1 Wkh odwwhu lpsolhv/ e| d

vlpsoh uhdssolfdwlrq ri sursrvlwlrq 6*v surri/ wkdw hyhq li wkhuh zhuh rqo| htxdoo| pdq| ghfuhdvhuv dv

lqfuhdvhuv wkh wrwdo sduwlflsdwlrq0surshqvlw| lqfuhdvh frxog qrw h{fhhg wkh wrwdo surshqvlw| ghfuhdvh1
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Vlqfh wkhuh duh dfwxdoo| pruh ghfuhdvhuv wkdq lqfuhdvhuv/ wkh dyhudjh surshqvlw| wr yrwh pxvw idoo1

THG1

Fruroodu| 6= Dvvxph wkh frqglwlrqv ri sursrvlwlrq 9 krog/ h{fhsw wkdw s| �
�

2
1 Wkhq s|n� ?

�

2
1

Surri= Wklv sdudoohov wkh surri ri sursrvlwlrq 6/ sduw +ll,1 Lq sduwlfxodu/ uh0h{dplqh wkh odvw olqh

ri wkdw surri=

s|n� @ +4� �,s| . �
p

Q

Khuh e| dvvxpswlrq p ? �
2
/ dqg dovr s| �

�

2
1 Khqfh lw lv fohdu wkdw s|n� ?

�

2
1 THG1

Sursrvlwlrq := Vxssrvh hyhu|rqh xvhv wkh vdph prqrwrqlf dqg dfwlrq0lqyduldqw DEDU1

+l, Li d�c| A e dqg s�c| A
�

2
;l/ wkhq s| A H^s|n�`1

+ll, Li lq dgglwlrq d pdmrulw| ri flwl}hqv yrwh lq w/ wkhq s| A s|n�1

Surri= +l, Ohw �3�c|+y, htxdo wkh ghfuhphqw lq l*v surshqvlw| wr yrwh/ jlyhq wkdw l yrwhg lq w dqg

zdv glvvdwlv�hg1 Vlploduo|/ �3�c|+v, lv wkh ghfuhphqw lq l*v surshqvlw| wr vklun/ jlyhq wkdw l vklunhg

dqg zdv glvvdwlv�hg1 Wkhq iru dq| l/

H^s�c|n�` @ ^s�c|+4� �, . +4� s�c|,�`^s�c| � �3�c|+y,`

.^+4� s�c|,+4� �, . s�c| � �`
k
4� ^+4� s�c|,� �3�c|+v,`

l
@ ^s�c|+4� �, . +4� s�c|,�`^s�c| � �3�c|+y,` . ^+4� s�c|,+4� �, . s�c| � �`^s�c| . �3�c|+v,`

@ s�c| . ^s�c|+4� �, . +4� s�c|,�`+��
3

�c|+y,, . ^+4� s�c|,+4� �, . s�c| � �`+�
3

�c|+v,,=

Vlqfh s�c| A +4 � s�c|, dqg 4 � � A �/ s�c|+4 � �, . +4 � s�c|,� A +4 � s�c|,+4 � �, . s�c| � �1 Ixuwkhu/

vlqfh s�c| A 4 � s�c| dqg wkh DEDU lv prqrwrqlf dqg dfwlrq0lqyduldqw/ lw iroorzv iurp Idfw 4 wkdw

�3�c|+y, � �3�c|+v,1 Khqfh ^s�c|+4� �, . +4� s�c|,�`+��
3

�c|+y,, . ^+4� s�c|,+4� �, . s�c| � �`+�
3

�c|+v,, ? 3/ vr

H^s�c|n�` ? s�c|1 Vlqfh wklv lqhtxdolw| krogv iru hyhu| l/ lw iroorzv lpphgldwho| wkdw H^s|n�` ? s|1

+ll, Vlqfh doo dvsludwlrqv duh xquhdolvwlfdoo| kljk dqg d pdmrulw| ri shrsoh yrwhg/ d pdmrulw| ri

shrsoh pxvw ghfuhdvh wkhlu surshqvlw| wr yrwh1 Dqg vlqfh s�c| A
�

2
/ e| Idfw 4 hdfk shuvrq ghfuhdvlqj

wkhlu yrwh surshqvlw| grhv vr e| dw ohdvw dv pxfk dv shrsoh ghfuhdvlqj wkhlu vklun surshqvlw|> l1h1/

�3�c|+y, � �3�c|+v,1 Khqfh wkh dyhudjh surshqvlw| wr yrwh pxvw idoo1 THG1
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Sursrvlwlrq ;= Glvwulfwv D dqg E duh sdudphwulfdoo| lghqwlfdo h{fhsw wkdw lq D/ e @ 3/ zkloh

lq E/ e A �f1 Lq erwk/ �f A 31 Wkh lqlwldo glvwulexwlrqv ri yrwh0surshqvlwlhv duh wkh vdph lq

wkh wzr glvwulfwv1 Hyhu|rqh ehjlqv zlwk uhdolvwlf dvsludwlrqv1 Hyhu|rqh dgmxvwv surshqvlwlhv e| wkh

vdph DEDU/ zklfk shuplwv qr ohdsiurjjlqj1 Dvsludwlrqv duh jryhuqhg e| dq| sd|r�0uhvsrqvlyh

g|qdplf1 Wkhq iru doo w A 4/ D*v glvwulexwlrq ri yrwh0surshqvlwlhv lv vwrfkdvwlfdoo| eljjhu wkdq E*v1

Surri= Frqvlghu �uvw glvwulfw D1 Vlqfh e htxdov }hur lq D/ wkhuh duh rqo| wzr srvvleoh sd|r�v/

�f iru yrwlqj dqg }hur iru vklunlqj1 Vlqfh wkh frvwv ri yrwlqj duh qhjdwlyh/ �f A 31 Vlqfh doo

dvsludwlrqv vwduw r� uhdolvwlf/ dvsludwlrqv lq glvwulfw D pxvw eh lq +3>�f,1 E| sd|r�0uhvsrqvlyhqhvv/

wkh| pxvw dozd|v uhpdlq lq wkdw lqwhuydo1 Frqvhtxhqwo| yrwlqj/ lq shulrg rqh dqg wkhuhdiwhu/ lv

dozd|v uhlqirufhg dqg vklunlqj lv dozd|v lqklelwhg/ uhjdugohvv ri wkh hohfwrudo rxwfrph1 Khqfh/ vlqfh

hyhu|rqh lv xvlqj dq DEDU/ zlwk suredelolw| rqh hyhu|rqh*v surshqvlw| lq D ulvhv lq hyhu| shulrg/

xqohvv2xqwlo wkh| uhdfk 413/ zkhuh wkh|*oo vwd| iruhyhu1

Uhfdoo wkdw wkh lqlwldo glvwulexwlrqv ri surshqvlwlhv lq D dqg E duh wkh vdph1 Irfxv wkhq rq d

sdlu ri flwl}hqv/ l iurp D dqg m iurp E/ zkr vwduw rxw zlwk wkh vdph yrwh0surshqvlw|= s�cf @ s�cf1

Vlqfh hyhu|rqh lv xvlqj wkh vdph DEDU/ zklfk suhfoxghv ohdsiurjjlqj/ dqg vlqfh l lqfuhdvhv klv

yrwh0surshqvlw| +zkhqhyhu srvvleoh,/ lw iroorzv wkdw s�c| fdq qhyhu h{fhhg s�c|/ lq dq| gdwh w1 Qrwh

wkdw hyhu|rqh fdq eh sdluhg xs lq wklv pdqqhu/ ehfdxvh wkh glvwulfwv* lqlwldo surshqvlw|0glvwulexwlrqv

duh lghqwlfdo1 Khqfh iru hyhu| l lq D dqg m lq E/ li s�cf @ s�cf wkhq s�c| � s�c| iru doo w1 Ixuwkhu/ e|

wudqvlwlylw| dqg wkh qr0ohdsiurjjlqj surshuw|/ li s�cf � s�cf wkhq s�c| � s�c| iru doo w1 Wklv lpphgldwho|

lpsolhv wkdw D*v glvwulexwlrq ri surshqvlwlhv zhdno| vwrfkdvwlfdoo| grplqdwhv E*v/ l1h1/ diwhu w @ 4/

iru q @ 4> = = = > Q / Su+dw ohdvw q flwl}hqv lq D kdyh s�c|*v � {, � Su+dw ohdvw q flwl}hqv lq E kdyh s�c|*v

� {,1 Vr wr vkrz wkdw wklv lqhtxdolw| pxvw krog vwulfwo| iru dw ohdvw rqh q dqg rqh {/ lw vx�fhv wr

hvwdeolvk wkdw lq hyhu| shulrg/ zlwk srvlwlyh suredelolw| dw ohdvw rqh E ghfuhdvhv klv surshqvlw| wr

yrwh +ru/ li wkdw lv lpsrvvleoh/ wkdw dw ohdvw rqh E grhv qrw lqfuhdvh klv yrwh0surshqvlw|,1

Qrz frqvlghu wzr srvvleoh fdvhv frqfhuqlqj wkh glvwulexwlrq ri lqlwldo dvsludwlrq0ydoxhv iru wkh

uhvlghqwv ri E= hlwkhu wkhuh h{lvwv dq l vxfk wkdw d�cf A �f ru qr vxfk l h{lvwv +l1h1/ df � �f iru doo

l,1

Fdvh 4= d�cf A �f iru dw ohdvw rqh l1

Vlqfh �

2
A � A 3/ doo rxwfrphv rffxu zlwk srvlwlyh suredelolw| lq hyhu| shulrg/ uhjdugohvv ri wkh

glvwulexwlrq ri surshqvlwlhv1 Iru h{dpsoh/ lw lv srvvleoh wkdw lq wkh �uvw shulrg wkh Ghprfudwv orvh

dqg vrph Ghprfudwv yrwh1 Zlwkrxw orvv ri jhqhudolw|/ wkhq/ vxssrvh wkdw wkhuh lv rqh Ghprfudw/

l/ zkrvh dvsludwlrq h{fhhgv �f/ dqg wkdw lq shulrg rqh l yrwhv exw wkh Ghprfudwv orvh1 Wkh orvlqj
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yrwhuv jhw �f zklfk lq wklv fdvh lv ohvv wkdq d�cf/ vr l uhgxfhv khu surshqvlw| wr yrwh1 Pruhryhu/

dw wkh hqg ri shulrg l*v dvsludwlrq +dqg wkrvh ri doo zlqqlqj yrwhuv, pxvw h{fhhg �f/ e| sd|r�0

uhvsrqvlyhqhvv1 Khqfh rq wklv vdpsoh sdwk wkh dvvxpswlrq gh�qlqj wkh fdvh vhoi0uhsolfdwhv/ vr wkh

vdph dujxphqw fdq eh uh0dssolhg wr vkrz wkdw zlwk srvlwlyh suredelolw| dw ohdvw rqh yrwhu lq wkh

qh{w shulrg zloo dovr ehfrph ohvv glvsrvhg wr sduwlflsdwh1 Dqg vr rq1

Fdvh 5= d�cf � �f iru doo l1

Zlwk srvlwlyh suredelolw| rqh vlgh +vd| wkh Uhsxeolfdqv, zlqv lq shulrg rqh hyhq wkrxjk vrph

Uhsxeolfdqv vklun1 Wkhvh vklunhuv jhw e zklfk h{fhhgv �f � 31 Khqfh wkh|*uh vdwlv�hg zlwk vklunlqj/

vr wkhlu surshqvlw| wr yrwh idoov1 Pruhryhu/ dw wkh hqg ri shulrg rqh wkh dvsludwlrqv ri Ghprfudwv

pxvw vwloo eh ohvv wkdq ru htxdo wr �f/ vr lq wkh qh{w shulrg uhshdw wkh dujxphqw/ zlwk wkh Ghprfudwv

zlqqlqj dqg vrph Ghprfudwv vklunlqj1 Li vrphrqh*v dvsludwlrq ulvhv deryh �f wkhq vzlwfk wr fdvh

41 Dqg vr rq1

Wkxv/ vlqfh hlwkhu fdvh 4 ru fdvh 5 pxvw krog/ zh fdq dozd|v lqvxuh/ zlwk srvlwlyh suredelolw|/

wkdw dw ohdvw rqh flwl}hq lq E ghfuhdvhv khu yrwh0surshqvlw| lq hyhu| shulrg1

Wklv lq wxuq hqvxuhv wkdw diwhu w @ 4/ iru q @ 4> = = = >Q / wkh lqhtxdolw| ri Su+dw ohdvw q flwl}hqv

lq D kdyh s�c|*v � {, � Su+dw ohdvw q flwl}hqv lq E kdyh s�c|*v � {, pxvw krog vwulfwo| iru dw ohdvw

rqh q dqg dw ohdvw rqh { lq ^3> 4`1 THG1

Gh�qlwlrq1 D udqgrp vkrfn � wklqv rxw li wkhuh h{lvwv d vhtxhqfh ri suredelolw| glvwulexwlrqv

I?+�, vxfk wkdw/ iru dq| � A 3 dqg d ? e/ wkhuh h{lvwv dq qW vxfk wkdw I +e, � I+d, ? � iru doo

q � qW1

Lq wkh odvw uhvxow/ ohw s6c| ghqrwh wkh yrwh0surshqvlw| ri d plqrulw| idfwlrq phpehu lq w1

Sursrvlwlrq <= Vxssrvh wkh plqrulw| idfwlrq orvhv lq w1 Doo wkhlu dvsludwlrqv lq w duh lq +�f> 3`>

doo wkhlu yrwh surshqvlwlhv duh vwulfwo| ohvv wkdq �

2
1 Sod|huv fdq xvh dq| DEDU wkdw lv prqrwrqlf/

dfwlrq0lqyduldqw/ dqg hlwkhu v|pphwulf ru idloxuh0vhqvlwlyh1 Wkh udqgrp sd|r� vkrfn ��c| lv l1l1g1

dfurvv djhqwv/ lw lv frqwlqxrxvo| glvwulexwhg durxqg }hur zlwk Su+� ? 3, @ Su+� A 3,/ dqg lw wklqv

rxw1 Li ��c| lv vx�flhqwo| wklq wkhq H^s6c|n�` A s6c| iru hyhu| plqrulw| flwl}hq1

Surri= Vlqfh e| dvvxpswlrq ��c| wklqv rxw/ zh fdq pdnh wkh suredelolw| ryhu dq| �qlwh lqwhuydo

dv vpdoo dv zh olnh1 Lq sduwlfxodu/ Su+�f � ��c| � 3, +ru htxlydohqwo|/ Su+3 � ��c| � f,, fdq eh pdgh

duelwudulo| vpdoo/ wkxv gulylqj Su+��c| ? �f, +ru htxlydohqwo|/ Su+��c| A f,, xs duelwudulo| forvho|

wr �

2
1 Khqfh zh fdq hqvxuh wkdw wkh frqglwlrqdo suredelolw| wkdw dq| vklunlqj plqrulw| flwl}hq lv

glvvdwlv�hg/ ru wkh suredelolw| wkdw dq| yrwlqj plqrulw| shuvrq vdwlv�hg/ lv duelwudulo| forvh wr rqh
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kdoi1

Frqvlghu/ wkhuhiruh/ wkh h{shfwhg yrwh0surshqvlw| ri d vshfl�f plqrulw| idfwlrq phpehu/ p/ dw

wkh hqg ri shulrg w1 +Iru frqyhqlhqfh zh ohw y6c| ghqrwh wkh suredelolw| wkdw p yrwhv lq wklv shulrg/

zklfk lv ^s6c|+4 � �, . +4 � s6c|,�`1 Ixuwkhu/ zh xvh �
n
6c|+y, wr ghqrwh wkh lqfuhphqw lq p*v yrwh0

surshqvlw| li p yrwhv lq w dqg lv vdwlv�hg1 �n6c|+v, lv wkh dqdorjrxv lqfuhdvh lq p*v vklun0surshqvlw|/

li p vklunv lq w dqg lv vdwlv�hg> �36c|+y, dqg �36c|+v, duh wkh dqdorjrxv ghfuhphqwv lq yrwh0 dqg

vklun0surshqvlw|/ uhvshfwlyho|1,

H^s6c|n�` @ s6c| . y6c|Su+�f. ��c| � d6c|,�
n
6c|+y, . +4� y6c|,Su+��c| ? d6c|,�

3

6c|+v,

.y6c|Su+�f. ��c| ? d6c|,+��
3

6c|+y,, . +4� y6c|,Su+��c| � d6c|,+��
n
6c|+v,,

Vr lw zrxog vx�fh wr hvwdeolvk wkdw

y6c| Su+�f. ��c| � d6c|,�
n
6c|+y, . +4� y6c|, Su+��c| ? d6c|,�

3

6c|+v, A

y6c| Su+�f. ��c| ? d6c|,�
3

6c|+y, . +4� y6c|, Su+��c| � d6c|,�
n
6c|+v,

Fdvh 4= p*v DEDU lv v|pphwulf1

Idfw 6 whoov xv wkdw li wkh DEDU lv prqrwrqlf/ dfwlrq0lqyduldqw dqg v|pphwulf/ wkhq s6c| ?
�

2

lpsolhv wkdw �n6c|+y, @ �r6c|+v, A �36c|+y, @ �n6c|+v,1 Khqfh lq wklv fdvh zh qhhg rqo| vkrz wkdw

^y6c|Su+�f. ��c| � d6c|, . +4� y6c|,Su+��c| ? d6c|,`�
n
6c|+y, A

^y6c|Su+�f. ��c| ? d6c|, . +4� y6c|,Su+��c| � d6c|,`�
3

6c|+y,

Vlqfh �n6c|+y, lv vwulfwo| eljjhu wkdq �36c|+y,/ lw vx�fhv wr vkrz wkdw y6c|Su+�f. ��c| � d6c|, . +4�

y6c|,Su+��c| ? d6c|, fdq jhw vx�flhqwo| forvh wr y6c|Su+�f.��c| ? d6c|,.+4�y6c|,Su+��c| � d6c|,1

Wklv/ lq wxuq/ lv hqvxuhg e| wkh wklqqlqj rxw surshuw| ri �/ vlqfh doo irxu suredelolw| whupv frqyhujh

wr �

2
dv � ehfrphv duelwudulo| wklq1

Fdvh 5= p*v DEDU lv idloxuh0vhqvlwlyh1

Idfw 4 whoov xv wkdw vlqfh wkh DEDU lv prqrwrqlf dqg dfwlrq0lqyduldqw/ zlwk s6c| ? =8/ �n6c|+y, A

�n6c|+v, dqg �36c|+v, A �36c|+y,1 Ixuwkhu/ vlqfh wkh DEDU lv dovr idloxuh0vhqvlwlyh/ �36c|+v, A �n6c|+v,

e| Idfw 71 Wkxv wkh rqo| uhohydqw sdlu wkdw lv lqghwhuplqdwh lv wkdw ri �n6c|+y, dqg �36c|+y,1

Li �n6c|+y, � �36c|+y,/ wkhq d wulyldo h{whqvlrq ri fdvh 4 zrxog vhwwoh pdwwhuv1 Vr zh rqo| qhhg wr

frqvlghu wkh fdvh ri �n6c|+y, ? �36c|+y,1
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Jlyhq wklv/ zh rewdlq d frpsohwh rughulqj ri doo irxu surshqvlw| fkdqjhv= �36c|+v, A �36c|+y, A

�n6c|+y, A �n6c|+v,1

Vlqfh erwk s6c| ?
�

2
dqg � ? �

2
/ y6c| ?

�

2
dv zhoo1 Wklv/ frpelqhg zlwk wkh deryh udqn0rughulqj

ri wkh irxu surshqvlw| fkdqjhv/ |lhogv y6c|�
n
6c|+y,.+4�y6c|,�

3

6c|+v, A y6c|�
3

6c|+y,.+4�y6c|,�
n
6c|+v,1

Djdlq/ vlqfh wklv lqhtxdolw| lv vwulfw/ e| pdnlqj ��c| vx�flhqwo| wklq zh fdq gulyh Su+�f. ��c| �

d6c|, dqg Su+��c| ? d6c|, vx�flhqwo| forvh wr Su+�f. ��c| ? d6c|, dqg Su+��c| � d6c|, wr hqvxuh wkdw

y6c|Su+�f.��c| � d6c|,�
n
6c|+y,.+4�y6c|,Su+��c| ? d6c|,�

3

6c|+v, A y6c|Su+�f.��c| ? d6c|,�
3

6c|+y,.

+4� y6c|,Su+��c| � d6c|,�
n
6c|+v,1 THG1
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+,6,+,��,5

Ehqgru/ Mrqdwkdq/ Gdqlho Glhuphlhu/ dqg Plfkdho Wlqj1 4<<<1 _Dgdswlyho| Udwlrqdo Vwudwhjlf
Ehkdylru zlwk Hqgrjhqrxv Dvsludwlrqv1% Xqsxeolvkhg pdqxvfulsw1 JVE= Vwdqirug Xqlyhuvlw|1

Ehqgru/ Mrqdwkdq/ Glols Prrnkhumhh/ dqg Gheudm Ud|1 4<<;1 _Uhlqirufhphqw Ehkdylru lq Uh0
shdwhg Jdphv1% Xqsxeolvkhg pdqxvfulsw1 Ghsduwphqw ri Hfrqrplfv= Ervwrq Xqlyhuvlw|1

Exvk/ Urehuw/ dqg Iuhghulfn Prvwhoohu1 4<881 Vwrfkdvwlf Prghov ri Ohduqlqj1 Qhz \run= Zloh|1

Grzqv/ Dqwkrq|1 4<8:1 Dq Hfrqrplf Wkhru| ri Ghprfudf|1 Qhz \run= Kdushu ) Urz1

Ihuhmrkq/ Mrkq/ dqg Pruulv Ilrulqd1 4<:71 _Wkh Sdudgr{ ri Qrw Yrwlqj1% Dphulfdq Srolwlfdo

Vflhqfh Uhylhz 9;=8580691

Ilrulqd/ Pruulv1 4<<31 _Lqirupdwlrq dqg Udwlrqdolw| lq Hohfwlrqv1% Lq Mrkq Ihuhmrkq dqg Mdphv
Nxnolqvnl +hgv1,/ Lqirupdwlrq dqg Ghprfudwlf Surfhvvhv1 Xuedqd= Xqlyhuvlw| ri Loolqrlv Suhvv1

Kdqvhq/ Vwhyhq/ Wkrpdv Sdoiuh|/ dqg Krzdug Urvhqwkdo1 4<;:1 _Wkh Uhodwlrqvkls ehwzhhq
Frqvwlwxhqf| Vl}h dqg Wxuqrxw= Xvlqj Jdph Wkhru| wr Hvwlpdwh wkh Frvw ri Yrwlqj1% Sxeolf

Fkrlfh 85=480661

Lwr/ Wl�dq|/ dqg Mrkq Fdflrssr1 4<<<1 _Wkh Sv|fkrsk|vlrorj| ri Xwlolw| Dssudlvdov1% Lq Gdqlho
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Run 1: Positive Turnout

Starting Values: 1,000 Periods
1,000 Simulations

Faction D R
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Run 2: Large Electorates

Starting Values: 1,000 Periods
300 Simulations

Faction D R
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b 1.0 1.0
c 0.25 0.25
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Vote Propensities 0.5 0.5
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Run 3a: Low Initial Propensity - Breakout of Participation

Starting Values: 1,000 Periods
1,000 Simulations

Faction D R

Population 5,000 5,000
b 1.0 1.0
c 0.25 0.25
Aspirations 0.5 0.5
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Run 3b: Breakout of Participation - Time Series

Starting Values: 1,000 Periods
1,000 Simulations

Faction D R

Population 5,000 5,000
b 1.0 1.0
c 0.25 0.25
Aspirations 0.5 0.5
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Run 3c: High Initial Propensity

Starting Values: 2,500 Periods
1,000 Simulations

Faction D R
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Run 4a: High Voting Costs

Starting Values: 1,000 Periods
1,000 Simulations

Faction D R
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b 1.0 1.0
c 0.8 0.8
Aspirations 0.5 0.5
Vote Propensities 0.5 0.5

Final Period Vote Propensities

0

100

200

300

400

500

600

700

800

900

1000

0
.0

0
-0

.0
5

0
.0

5
-0

.1
0

0
.1

0
-0

.1
5

0
.1

5
-0

.2
0

0
.2

0
-0

.2
5

0
.2

5
-0

.3
0

0
.3

0
-0

.3
5

0
.3

5
-0

.4
0

0
.4

0
-0

.4
5

0
.4

5
-0

.5
0

0
.5

0
-0

.5
5

0
.5

5
-0

.6
0

0
.6

0
-0

.6
5

0
.6

5
-0

.7
0

0
.7

0
-0

.7
5

0
.7

5
-0

.8
0

0
.8

0
-0

.8
5

0
.8

5
-0

.9
0

0
.9

0
-0

.9
5

0
.9

5
-1

.0
0

Propensities

N
u

m
b

er
 o

f 
S

im
u

la
ti

o
n

s

D

R



Run 4b: Low Voting Costs

Starting Values: 1,000 Periods
1,000 Simulations

Faction D R

Population 5,000 5,000
b 1.0 1.0
c 0.05 0.05
Aspirations 0.5 0.5
Vote Propensities 0.5 0.5
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Run 4c: Negative Voting Costs

Starting Values: 1,000 Periods
1,000 Simulations

Faction D R

Population 5,000 5,000
b 1.0 1.0
c –0.25 –0.25
Aspirations 0.5 0.5
Vote Propensities 0.5 0.5
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Run 5a: Negative Costs, Low Benefits

Starting Values: 1,000 Periods
1,000 Simulations

Faction D R
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b 0.2 0.2
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Run 5b: Negative Costs, Zero Benefits

Starting Values: 1,000 Periods
1,000 Simulations

Faction D R

Population 5,000 5,000
b 0 0
c –0.25  – 0.25
Aspirations 0.5 0.5
Vote Propensities 0.5 0.5
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Run 6a: Asymmetric Costs

Starting Values: 1,000 Periods
1,000 Simulations

Faction D R

Population 5,000 5,000
b 1.0 1.0
c 0.4 0.1
Aspirations 0.5 0.5
Vote Propensities 0.5 0.5
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Run 6b: Asymmetric Costs - Time Series

Starting Values: 1,000 Periods
1,000 Simulations

Faction D R

Population 5,000 5,000
b 1.0 1.0
c 0.4 0.1
Aspirations 0.5 0.5
Vote Propensities 0.5 0.5
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Run 7: Asymmetric Benefits, Negative Costs

Starting Values: 1,000 Periods
1,000 Simulations

Faction D R

Population 5,000 5,000
b 0 0.5
c  –0.1 –0.1
Aspirations 0.5 0.5
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Run 8a: Asymmetric Factions

Starting Values: 1,000 Periods
1,000 Simulations

Faction D R
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Run 8b: Asymmetric Factions

Starting Values: 1,000 Periods, 1,000 Simulations
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Run 8c: Asymmetric Factions

Starting Values: 1,000 Periods, 1,000 Simulations

Faction Population b c Aspirations Propensities

D 6,000 1.0  0.25 0.5 0.5
R  4,000 1.0  0.25 0.5 0.5
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Run 8d: Asymmetric Factions

Starting Values: 1,000 Periods, 1,000 Simulations

Faction Population b c Aspirations Propensities

D 7,500 1.0  0.25 0.5 0.5
R  2,500 1.0  0.25 0.5 0.5
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Figure 1: Basic Learning Cycle

Figure 2: Aspiration Characteristics
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Figure 3: Types of Adjustment Rules
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Figure 4: Collapse of Participation
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1 Simulation
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c 0.25 0.25
Aspirations 0.5 0.5
Vote Propensities 0.5 0.5

Actual Turnout

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

0.55

16 516 1016 1516 2016 2516 3016 3516 4016 4516

Period

T
u

rn
o

u
t

D

R


