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Abstract

This paper analyses a two-candidate-one-dimension election model in which candidates pos-
sess private information over the preferences of the electorate. I show that in equilibrium
candidates’ positions are jointly determined by their beliefs over the electorate’s preferences and
their beliefs over their opponents’ signals. Depending on the information structure, they may
choose positions that are more moderate or more extreme than their expectations of the ideal
point of the median voter. Information that are less widely known tend to have smaller impact
on candidates’ positions. More informative private signals may lower electorate welfare.

JEL Classification D72

1 Introduction

To politicians seeking public office, there are few things more important than figuring out what the
electorate wants. But accessing the opinion of a large electorate is not easy. Consulting every voter
is certainly impossible for any constituency larger than a few thousands. While opinion polls allow
candidates to survey a large sample of voters, it is infeasible to ask questions in depth, and results
may be influenced by the way questions are framed. Besides, even the most accurate polls can
capture only the public opinion at the moment and could not predict how it would change over the
course of a campaign. As candidates come from different backgrounds, gather information through
different channels, and consult with different advisors, their knowledge about their constituency is

diverse, as well as fragmentary. We often assume that candidates choose different platforms out of
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ideological reasons. In fact, they may do so simply because they have divergent beliefs about the
preferences of the electorate.

Existing models of electoral competition assume that candidates have either complete or com-
mon information. In this paper I show that incorporating private information into a formal model
can yield new insights about electoral competition. In standard Downsian models of two-candidate
electoral competition, where candidates have complete information about the electorate, competi-
tion for votes compels the candidates to adopt the median voter’s favorite policy as their platforms.
The same obviously is not true when candidates have only incomplete information (as they do
not know which policy the median voter prefers). More surprisingly, candidates generally do not
choose as platforms the position they expect the median voter to prefer. Thus, there is no natural
generalization of the median-voter theorem in electoral competition with incomplete information.
Furthermore, electorate welfare is not monotone in the quality of the candidates’ signals. Even
though each candidate has an incentive to select a popular position, increasing their ability do so
may actually lower welfare.

The model follows the standard two-candidate Downsian model except that the candidates are
uncertain about the preferences of the electorate. Fach candidate receives a private signal and up-
dates his belief over the electorate’s preferences, and on the basis of which selects a policy platform
from a one-dimensional issue space. Then, the election takes place. The candidate who receives a
plurality of votes wins and implements his position. Candidates have no policy preferences, and
their sole objective is to win the election. Voters care about policy, as well as the identity of
the winner. Their non-policy, candidate-specific preferences are represented by a random variable.
Candidates know the distribution but not the realization of this random variable, and hence, from
their perspective, voters vote probabilistically. In equilibrium, each candidate selects a position that
maximizes his chance of winning, based on his beliefs about the voters, as well as his opponent’s
strategy. Because signals are private, ex post the candidates may not choose the same position.

To understand why candidates do not choose their respective expected median-voter positions



in equilibrium, note that in two-candidate elections, the optimal position of a candidate lies strictly
between the expected median-voter position and the position of his opponent.! The expected
median-voter position is usually not a best response, because a candidate can capture some of the
votes between him and his opponent by leaning toward his opponent. The standard policy conver-
gence result relies on the additional condition that candidates have the same expectation over the
median-voter position, which is true only when candidates have complete or common information.
In that case, each candidate tries to choose a position closer to the common expectation than the
other does; hence, in equilibrium their positions converge to that position. The same argument
does not work when candidates have different expectations. As a result, a candidate’s position and
his expectation are usually correlated but not identical.

It is interesting to know the way in which candidates’ equilibrium positions are different from
the expected median-voter positions. Using the posterior expected median-voter position as a
benchmark, I call a candidate’s position “moderate,” if it lies between the prior and posterior
expected median-voter positions and “extreme,” if it is farther away from the prior expectation
than the posterior. Given the tendency for candidates to choose positions close to each other,
one would expect them to choose moderate positions (in which case candidates having opposite
beliefs will be closer to each other). In fact, I find that depending on the information structure
candidates’s equilibrium position can go either way. I consider two specific information structures.
In the first one, there is a common informative signal, but each candidate observes the signal only
with probability less than one. In the second, the candidates’ signals are equally informative and
conditional independent. In equilibrium, candidates under the first information structure choose
moderate positions, while those under the second may choose either moderate or extreme positions.

There are two opposing effects at work. The law of iterated expectation implies that candidates
believe that their opponent’s average expectation of the median-voter position lies between his own

prior and posterior expectations. Since candidates’ equilibrium positions are correlated with their

T use the term “expected median-voter position” to mean a candidate’s expectation of the ideal point of the
median voter, conditional on his own signal. The two candidates may have different expected median-voter positions.



expectations, they would also believe that their opponent’s position is on average more moderate
than the expected median-voter position. This “average effect” pushes candidates toward moderate
positions. On the other hand, candidates care also about the distribution of their opponents’
beliefs. Specifically, candidates put more weight on the event that their opponents receive signals
similar to their own. It turns out that the best response against such an opponent is to choose
an extreme position. If this “distribution effect” is sufficient strong, the candidates may choose
extreme positions in equilibrium.

Apart from candidate positioning, the model also raises an interesting point about the desir-
ability of divergent platforms. The welfare of the voters is a function of the distance between the
winner’s position and their ideal points, and it is maximized when the median-voter position is
adopted.? In models with complete information, there is no loss in efficiency for both candidates to
choose the same position, as long as it is the ideal point of the median voter. But when candidates
have only incomplete information, choosing the median-voter position is no longer feasible. In this
case, voters have no choice when candidates choose the same position, whereas they can choose the
position they prefer when candidates choose distinct ones.

Individual candidates do not internalize the gains from divergent platforms. Each of them has
an incentive to choose a platform so as to maximize his own chance of election. As a result, their
positions tend to be too close together. Because of this conflict between individual popularity and
platform diversity, electorate welfare is not monotone in the quality of the signals. As both signals
predict the preferences of the same electorate, making them more accurate necessarily increases
their correlation. As candidates with similar beliefs choose similar positions, having more accurate
signals may reduce platform diversity. In section 5, I show that adding noise to candidates’ signal
actually can raise electorate welfare. Many commentators have noted that the increasing reliance
on opinion polls has resulted in candidates taking similar positions in most major issues. My result

suggests that even though better polls allow individual candidates to select more popular platforms,

2This is true when all voters have the same utility function up to the ideal point, and the utility function is concave
in the distance between the ideal point and the policy. See Coughlin and Nitzan (1981).



they need not enhance social welfare.

Downs (1957) first establishes the platform-convergence result. Subsequent works, extending
the model in many directions, largely confirm Downs’ original insight, but also identify conditions
under which platforms may diverge. An early model of probabilistic voting is Hinich (1977), which
shows that candidates’ platforms need not converge to the median-voter position. The model I use
is derived from Anderson et al (1992). Several papers study election models in which candidates
have private information on factors, such as their own ability (Rogoff, 1990) and policy preferences
(Alesina and Cukierman, 1990; Banks, 1990; Harrington, 1992, 1993). These papers examine how
the candidates’ incentive to reveal their private information to voters affects their platforms and
electoral outcomes. Heidhues and Lagerlof (2000) study in a two-alternative election model in
which candidates have private information over the efficacy of the two alternatives. They show
that in equilibrium candidates under-use their own information and conform to the prior belief of
the voters. My results are different in that candidates in my model may under- or over-use their
information. More importantly, their results, like the rest of the literature, arise because candidates
cannot credibly signal their private information to the voters. Since voters in my model know their
own preferences, signalling is not the issue. Instead, my objective is to understand how electoral
competition determines a candidate’s incentive to use his private information.

The rest of the paper is organized as follows. In sections 2 and 3, I introduce the formal model
and derive sufficient conditions for the existence of pure-strategy equilibrium. Section 4 examines
candidate positioning. Section 5 shows that more informative signals can lower welfare. Section 6

concludes.

2 A Model

Two candidates compete for an elective office. Each receives a private signal about preferences of
the electorate and announces a policy platform. Voters then cast their votes. The candidate who

receives a majority of the votes wins the election and implements his platform.



There is a continuum of voters with unit mass; each has a policy preference over an one-
dimensional issue space, denoted by a finite interval. If candidate ¢ with platform z wins, a voter
with ideal point x receives

u(i,z,x) = =7z — 2| + & (1)

where T is a strictly positive constant and &; a candidate-specific random term. The difference
between the two random terms, €1 — €2, is logistically distributed with zero mean and a variance of
”—32. The random term captures voters’ preferences over the candidates’ non-policy characteristics,
such as communication skills and trustworthiness. In general, one should expect voters’ non-policy
preferences to be correlated. Here, in order to simplify the analysis, I assume that they are identical,
so that g; is common among all voters. The voters know ¢; when they cast their ballots, while the
candidates know only the distribution of ¢; and not its realization when they pick their platforms.
Voters vote for the candidate whose election yields a higher utility. The importance of the random
term is determined by 7. When 7 is small, the vote largely depends on the random term. The
converse holds true when 7 is large.

The preferences of the voters are distributed over the issue space according to a density function
Jo indexed by «, the ideal point of the median voter. The candidates know the functional form
of g but are uncertain about a. Their prior beliefs over « is represented by a density function f.
Let x,, denote the expected ideal point of the median voter. I assume that a € [0,1] and f is
continuously differentiable, symmetric, and single-peaked.

Before choosing their platforms, each candidate receives a private signal, s; € S = {l, ¢, r}. Write
h(s1,s2|x) for the conditional probability that candidates 1 and 2 receive s; and so, respectively,
given ideal point x. Similarly, write h(s;|x) for the conditional probability that candidates i receives

s;. The information structure can be fully characterized by a function A : [0,1] — [0, 1]° where

h(l,l|x) h(l, cx) h(l,r|x)
A(z) = | h(ce,l|z) h(c,clx) hler|z)
h(r,l|x) h(r,clz) h(r,r|x)

Given A, candidates update their beliefs over the ideal point of the median voter according to the



Bayes’ rule. I use f(.|s;) and F'(.|s;) to denote the posterior density and distribution distributions
Y

of a conditional on s;. Formally

h(silz)f(x)

falss) = fol h(sz|x)f(:£)d:£

Henceforth, if y is the expectation of some random variable over f, then y(.|s) and y(s) denotes y
conditional on f(.|s). Note that A also defines a candidate’s posterior belief regarding his opponent’s
signal. Candidate ¢ receiving s; would believe that there is a probability 1 (s;]s;) that candidate j

receives sj, where
fO Sla S]|l‘ ( )dl‘
Zsjesj fo Sia Sj|l‘)f(l‘)dl‘

Throughout, I assume that A satisfies the following assumptions.

e (s4lsi) =

Assumption 1 For all z € [0,1], A(z) = A'(z).

Assumption 2 For all x € [0,1], h(l,l|x) = h(r,r|1 —x), h(l,c|lz) = h(r,c|l —z), h(l,r|z) =

h(l,r|1 — x), and h(c,c|lx) = h(c, c|l — z).

Assumption 3 o all s <. > 5> 153

Assumption 4 For all s € S and for all x < y, h%i; g > Z(

Assumption 1 means that the candidates are treated identically. For any pair of signal (a,b), the
probability that candidate 1 receives a and candidate 2 receives b is the same as the probability that
candidate 1 receives b and candidate 2 receives a. Assumption 2 implies that the probability that
signal [ is drawn when « = x is the same as the probability that signal r is drawn when a =1 —2
and signal ¢ is equally likely to be generated by ideal points  and 1 — z. It follows that z,,(c),
the expected median-voter position conditional on ¢, is 0.5. Assumptions 3 and 4 are monotone-
likelihood-ratio conditions. They imply that, first, for all x € [0,1], F(x|l) > F(x|c) > F(x|r), and,
second, for all € [0,1] and for all s € S, F(x|s,l) > F(z|s,c) > F(x|s,r) (Milgrom 1982). They

also mean that x,,(1,1) 0 2., (1) O 2, (c) O (1) O 2 (7, 7). That is, a candidate receiving [ shifts



his posterior belief to the left, while one receiving r shifts his to the right. Furthermore, learning

that the other candidate’s signal is | does not move a candidate’s belief to the right.
3 Equilibrium

After receiving their private signals, the candidates each choose a position z € [0,1] as their
election platform. A pure strategy of candidate i, denoted by o, is a function from S to [0,1].
Let Vi(zi, zj|si, s;) denote the probability that candidate ¢ with platform z; wins the election when
candidate j chooses z; and the signals are s; and s;. Assume that the winner’s payoff is one and
the loser’s payoff is zero. A candidate ¢ choosing z; receives an expected payoff of
Ui(zisajlsi) = ) ulsjlsi)Vilzi, 05(s))lsis 5).
5;€8;
A pair of pure strategies (01,02) constitutes a Bayesian Nash equilibrium if, for < € {1,2} and for
all s; € Sy, 0:(si) € argmax,cjo1] Ui(zi, 0j]5i).
The vote for a candidate generally depends on g, the distribution of voters conditional on «, as
well as on f, the distribution of . However, for any z; and z;, the identity of the winner depends

only on f.

Lemma 1 A candidate wins the election if the median voter strictly prefers him to the other can-

didate.

Proof of Lemma 1: Assume without loss of generality that z; < z;. Suppose —7|a — z;| +¢; >

—T|a — zj| + ¢5; that is, the median voter strictly prefers candidate i to j. Then, for all z < a,
—r (e =zl —[r—zl) = =7 (lr —a+a—zu|— o —a+a—z)
> 1 (la ==l —la—zl),
with equality holds either when o < z; or when x — z; > 0. Thus, any voter with ideal point x less

than « strictly prefers candidate i to j. By continuity, voters with ideal point slightly larger than

« strictly prefers candidate ¢ to j as well. A majority of voters therefore prefer candidate i to 7,



as « is the ideal point of the median voter. The proof for the case where the median voter strictly
prefers candidate j to ¢ is similar and hence omitted.

Lemma 1 follows from the assumption that all voters have the same non-policy preferences.
It should be noted that the lemma applies only to situations where the median voter strictly
prefers one candidate to the other, and the election need not be tied when the median voter is
indifferent between the two candidate.®> However, since this event occurs with zero probability, as
the distribution of ¢; is atomless, the outcome of the election is almost surely determined by the
preference of the median voter, and whoever wins his vote wins the election. For any given «, the

probability of candidate 7 winning is
e’

“ T

7(q) (2)

where ¢ = |o — 2| — |a — 2z;| measures the extent to which candidate i’s position is closer to the
median voter’s ideal point than candidate j’s. Vi(z;, zj|s;), the average probability of winning,

obtained by integrating m over f, can be written as

1
Vizi, 2]s:) = /0 w(z — 2] — |z — z])f (z]s:) da

= F(2i]si)m(2j — 21) + /Z] (2 + 2zj — 2z) f(@|s;)dx + (1 — F(z5]8:))m(2i — 25)-

The assumption of probabilistic voting guarantees that V; is continuous in z; and z;. For any 7,
7 is increasing in ¢, convex in the negative domain, and concave in the positive one, and its first
derivative is symmetric over zero (i.e. %ﬁ = ﬂrd;—tl).‘l The shape of m means that a change in
a candidate’s position has a larger impact on indifferent voters (with small ¢) than partisan ones
(with larger g). The size of 7 and the precise functional forms of (1) and (2) are not crucial to the

results.

[Figure 1 here.]

3For example, suppose o > z; > z; and the median voter is indifferent between the two candidates. Voters with
ideal point * > z; are indifferent, while those with « < z; strictly prefer candidate i. Hence, candidate ¢ wins
certainly.

4More precisely, ‘;—Z e’ AP rleli(1-e’?) , and dn _ r2eTI(1de"Ie?TI)

T e )Zr dgZ T T (Itera)? dg (Iema)s




The following two lemmas play important roles in the results that follow in the next section.

(As both lemmas hold for any signal s, I suppress s in the equations.)

Lemma 2 For all z;, there exists a unique z* such that (1 M = 0 and (i) for all z;
J 0z;

OVi(zi,zj *
z*, %ﬁ(z* —2z;) > 0. For all z;, ‘f%zj > 0. When z; = T, 2° = Tpm. When 2z # xp, 2°

€ (min(xm, 2;), max(Tm, 2;)).

Lemma 3 Let 2’ be the position such that 1 — F(2') = F(z). Then, for all z < x,, and for all

y €1[0,2], 8V3(Zzi’z) > 8‘/3(;"1’) ;and for all z > x,, and for all y € [#, 1], 8‘/3(2,?2) < 8‘%(;’3’).

Lemma 2 reflects a well-known feature of two-candidate-one-dimensional electoral competitions,
namely the tendency for candidates to choose similar positions. It says that for any opponent’s
position a candidate always has a unique best response, which moves in the same direction as
his opponent does. If the opponent’s position is the same as the candidates’ expectation of the
median-voter position, then the candidate’s best response is to choose that position; otherwise, his
best response is to choose a position strictly between the two. In other words, candidates want
to be near their opponents but on the popular side of the public opinion. By moving toward his
opponent from the median-voter position, a candidate captures some of the votes between he and
his opponent without losing much of his base, as voters indifferent between the two candidates are
more sensitive to a minor change in position than those who strongly prefer one candidate to the
other.” It follows immediately from Lemma 1 that candidates choose the expected median-voter
position in equilibrium when they have common information. Figure 1 shows %Z’Zﬁ when voters
are distributed according to a truncated normal distribution with a mean of 0.5 and a variance of
0.09. The best response z* is 0.52 when z; = 0.6 and 0.56 when z; = 0.7.

Lemma 3 describes how a candidate’s marginal incentive to change his position is affected by his

opponent’s position. It says that for a candidate not choosing x,,, the marginal gains for moving

toward x,, is greater when his opponent’s position is z than any other in [0, 2'] if z < z,, (or [¢/,1] if

5That is, ‘;—Z reaches the maximum at ¢ = 0.

10



Z > Xm). Since we have already learned from Lemma 2 that there is a tendency for a candidate to
move toward his opponent, it is no surprise that a candidate has a lower marginal incentive to move
toward z,, as his opponent moves away from it. What is not obvious is that the candidate may
still have a lower marginal incentive to move toward x,, even as his opponent moves toward x,,.

For example, in figure 1 8%(2'27"0'7) < 8%(2';’0'6). This is because competition is more intense when

candidates’ positions are close to each other. While a small shift in position may make two similar
candidates look significantly different, it would not have the same effect when the candidates are
already far apart.® By moving toward z,,, a candidate widens the difference between he and his
opponent, making voters less sensitive to any further change in position.

It is clear from figure 1 that V; is generally not concave. As a result U; need not be quasi-
concave, and the candidates’ best-response sets may be non-convex. For example, if a candidate
believes, first, that the distribution of the ideal point is either skewed to the left or the right, and,
second, that his opponent (owing to superior information) will choose left in the first occasion and
right in the second, then the candidate’s best response is to choose either left or right but not
in between, where he will lose surely. Because of the non-convexity, the game does not satisfy
standard sufficient conditions for the existence of pure-strategy Bayesian Nash equilibrium. (Since
U; is continuous and the candidates’ strategy set is compact, mixed-strategy Nash equilibrium
always exists.) This does not mean that pure-strategy equilibrium does not exist, only that there
may not be one. The following proposition shows that pure-strategy equilibrium exists when the

private signals are weak.

Proposition 1 Consider a sequence of conditional probability functions {hy,(s;, s;|x)}22, converg-
ing uniformly to an non-informative probability function h*(s;, s;|x) that is constant in x. Let T',
be the election game associated with hy(s;,sj|x). There exists n* such that for all n > n*, ', has

a pure-strateqy equilibrium.

The proof relies on the fact the payoff function U; is “locally” concave, which means that for

5Imagine how Patrick Buchanan will look compared to Ralph Nader if the former becomes slightly more liberal.
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any point x € [0, 1], there is some interval I containing x such that for all s; € S, U;(.|s;) is concave
for all z; contained in I, provided that the other candidate’s action is also contained in I. Here
I provide an outline of the proof. First, I show that as the signals become weaker, both x,,(l,1)
and x,,(r,r) converge to 0.5, so that for sufficiently weak signals, U; is concave in the interval
[€m (1,1), zp(r,7)]. Tt then follows from Glicksberg (1952) that pure-strategy equilibrium exists in
a modified game in which candidates are restricted to positions in the interval [, (I, 1), zm (7, 7)].
Finally, I show that any position outside of [, (I, 1),z (r,r)] cannot be a best response against a
position inside of [z, (1, 1),z (7, 7)]. Hence, the pure-strategy equilibrium of the restricted game is

also an equilibrium in the original game.
4 Candidate Positioning

Downs (1957) shows that in two-candidate-one-dimensional election models both candidates select
the median-voter position in equilibrium. An analogue to the celebrated Median Voter Theorem
holds true in my model when candidates have common information. But, as we shall see, when
candidates have private information and, hence, different posterior expectations over the ideal point
of the median voter, they generally do not choose their respective expected median-voter positions
in equilibrium.

For the rest of the paper, I assume that U; is quasi-concave and pure-strategy equilibrium
exists.” A candidate’s strategy is symmetric if 0;(I) = 1 — o;(r) and o;(c) = 0.5. A pure-strategy
equilibrium is symmetric if the candidates adopt identical symmetric strategies. (Hence, I shall
drop the subscript i and use o to denote the equilibrium strategy.) The following proposition

shows that symmetric equilibrium exists and is unique.

Proposition 2 There exists a unique symmetric equilibrium o*, and

< zm(l) <0
o*()q =zn(l) i Llzn(){ =0
> T (1) >0

"Proposition 1 shows that these conditions hold when the signals are weak.

12



where

z, 2|1, 1)

oV; 0V;(z,0.5]l, ¢
L) = (i 22 Vil 051 )

0z;

Vi(z,1—z|l,r)
0z;

+ plell) + u(r(l) : 3)

Suppose the candidates choose the symmetric strategy profile (z,0.5,1 — z). Then L(z) is the
marginal gains a candidate with signal | will receive for moving slightly to the right from z. If
L (z) is equal to zero, z is a best response for the candidate, provided that the other candidate’s
strategy is (2,0.5,1 —2).® On the other hand, if L (z) is not zero, the candidate can raise his payoff
by slightly altering his position. Proposition 2 says that in the unique symmetric equilibrium, a
candidate receiving [ chooses a position less than x,,(l) when L(x,,(l)) < 0, and greater than x,,(l)
when L(x,,(1)) < 0.

To understand the idea of the proof, first consider the strategy profile (0.5,0.5,0.5). As signal [
shifts the posterior belief over the ideal point to the left, if the candidates choose this strategy, then
a candidate with signal [, expecting x,,(l) < 0.5, will want to defect to the left. Hence L(0.5) < 0.
Now, consider the strategy profile (z,,(l,1),0.5, z,,(r,7)). If the candidates choose this strategy,
then a candidate with signal [ will want to defect to the right. Note that x,,(l,[) is a best response
only against [. Against the other two signals, the best response is larger than z,,(l,l). Hence
L(zy(1,1)) > 0. In the proof given in the appendix, I show that L is decreasing in z. As a result,
L intersects the z-axis once, and the intersection is larger than x,,(l) if and only if L(z,(l)) > 0.

See figure 2.

[Figure 2 here.]

Henceforth, I focus exclusively on the symmetric equilibrium. I call a candidate’s strategy
or position “moderate” if o(l) > x, () and o(r) < xm(r), and “extreme” if o(l) < zp, () and
o(r) > xy,(r). When candidates choose moderate positions, their positions are closer to each other

than are their underlying beliefs. The converse is true when candidates choose extreme positions.

8The first order conditions are also sufficient because V is concave in the first argument. Since 0.5 is a best
response for a candidate with signal ¢, L (z) = 0 is necessary and sufficient for (z,0.5,1— z) to be a Nash equilibrium.
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By Proposition 2, we can determine whether the candidates’ equilibrium positions are moderate or
extreme without computing the equilibrium explicitly.

The crucial difference between common and private signals is that candidates do not observe
each other’s signal in the latter. In equilibrium a candidate’s position is determined by his beliefs
over his opponent’s signal, as well as that over the ideal point of the median voter. Depending on the
information structure, the candidates may choose moderate or extreme positions in equilibrium.
Below, I illustrate the connection between information structure and candidates’ positioning by
means of two examples. There are two reasons why candidates may receive different information.
It is possible that one candidate has superior information, knowing something the other does
not, or their information are obtained through independent channels. The two examples roughly
correspond to these two situations. In the first one, there is a common signal, which each candidate
observes with probability less than one. Because the signal is common, a candidate’s belief over
the ideal point is not be affected by his knowledge of his opponent’s signal. In the second example,
the candidates receive independent signals so that they can infer additional information from their
opponents’ signals. I show that while candidates in the first example always choose moderate

positions, those in the second may choose either way.

4.1 Example One (Common Signals)

For concreteness, imagine that there is a study on the demographic characteristics of the voters
that has important implications on their preference. The candidates know that the study exists
and are free to purchase a copy of the report, but there is only a probability p < 1 that each will
actually do s0.? The study has two possible conclusions. Let [ denote the one which implies the
voters are liberal and 7 the one which implies the voters are conservative. Let ¢ denote the event
that a candidate does not have the report. Whether a candidate purchases the report is private

information. Let p(s;|z) denote the probability that the ideal point is x when the conclusion is s;.

9Some candidates do not read.
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I assume that for all x < y,

p(lly) — p(rly)
The complete information structure is given by
pp(llz)  p(1—p)p(llz) 0
A(x) = | p(L=p)p(llz)  (1-p)?>  p(l—p)p(rfz)
0 p(L=p)p(rlz)  p*p(r|z)

In this example, a candidate who knows the conclusion of the report cannot infer any additional
information from knowing what the other candidate knows. As there is only one source of informa-
tion, the candidate knows that his opponent either knows the conclusion or not, and in neither case
would the candidate update his belief. It means that for s € {l,r}, F(.|s,s) = F(.|s,c) = F(.]s).
Proposition 3 says that under such circumstances the candidates choose positions closer to the cen-
ter than their beliefs, and, furthermore, the equilibrium position is farther away from the expected

median-voter position when the chance that candidates purchase the report is low.

Proposition 3 Let o*(p) = (6*(1,p),0.5,0*(r,p)) denote the symmetric equilibrium in Example 1.

Then, for all p € [0,1), o*(I,p) > z, (1) and dff;pfl ) (.

Proof of Proposition 3:

For a candidate receiving [, there is a probability p that his opponent receives [ and a probability
1 — p that his opponent receives ¢. As the signal is common, V(.|l,1) = V(.|l,¢) = V(.|l) and
wu(r|l) = 0. We can write

V(@ (1), T (D)|1)
0z;

OVi(zm(l),0.5]1)
8zi

L(z, (1) =p +(1-p) > 0.

The inequality holds as, by Lemma 2, the first term in the middle expression is zero, and the second
term is positive. To a candidate with signal [, a small deviation from x,,(l) to the right causes a
second-order loss against an opponent choosing x,,(l) and a first-order gain against one choosing

0.5. By definition, L(c*(l,p)) = 0. Differentiating both sides with respect to p gives

OVi(a*(1,p),0.5L,c) _ 9Vi(o*(Lp),o*(L,p)|L,l)

dO'*(l,p) o 0z; 0z; <0
T av2(o*(I,p),o* (L,p)|l,l V2(o*(1,p),0.5|l, )
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In the above expression, the numerator is positive as o*(I,p) € (xm(l),0.5) and the denominator is
negative as V; is concave.

Proposition 3 provides an alternative interpretation to the well-known policy-convergence result.
According to the standard interpretation, candidates forego their own idiosyncratic preferences and
converge to a common position popular among voters. See Calvert (1985). Under this interpreta-
tion, policy convergence is desirable as it ensures that the will of the people is carried out. In my
model, the candidates, however, have no policy preferences of their own. Instead, they “under-use”
their private information and partially converge to the conventional wisdom. Instead of choosing a
position that they think the electorate will like, they choose one that is closer to what they think
the other candidate thinks the electorate will like. The equilibrium position ¢*(l, p) is increasing in
p. In other words, the less widely known a signal, the smaller its impact on a candidate’s position.

In this example a candidate who knows the conclusion of the study would expect his opponent
to have a belief that is “on average” between his own posterior belief and the common prior. For
example, suppose candidate 1 is the one who knows the conclusion. If candidate 2 also knows
it, his posterior belief will be the same as candidate 1’s. On the other hand, if candidate 2 does
not know, his posterior belief will be the same as the prior. Since candidate 1 does not know
whether candidate 2 knows, he will believe that candidate 2’s belief is on average between the prior
and his own posterior belief. More generally, the law of iterated expectation implies that for any
information structure A that satisfies Assumptions 1 to 4 and for all x € [0, 1],

Fall) = 3 ulsi[DF(lls) = 3 (s F(als).
5,€8 ;€8
Intuitively, candidates do not expect his opponent to know what they know, as signals are private.
If a candidate receives a [ signal, he would expect his opponent to have a moderate belief between
F(.|l) and F(.). Now, since candidates’ positions are correlated with beliefs, this candidate would
also expect his opponent to take a position more moderate than his expectation of the median-voter

position. Hence, there is a tendency for candidates to choose moderate positions.
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4.2 Example Two (Independent Signals)

Suppose the candidates independently conduct their own polls, which are identically designed, and
in which a respondent is asked to identify herself as liberal (), centrist (c), or conservative ().
Suppose £(s;|x), the probability that a respondent with ideal point x says s; in candidate i’s poll,

satisfies the monotone-likelihood-ration condition, such that for all x < ¥,

Furthermore, assume that for all x € [0, 1] £(s;|x) can be written as,

§llx) = (L= d)y (llx), &(cx) = d,and {(rlx) = (1 — d)y (r|z),
for some function 7 (.|.) and constant d. The assumption means that the response c¢ is non-
informative, and candidates’ posterior beliefs over the ideal point are not affected by d. The
information structure of the game is

Ellz)  Elz)d E(l)E(r])
Alx) = | dg(l|z) d dg(rx)

(rlo)élz) &(rlr)d  E(rlo)

As the polls are conducted independently, a candidate can infer additional information from
the polling outcome of his opponent. Specifically, a candidate with signal [ updates his belief to
the left, from F'(.|l) to F (.|l,1), if he knows the other candidate’s signal is [, and he updates his
belief to the right, from F (.|l) to F(.|l,r), if he knows the other candidate’s signal is r. His belief

is unchanged if the other candidate’s signal is c¢. In summary,
l‘m(la l) < l‘m(la C) = l‘m(l) < l‘m(la T)'

Proposition 4 says that in this case candidates choose moderate positions when d is large and

extreme positions when d is small.

Proposition 4 In Ezample 2, there exists d and d € (0,1) such that o*(1) 0 x,(1) when d 0 d

and o*(1) > (1) when d > d.
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Proof of Proposition 4:

By definition,

L(zm(l)) = (l|l) (l'm(;;jm(l)“,l) +u(C|l)8%(xm(ali;0'5|l’c) +u(r|l)8vi(xm(l)’;zi:Em(l)“’r)

(4)
Recall from Lemma 2 that z,,(l) is a best response for a candidate with signal [ if his opponent

chooses the same position, meaning that

u(l“)avi(xm(%;fm(l)”al) +u(cu)@%(:ﬂm(%:m(l)ll,C)+uml)@%(xm(l)a,;jm(l)ll,7“) ~0. (5)

Subtracting (5) from (4) gives
L(zm(l)) = p(c|)C + p(r|l) D

where

IVi(wm(1),0.5]l,c)  Vi(zm(l), zm (D)L, c)
825 821‘ ’
Wiz (1), —am@|lr)  OVilem @), emO]L, )
0z; 0z;

C =

D =

C and D measure the change in Vi(wm(D).z;|1) , the marginal gains to move right, when z; is 0.5 and

0z;
1 — z, (1), respectively, rather than z,,(l). As f(.|l,¢) = f(.|l), by Lemma 2, C is positive. By
Assumption 2, the posterior distribution of a conditional on ! and 7 is symmetric, meaning that

F(zy,(l)) =1— F(1 —x,,(l)). Hence, by Lemma 3, D is negative.

By definition,

dfol'y l|z) f(x)dx ‘
dfol'y(l|:£) f@)dx+(1—d fo Y2 (l|x) f(x)de + (1 —d fo y(l|z)y(r|x) f(z)dx

p(cll) =

It is straightforward to show that limg_.g p (c|l) = 0 and limg_1 i (¢|l) = 1. Thus, when d is close

to one,
OVi(zm(D),0.5])  OVi(zm(D), zm (D))

Lam (D)) ~ 0z; 0z;

> 0,
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and when d is close to zero,

L(wm(D)) ~ p(r|l) <8%(xm(1),;2i 2Ol 1) am(xm(%,z:fma)|z,r)> .

It follows from Proposition 2 that candidates choose moderate positions in the first case and extreme
ones in the second.

When d is close to 1, the prior probability for a candidate to receive [ or r is extremely low, and
a candidate, even when his own signal is [ or r, expects his opponent to receive c. The situation is
similar to Example 1. In equilibrium, the candidate receiving [ chooses a position between ., (1)
and 0.5, the equilibrium position of an opponent with signal ¢, so as to capture the votes between
Zm(l) and 0.5.

When d is small, a candidate expects his opponent to receive either [ or r. In either case, his
posterior belief over o changes substantially when he finds out which signal his opponent receives.
Intuitively, this is a situation where there is a lot of uncertainty and the candidates are easily
swayed by their opponents’ beliefs. If a candidate’s own signal is [, he will think it is more likely
that his opponent receives [ than r and, therefore, he will still believe that his opponent’s average
belief is more moderate than his own. But, unlike his counterpart in Example 1, he will not choose
a moderate position. The candidate knows that the opponent receiving r will choose a position
far to the right, significantly different from his own. As their positions are already far apart, the
candidate is not going to lose much against an opponent with signal » by moving marginally to
the left. But doing so will help him gain significantly against the opponent with signal [, whose
position is close to his. As a result, in equilibrium a candidate will try to outflank the opponent

with the same signal by choosing an extreme position.!°

0Candidate 1 is like a goalkeeper defending a penalty kick in soccer. As the shooter aims either at the left or
the right corner, the goalkeeper should dive all the way to one side even when he thinks the chance is almost 5-50.
Diving ninety-five instead of a hundred percent to the left would not increase his chance of blocking a shot to the
right.
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4.3 Discussion

Examples 1 and 2 illustrate two effects that determine equilibrium outcomes. On the one hand,
candidates expect the mean of their opponents’ beliefs over the median-voter position to be more
moderate than their own. As candidates prefer to choose a position close to their opponents’,; this
“average effect” pushes candidates toward moderate positions. On the other hand, candidates care
more about opponents who are close to them. Since such opponents must have received a similar
signal, candidates put more weight on the event that the distribution of median-voter position is
more extreme than what their own signal indicates. This “distribution effect” pushes candidates
toward extreme positions. Depending on the relative strength of these two effects, the candidates
may choose moderate or extreme positions. While both results are robust, it should be noted that
the “distribution effect” is operative only when candidates (conditional on their own signal) find
their opponent’s signal informative. When they do not, the “average effect” dominates and the
candidates choose moderate positions in equilibrium.

In the model, candidates can infer their opponents’ private information through their action,
and, hence, they may want to revise their positions as soon as their original positions are announced.
However, if candidates could change their positions, they would want to conceal their information
by not committing to a particular position in the beginning. Furthermore, changing position is
costly as it harms a candidate’s credibility. Thus, allowing candidates to revise their platforms may
not lead to full information revelation.

Thus far, I have assumed that differences in beliefs arise out of asymmetric information. In
reality, they may also reflect ideological and not informational differences. When candidates have
heterogeneous beliefs, they do not update their beliefs on the basis of each other’s signal. For
example, a left-wing candidate who believes voters are willing to pay higher taxes in return for
better social service are unlikely to change his mind upon learning that his right-wing counterpart
believes the opposite. It is far more likely that he will simply conclude that the right-wing candidate

is wrong. Such a cases is essentially the same as Example 1, where candidates choose moderate
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positions relative to their beliefs.

When candidates receive multiple signals, the results suggest that candidates may react differ-
ently to equally informative signals. In particular, information are widely known tend to have a
larger impact on a candidate’s platform. Polling data, for example, may have a strong influence
on a candidate’s positions, as they are likely to be known by both candidates. In comparison, a
candidate may have strong personal beliefs over what the voters want (through his own research
on the issues and experience with voters), but since these beliefs are less likely to be shared by his
opponent, they tend to have smaller impact.

Aragones and Palfrey (2000) show that in a standard one-dimensional Downsian model of two-
candidate elections, the candidate with an advantage (say, better image) adopts a more moderate
position than the disadvantaged candidate, for the favored candidate wins when the policy positions
of the two candidates are close. The logic behind Proposition 3 suggests that in a similar model
with private information, the favored candidate may use his private information less than the
disadvantaged candidate. It also suggests that in contest with two leading candidates and one or
more also-rans, the leading candidates are likely to be less responsive to private signals than minor

candidates who have little to lose.!!
5 Signal Quality and Electorate Welfare

In a standard complete-information Downsian model (with linear or concave utility function), the
average utility of the voters is maximized when the median-voter position is implemented. In
equilibrium, both candidates choose the position, and the outcome is efficient. In such a model,
there is no efficiency loss for having identical platforms.

However, when candidates are uncertain about the preferences of the electorate, selecting the
median-voter position is no longer feasible (as they do not know its location). In that case, the

outcome is usually inefficient when candidates choose identical positions. Consider the case where

HTewis 1996 covering the 1996 Republican primaries made a similar observation.
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voters have no non-policy preferences. If both candidates choose the same positions, then that
position would be implemented, regardless of the preferences of the voters. But if one candidate
changes his position, then the voters can now choose between two positions. When they prefer the
original position, they can still elect the candidate holding that position and, hence, will not be
any worse off. When they prefer the new position, they will be strictly better off, as they can now
implement that position by electing the other candidate.

Individual candidates however do not internalize the benefits of divergent platforms. IAs a
result, as we shall see, electorate welfare is not monotone in the quality of the signals. Before I
proceed, I need to introduce a measure of electorate welfare. In my model, while the identity of the
winner depends only on «, the average utility of the voters depends on both g, the distribution of
voters conditional on «, as well as f, the distribution of a.. In the following, I measure welfare by
the average utility of the median voter, which depends only on f. This is equivalent to assuming
that all voters have the same ideal point . The assumption, while restrictive, is sufficient for my
present purpose, which is to show that having more accurate signals can lower welfare. The welfare

of the electorate is measured by

1
W (21, 20) :/0 B (max(u(1, 1), u(2, 22))) f(x)dz

1 2
:/ In <Ze‘7|z‘zi|> f(z)dx.
0 i=1

W decreases linearly with the distance between the winning position and the ideal point of the

2 When 7 is large, the vote is mainly determined by the candidates’ positions,

median-voter.!
and the electorate welfare is approximately equal to fol max g1,y (—7 [ — 2) f(x)dr. When 7
is small, the vote is mainly determined by non-issue characteristics, and the electorate welfare is

approximately equal to In2, the expectation of max (e, )13

Lemma 4 For any z, 2’ # z, there exists T* such that for all T > 7%, W(z,2") > W(z, 2).

1211y general, the average utility of the voters also decreases as the distance the winning position and the median-
voter position increases, but the relation is not linear.
13See Anderson, de Palma, and Thisse (1992) pp.60-61.
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Lemma 4 formalizes the argument I made in the beginning of the section. It says that if the
voters are care mainly about policy, then for any pair of distinct platforms z, 2/, the voters are
better off when one candidate choose z and the other 2z’ than when both choose z or when both

choose 2'.

5.1 Example Three (Partially Correlated Signals)

Tillustrate the connection between signal quality and electorate welfare through a model of partially
correlated signals. For concreteness, imagine that each candidate, like those in Example 2, conducts
a private poll. But the polls, instead of being fully independent, are both derived from some common
underlying poll denoted by so € S = {l,¢,r}. Let

p(UL,8)  p(ell, B) p(r|l,B)

P(ﬂ): p(”@ﬂ) p(C|C,ﬂ) p(T|C,ﬂ)
p(llr, B) p(cr,B) p(rlr,3)

denote a family of garbling matrixes indexed by a positive real parameter 5. P (0) is the identity
matrix. For all 3 and for all 5o € S, >, g p(silso, B) = 1. Given sy and (3, candidate i receives
s; with probability p(s;|so,3). For all s;, so € S, p(s;|so, 3) is continuously differentiable in the
parameter 3. When ( is zero, the candidates receive identical signals. When 3 is positive, the
candidates’ signals will be correlated conditional on «. This would be the case if, for example, all
opinion polls using the same technique tend to elicit similar responses. Finally, I assume that 1(.|.),
the probability distribution function of the common poll sy, satisfies the monotone-likelihood-ratio

condition. The information structure can be represented by:

P(l|x) 0 0
A(z, B) = P'(B) x 0 ¢(dz) 0 x P(3).
0 0 (rlz)

A (x, B) obviously satisfies Assumptions 1 and 2. For the remainder of this section, I assume that

0 is sufficiently small so that Assumptions 3 and 4 are satisfied as well.
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Let 0*(03) denote the symmetric equilibrium. The equilibrium electorate welfare is given by

W 3) =3 35 S prob(so)p(silso, B)p(salso, )W (0 (s1, 8), o (2, 3) Iso)

S()ES 81651 s2€8So

where W (c*(s1, 3), 0% (s2,3)|s0) denote the social welfare given sg, s1, and sa.

Following Blackwell (1950), one signal is more informative than another if the former is a
sufficient statistic of the latter. In the example, the common signal sy is more informative than
an individual signal s; when [ is greater than zero. A more informative signal enables a candidate
to access the preference of the electorate more accurately and, hence, reduce the average distance
between his position and the ideal point of the median voter.

The objective of the analysis is to compare W*(3) with W*(0). First, I consider the case
where candidates have common information. To that end, let us assume for the time being that
the candidates receive the same noisy signal s derived from sg, rather than independent ones. It is
important to distinguish between the expected median-voter position conditional on the underlying
signal sy and that conditional on the candidates’ noisy signal s. I shall write z,,(so) for the former
and ,,(8|0) for the latter. In equilibrium both candidates receive the same signal § and choose

the same position x,,(5|3). The equilibrium welfare is thus given by

W 3) = S S prob(so)p(lso, )W (2m(318), 2m(518)]50).

s0ES seS

Proposition 5 In Example 3, if candidates have common information, then W*(0) > W*(j3) for

all > 0.

Proposition 5 says that under common information the electorate welfare is increasing in the

informativeness of the signal. The key of the proposition is to show that
Vz € [0,1]/x, and Vs, W (zm(s0), zm(s0)[s0) > W (2, 2|s0) , (6)

which means that given that the candidates’s positions are identical, the electorate welfare is

maximized when z; = 23 = x,,,(S9). When 3 = 0, the candidates’ signal s is always the same as
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the common signal sy and their expected median-voter position x,,(|3) is equal to x,,(so). When
B > 0, there is a positive probability that 5§ # sg, and z,,(I|3) is more moderate than x,, (1), as the
candidates’ signal is less informative than the underlying signal. Hence, the equilibrium position is
different from x,,(sg). It then follows from (4) that W*(0) > W*(3).

I now return to the case where candidates have independent signals. When (G = 0, the equilib-
rium strategy is still 2, (s;|3). But the situation is different when $ > 0. Not only is it true that
the candidates’s signals may not be the same as sy, they may also be different from each other. For
example, when sg = [, it is possible that one candidate receives [ while the other receives r. The
garbling therefore creates two welfare effects. On the one hand, it makes the candidates’ signals
less accurate, reducing their individual ability to select a popular position. On the other hand,
it leads to more variety in positions. Whether electorate welfare is higher when § > 0 or when
6 = 0 depends on the size of the two effects. The following proposition shows that when divergent

platforms are desirable, adding a small amount of the noise increases electorate welfare.

Proposition 6 Suppose for all s € S and for all 8 # s, W(xm(8), xm(s") > W (xm(s), zm(s)).

Then dd—wéw@:o > 0.

To illustrate the intuition behind Proposition 6, I compare the welfare of the electorate between
6 =0and 8 > 0 when the underlying signal sy is [. The same logic applies to the other two signals.
To simplify notation, I write W(s1, s2|3,s0) for W(co*(s1|5),0*(s2|5)|s0). When 5 = 0, both
candidates observe [ and the welfare is W(I,1]0,1). When 3 > 0, there are three possible outcomes,
namely both candidates receive I, only one receives [, and neither receives [. The electorate welfare
W (l,1]8,1) can be written as

p(LULBYWLUB D+ > 20 sal, AW (L si[B,)+ > plsy, sall, YW (s1, 2] 8,1). (7)

sa€{e,r} (s1,82)€{c,r}?

When 3 approaches 0, for each candidate the probability of receiving [ approaches 1. As the

candidates’ signal are conditionally independent, the probability that neither candidate receives [
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is of second order, insignificant compared to the probability that at least one candidate receives I.
As a result, we can ignore the last term and concentrate on the first two in (5).

First, consider the event where both candidates receive . We know from (4) that x,,(l) maxi-
mizes welfare given the candidates choose the same position. As their signals become less informa-
tive when 8 > 0, the candidates’ equilibrium position o*(I|3) would be more moderate than x, (1),
and electorate welfare, as a result, would be lower than it would have been if 3 = 0. However, as

%&’Z”Z:zm = 0, choosing ¢*(l, 3) instead

B approaches 0, 0*(I|3) converges to (1), and since
of x,,(l) causes only a second-order loss in welfare.

Finally, consider the event where one candidate receives [ and the other c or r. As § converges
to 0, o*(s|B) converges to xy,(s). Compared to the case of § = 0, where both candidates choose
Zm(l), voters have a first-order gain as they can now choose between ., (1) and x,,(r) (or between
Tm (1) and x,,(c)).

In summary, a small increase of 8 will result in a first-order gain and a second-order loss;

therefore, when (3 is sufficiently small, W*(3) > W*(0).

5.2 Welfare Effects of Opinion Polls

Despite its popularity among pundits, the claim that the democratic process is harmed by candi-
dates’ increasing reliance on polls is puzzling form the perspective of rational choice.'* Candidates
gain votes by adopting popular platforms. By providing a more accurate assessment of the public
opinion, opinion polls ensure that the winning platform is closely aligned with the preferences of
the electorate. As a result, they should increase welfare.

Conventional arguments against opinion polls are often problematic. One typical argument
is simply that politicians should adopt the “right” policy rather than the one the public prefers.
Another argument is that opinion polls are biased and do not reflect the preference of the electorate.
However, if that were the case, then it would be irrational for candidates to devote so much resources

to them.

Y“For example, see Geer (1996), Lewis (1998), and Sabato (1981).
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Proposition 6 provides an alternative explanation as to why better opinion polls may lead
to inferior outcomes. When candidates are uncertain about the preferences of the electorate, it is
socially efficient for them to adopt divergent platforms. In this world, having more accurate opinion
polls have two effects. Each candidate can choose a position that is on average more popular. But,
the candidates are also more likely to choose similar positions. While the first effect raises social
welfare, the second does the opposite. As a result, welfare may go down when the second effect
dominates the first. Note that this can happen only in a model with private information. In a
standard complete-information model, divergent platforms do not increase welfare.

According this view, polls are harmful, not because they are biased, but because they lead
to premature platform convergence. Polls capture current public opinion but do not predict how
it would change when voters acquire new information. Even when the public currently favor a
particular policy, it may still be socially beneficial for candidates to explore different alternatives.
However, the more accurate the polls, the higher the potential price a candidate has to pay for taking
a currently unpopular position. Instead of doing so, they may settle on a consensus prematurely. For
example, in the 2000 US Presidential election, the Democrats have largely endorsed the Republican’s
position on the missile defense program, which is popular among voters, despite open questions
regarding the feasibility of the program. Even if we believe missile defense should be built so long
as a majority supports it, the fact remains that the society will benefit from the public debate that

would have occurred had the Democrats chosen a different position.

6 Concluding Remarks

Models of electoral competition usually begin with the assumption that candidates have complete
information over the preferences of the electorate. In reality candidates always have to settle for
incomplete information collected through public and private channels. In this paper, I analyze the
problem facing such candidates in a one-dimension Downsian model. My results identify two new

properties of electoral competition that do not exist in models with complete information. First,
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candidates generally do not select the expected median-voter position in equilibrium, and, second,
electorate welfare is not monotone with signal quality. My result explains why better opinion polls
may actually lower welfare.

I have assumed that signals are exogenously given. A natural extension is to allow candidates
to collect information from multiple channels and decide the how much information to collect.
Throughout, I have focused on the properties of the symmetric pure-strategy equilibrium. But as
I mention in section 3 such an equilibrium do not always exist, and it is important to analyze the
properties of mixed-strategy equilibria. More work is also needed to determine the prevalence of
each type of outcomes. While both moderate and extreme outcomes are robust, causal observations
seem to suggest that the first type is far more common. Note that the two types of outcomes are
not mutually exclusive. In models with more than three signals, candidates may choose moderate

positions for some signals and extreme positions for others.

7 Appendix

Proof of Lemma 2:

By definition:

S = (1= Pl — Pl ) [RS8 g,

0z; dq S dq
When z; = xp, %ﬁj’zﬁ = 0. When z; > xp, %ﬂ,’j’zﬁ > 0 and %;dﬁ < 0. When z; < @,

%ﬂ’?’zﬁ < 0 and %;dﬁ > 0. In either case, there exists z* € (min(z;, ¥y, ), max(2;,Ty)) such

that M = 0. By definition,

0z;
02V, dn(z — zj) d?m(z; — z;) % (2 — 2 — 25)
57 *Qf(zi)d—q + (1= F(z) — F(Zj))d—qg - /Z i f(z)dx.
Using the fact that ‘51277{ = le_;r (;Z:Z), we can write %i as
0%V, dr(zi — 2;) oV; (1 —emzi—2)
L of() ) OV f2me T
072} 1(z) dq T 0z \ 1+ em(zi—2)) (8)

8(] 14+ eT(Zi—zj) + 1+ 67—(21'—21*—2]‘)

T

Zj — e — . _ oT(zi—25) _ o T(2z—2;—25)
7_/1877(2:5 2 — %j) <1 e j 1—e ]>f(1:)d1;
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d(lfeTq)
. 0 AS Tte’d . _7_827'1

The first term in (6) is negative and the second term is zero when g& d = ey <
_7m(zi—25) _m(z5—2;)

O,andle(,,],) 18(],,,):0,
1+e7’ ZZ Z] 1+e7’ Z] ZZ

1— eT(Zi—Z]‘) 1— 67'(21‘—Zi—2j)

1 +€T(Z7j—2j) + 1+ 67(21‘—27;—2]*)

> 0 for all x € [min(z;, zj), max(z;, z;)],

9%V,
823

% = 0. It implies that z* is unique. Furthermore, g‘zf? > 0 when z; < z*, and g‘zf? < 0 when z; > z*.

and hence the third term in (6) is negative. We can therefore conclude that is negative when

Proof of Lemma 3:

Recall that 2’ is the position such that 1 — F(2') = F(z). Suppose z < x,,. For all y € [z, 2/],

ov; T
8_21-(2’ z)=(1- ZF(Z))Z
= (1= F(z) = F(y)] + (F(y) - F(2))]
> (1= Pl - P TE [T OCEV2D )q,
_ W
- 8_21 Zay)
For all y < 2,
oV, @y =2 [F(dr2e—y—2) dnly=2)\, .
o (2.9) > (L -2p) U [ (T =) fw)a
_ oV,
- 8_21'(2’24)

The proof when z > z,, is analogous.

Proof of Proposition 1:

For any conditional probability function h,(.|z), let 27 (s1, s2) denote the expected median-voter
position conditional on s; and sg. If h,(.|x) converges uniformly to some h*(.|x) constant in x,
then lim, o 2, (1,1) = lim, 00 27, (7, 7) = 0.5. Thus, for any k, there is some n* such that for all
n>n* xp (r,r)—ak (1,1) < 2k. It follows from Lemma 5 that for sufficiently large n, %ﬁ <0
for all z;, z; € [xm(l,1), T (r,7)]. Let I';, denote such a game. Consider a restricted version of I',,

in which the candidates’ choice sets are restricted to [z, (l,1),xm(r,7)]. As V; is concave in this

restricted game, pure-strategy equilibrium exists. Let o* denote such an equilibrium. From Lemma
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2, any z ¢ [xm(l,1),xm(r,r)] is never a best response against o*; hence, o™ is also an equilibrium

of the original game, [';,.

2V (2 2
Lemma 5 For any 7 and for any y € [0,1], there exists k such that M

922 < 0 for all z;,

zi € ly—k,y+Kkl.

Proof of lemma 5:

Pick some k > 0. Let f=min{f(z): 2 € [y—k,y+k]}, and let {(k) = max{ %ﬁ S [0,2]4:]} .
It is straightforward to verify that for all Z;, Z; € [y — k, y + k],
0?V;i(Z:,Z; dr(2k _ _ _ _
TVEZ)  op TR 4 (11— Pz + PG| +F(E) - FE)D)EQ).
0z; dq
. . dr;(2k) _ r . B 9%V (Z:iZ;) . . . . .
Since limg_.q =1 and limy_,0&(k) = 0, —52 is strictly negative when £ is sufficiently

small.

Proof of Proposition 2:

By Lemma 2, L(0.5) = M();Z—’?bw < 0. Next, consider L(z,(l,1)). The position x,,(l,[) is the
best response against x,,(l,1) if the other candidate’s signal is also [. But against the other two

signals, the best response is larger than x,,(l,1). As z,,(l,1) is less than both min (0.5, z,,(l, c)) and

h OV (zm (1,1),0.5]l,c) and OVi(zm (L), 1—zm (I,D)]|L,T)

min(x,, (1, r), 1=z, (1, 1)), it follows from Lemma 2 that bot o 5

are strictly positive. It follows that

oVi(zm(1,1),0.5|, c OVi(xm(1,0),1 — (L, D], r
(Zm ) | )+u(r|l) (zm (1) - (L, D[L,r)
0z; 0z

L(xm(l,1)) = p(cll)

> 0.

By continuity, there exists z* such that L(z*) = 0.

To show that z* is unique, note that L is monotonic: for all z € [0, 1]

AL(z) (VR Ll VR 2L OV (2, 0.5[1,)
dz uilD) < 02} + 02;0z; + plell 02}
OV2(z,1—z|l,r)  OV2(z,1—z2|l,7)
ulrl) < 02} a 02;0%; ) '
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By definition,

02V,
82i2j

Zj)f(:v)dx.

21 (2 — 24 % (2w — 2z —
— (1= Fa) - Flep) Do) 7250

dq? dq?

T

2 20,1_
It is straightforward to verify that both (Wg Z(jézy’l) and 24 (gzlazju,r) equal 0. The latter is true

because f(z|l,r) is symmetric over 0.5. We can therefore write

dL(z) OV2(z,2|l,1) OV2(z,0.5|1,¢) OV2(z,1—z|l,r)
<0.

As a result L can intersect 0 only once. Since V; is concave, so is U; is concave in the relevant
range, and hence L(z*) = 0 is necessary and sufficient for (2*,0.5,1 — z*) to be a Nash equilibrium.
Proof of Lemmad4:

Note that W(z,2') > fol max ;e 1,2} (—7 |2 — 2|) f(z)dr —In2. It follows that
1
W(z,2'") —W(z,z2) = / —7 (2" — 2| = [z — z|) f(z)dz — 2In2.

The expression is strictly positive when 7 is sufficiently large.
Proof of Proposition 5

First, I show that for all so € S, x,(s0) = arg max,cp,1) W (2, 2|s0) . By definition,

z 1
W (2, z|so) :ln2+/0 T(zx)f(:v|so)dx+/ —7(x — 2) f(x|so)dx.

It is straightforward to show that M%IS—OZ = — [ 7f(x]so)dx + [} 7 f(x|so)da and MW(;TZ@ =

—27f(2) < 0. Thus, % = 0 if and only if z = z,,(sg). To see that the Proposition is true,

note that
1
W (B) =3 prob(se) 3 plslso, 5) / 1 | — 2 (3)] f(zls0)de,
s0€S scS 0

< 3 prob(sn) [ =7 lo = am(s0)| also)do.

1
spES 0
= W*(0).
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Proof of Proposition 6:

By definition:

= S prob(se) 303 Aplonlso. lsalso By e, ), 25 (52,0 fso)

d
s0€S 5151 52€852 b

dW(ZT(Slaﬂ)’Zg (5256)|50) dZik(Sl,ﬂ) + dZ;(Sl,ﬂ) }
iz 3 3 ‘

+ p(51|50a 0)p(52|50a 0)

For all s € S, limg_,g 2] (s, 5) = m(s). Proposition 5 thus implies that

limg_,o dW(zI(Slﬂ;’zzg(sz’B)|SO) = 0. Second, for all s9p € S and for all s € S/s¢, limg_g p(s|so, 3) = 0.

That is, the probability for a candidate to receive a signal other than the underlying signal sy goes

to zero as B goes to zero. By definition

d(p(51|50a ﬂ)p(52|50a ﬂ)) _ p(51|50 ﬂ) dp(52|50a ﬂ) )dp(51|50a ﬂ) )

Hence, for all s1, s2 # so, limg_ d(p(ﬂ'SO’?ﬁ"D(Sz'SO’B)). We can therefore write %Vf:o as
dW (S0 50,
om0 = = prob(so)2{ I 3 (o s0) i 50) o)
spES
dp(s1]so,

Py szovv(xm(s@),xm(sn|50>}

s1€85/s0
dp(s1|so,

= > probtsn) Y I 50 (50 50) — 7 (50 (50 o)}
SpES 8165/8()

>0

The second equality holds as dp(silsof) 0, and the last holds as W (x,,(s0), Tm (s0) |s0) is
s1€S dag

strictly less than W(x,, (o), Zm (51) |S0)-
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Figure 1: Solid line: z; = 0.6, Dotted line: z; = 0.7.

Figure 2:
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