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Abstract

We use a costly voting model to investigate whether policies that increase voter turnout are socially
beneficial. The model generalizesigers [2] by assuming that the probability of beingAsupporter,
«, is initially drawn from a distribution. We show that (generically) when the number of citizens is large,
voter participation is inefficiently low (unlike in &gers). Specifically, there exists a subsidy for voters
that implements the efficient choice with probability 1, for a per capita voting cost of (approximately)
0. We also derive conditions when mandatory voting dominates voluntary participation voting from an
ex-ante welfare perspective.

JEL Classification Numbers: C70, D72.
Keywords:Costly voting, mandatory voting, compulsory voting, externalities

*Address of the authors: Department of Economics, University of lllinois, 1206 South 6th Street, Champaign, IL 61820 USA,
E-mails: skrasa@uiuc.edu, polborn@uiuc.edu.

We thank Dan Bernhardt, TilmandBgers, Rob Clark and Matthias Messner for valuable suggestions and comments. Stefan
Krasa gratefully acknowledges financial support from National Science Foundation grant SES-031839. Any opinions, findings,
and conclusions or recommendations expressed in this paper are those of the authors and do not necessarily reflect the views of the
National Science Foundation or any other organization.



1 Introduction

Empirically, many societies appear to encourage voter participation in elections and meetings. For example,
in the recent 2004 U.S. elections, many states expanded the opportunities for early and absentee voting, and
in the U.K. election day is a public holiday. Several other countries have tried to increase turnout by making
participation in elections “mandatory”For example, the Australian parliament enacted mandatory voting

in 1924, because voter turnout had dropped below 60 percent. According to the law all Australian citizens
over the age of 18 must be registered to vote and show up at the polling place on election day. A citizen who
does not go to the polling place is subject to a $15 fifidae Australian mandatory voting law appears to be
successful, as voter turnout has been consistently above 90%.

The introduction of mandatory voting is also occasionally discussed in US editorials, especially around
election time; see, e.g. Olbermann [10], Dean [4] and Weiner J18upporters of mandatory voting
see voting as a civic duty similar to paying taxes and argue that a higher level of participation increases
the legitimacy of government. “The most important [argument] is that compulsory voting ensures that
government does indeed represent the will of the whole population, not merely the section of the population
that decides to express their opinions” (Wikipedia [12]).

We use a costly voting model to investigate whether policies that increase voter turnout are socially ben-
eficial. Specifically, we address the following questions: Does subsidizing voters lead to different election
outcomes than voluntary voting? If election outcomes are different, and if subsidized voting improves the
social decisions, do these benefits outweigh the increased voting costs that are a consequence of higher voter
turnout?

In our modelN citizens have to make a decision among two candidatasd B. Each citizen’s prefer-
ence is private information and is independently drawn from a common distribution that assigns probability
a to being anA-supporter (and + « to being aB-supporter). In addition, each individual has private
information concerning the costthat he must pay if he votes.

The parameter is drawn at an interim stage, so that individuals krmowhen they decide whether or not
to vote. For example, pre-election opinion polls of potential voters can provide this information. However,
institutional choices (e.qg., if voting should be subsidized or made compulsory) cannot be conditioned on the
realization ofa. This appears to be a reasonable assumption, as institutional choices usually apply for a
longer time period than just a single issue election, and a rule that explicitly conditiangsaty, “choose

IThese include most South American countries, as well as Australia and several European and Asian countries. See, for example,
Wikipedia [12] for a list.

2All non-voters receive a letter asking them to pay the fine. Instead of paying the fine, non-voters can also provide a written
excuse. Thus, the actual cost of non-voting is the minimum over the disutility of paying $15 or writing the letter (see Weiner [11]
for details).

3There were a few experiments with mandatory voting laws before 1900 in the US. In 1896, the Supreme Court of Missouri
struck down a Kansas City charter provision as unconstitutional that assessed a $2.50 poll tax on every man twenty-one years of
age or older who failed to vote in the general city election. See Dean [4].
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) would likely lead to large controversies amowgand B-supporters as to
whata is.

We show that voting should always be subsidized, if there are sufficiently many citizens. In this case, a
subsidy equal to the minimal voting cost can implement the first best decision at a negligible per capita cost.
Subsidized voting dominates voluntary voting &ty (non-degenerate) distribution af In fact, we show
that, at the interim stage, citizens are better off with subsidized voting, unles8.5 is realized. We also
characterize conditions under which compulsory voting (where citizens are forced to vote) is better from a
welfare perspective than voluntary participation in elections. Furthermore, we show numerically that our
main insights remain valid also for a smaller number of citizens.

The question of optimal policy towards voter participation has recently been analyzeéugars [2].

His analysis suggests that the externality from voting is negative, and participation in voting should therefore
be discouraged at the margin rather than encouraged. In particular, he proves that (in his model), voting with
voluntary participation dominates voting with mandatory participation from an ex-ante welfare perspective.
Our model generalizes his setup by including the ex-ante stage wlgdrawn, whilew = % with certainty

in Borgers [2]. Our theoretical results focus on the case thathe number of potential voters, is large,
while the results derived byd@gers [2] hold for anyN, if « = % Numerically, we show that our main
result holds for relatively smaM as long as is not too close t(%. Our papers can therefore be interpreted

as complementary: @gers’ results show that, when the expected absolute number of supporters is very
similar for both candidates, then voting should be discouraged, while our results show that voting should
be encouraged, if the expected difference in the absolute numt#eranfd B-supporters is large (which is
generically true when the number of voters is large).

To understand why our results differ frond&yjers [2] it is useful to recall the intuition for his result.

The equilibrium in his model is characterized by a cost cutoff such that potential voters go to vote if and
only if their cost of voting is lower than the cost cutoff. When deciding whether or not to vote, a given (say)
A-supporter calculates the probability that he is pivotal if he voteg\fanultiplies this probability with his

benefit from a changed decision, and goes to the election if and only if this expected benefit is larger than the
voting cost. TheA-supporter is pivotal in only two cases: (i) If the numberfefoters andB-voters among

the other individuals is exactly the same (in which case the tie will be broken in candigatevor), and

(i) if there is one moreB-voter thanA-voter (so that a tie is reached if tiesupporter we consider votes).

How do the private and social incentives to vote differ in this scenario? Consider the externality that an
A-supporter imposes on other individuals if he decides to vote. In case (i), the positive externality on other
A-voters and the negative externality 8avoters cancel each other, because there is the same number of
A and B-voters (excluding ouA-supporter). In case (ii) there is one mdBevoter, and as a consequence
the negative externality dominates.oigers assumes that each individual is equally likely to favor either
candidate. OuA-supporter therefore does not impose an externality on non-voters in expected terms. In
summary, any person who votes imposes a negative externality on the other individuals, which leads to an
inefficiently high level of voting participation. As a consequence, taxing voters can improve welfare.



Now consider our model, and suppose for example that the probabititt an individual supports
candidateA is 0.6 at the interim stage. If ouk supporter is pivotal, then the number Afand B-voters
is approximately the same. As a consequence, even more than 60 percent of hon-volessigperters.
Therefore, anA-voter imposes a positive externality andBavoter imposes a negative externality on non-
voters. Thus, from society’s perspective there are tooAevoters and too mangg-voters, and any policy
that increases the expected numbeRAefoters more than the expected numbeBefoters increases wel-
fare. We show that both subsidized and compulsory voting have this desired effect.

The costly voting literature dates back to Ledyard [8]. Other papers that study related costly voting
environments include Goeree and Grosser [7], Ghosal and Lockwood [6] and Campbell [3]. Goeree and
Grosser [7] analyze a model similar t@Bjers [2] and ours, except that the voting cost in their model
is deterministic and equal for all voters. Their main focus is on the effects of opinion polls on turnout
and welfare. They find that public opinion polls increase turnout, but decrease welfare, relative to the
case that each voter only knows his own preference type. While they also show that the externality from
voting is positive wherx # % they do not study the optimal institutional setup to deal with this problem.
Furthermore, since all players have the same voting costs, the subsidy solution that implements the first best
in our model is less beneficial or even inferior to the voluntary participation equilibrium in their model.

Ghosal and Lockwood [6] also analyze a model with costly voting in which voluntary participation can
be inefficiently low, but the cause of this inefficiency differs from ours. In their model, each individual has
a “private value” preference for one of the politicians, but also a “common value” preference to select the
politician who matches the unknown state of the world. Individuals have a utility function that is a convex
combination of a private and common value components. Individuals first decide whether to participate in
the costly voting, in which case they receive a private signal that partially reveals the state of the world. If the
common value component dominates in the utility function so that individuals vote according to their private
signals, there is always too little participation, because more voters lead in expectation to better decisions,
and individuals neglect this positive externality. If, instead, the private value component dominates so that
individuals vote according to their preference type, there is too much participation. The latter result is due
to the assumption that each individual preférsiith a probability of exactly, as in Brgers [2].

Campbell [3] analyzes a costly voting model and shows that, if supporters of different candidates have
voting costs drawn from different distributions, then the candidate whose supporters constitute a majority
among those agents with the least voting costs wins almost certainly in large electorates, independently of
the percentage of people who preferto B. As this outcome may be inefficient, Campbell’'s effect may
provide another reason for subsidizing participation (Campbell [3] does not analyze the effect of subsidies
in his paper). We assume thatand B supporters’ cost of voting are drawn from the same distribution and
therefore Campbell’s effect is absent in our model.

We present the model in the next section. Sections 3 and 4 contain the results. Concluding remarks are
in Section 5. Proofs are in the Appendix.



2 Model

There areN individuals who have the right to vote for one of the two candidates;, B. The probabilityx

that an individual prefers candidageto candidateB is chosen by nature according to a probability density
functiong(«), and becomes public information before the election. One can interpret the public information
abouta as the result of pre-election opinion polls (cf., Goeree and Grosser [7]). Preferences for candidates
A andB, respectively, are then drawn independently across individuals according to prolhability

Participating in the election is costly. In particular, each individual's costsdrawn independently
according to a probability density functioh(c). We assume that (c) is strictly positive on its support
[c, €], wherec > 0. We writeF (c) for the cumulative distribution function that correspondd te).

The outcome of the election is determined by majority rule. In case of a tie, each candidate has an equal
probability of winning of%. Individuali receives a benefit normalized to 1 if his preferred candidate is
elected, and has a utility cogtif he participates in the election. Formally, let individualtype be(R;, ¢;),
whereP, € {A, B} isi’s preferred candidate arlisi’s voting cost. Lety; = 1 andv; = 0 be the decision
whether or not to vote. IE is the candidate who is elected, then individuslutility is given by

1-vcg IfE=P;

u(E,vi; B,q) =
— ;G ifE;éP,.

We compare the benefits of four different types of social decision making:

1. Voluntary Voting As in the standard costly voting model, each individual chooses whether or not to
vote.

2. Subsidized Votin@All individuals who choose to vote receive a subsilgr equivalently, non-voters
must pay a fines. Of course, mandatory voting laws cannot physically force individuals to participate,
but rather encourage participation through fines for non-votes. Thus, our notion of subsidized voting
corresponds to how mandatory voting laws work in practice.

3. Compulsory Voting All individuals are forced to participate. Compulsory voting is equivalent to
subsidized voting with a subsidy that is larger titan

4. Ex-ante Decision Makingndividuals choose one of the two candidates before information about the
candidates (i.e., abou, is revealed.

3 Results

We first establish the existence of an equilibrium for the four different social decision rules. We then char-

acterize the winning probabilities of the two candidates under voluntary voting, and compare the expected
utility under each of the four social decision rules. Since our theoretical welfare results obtain for the case
that the number of voters is large, we provide some numerical results for a small electorate in Section 4.
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Whenever an individual votes (and hence, in particular, with compulsory voting), his weakly dominant
strategy is to vote for his preferred candidate. Under ex-ante decision making, all agents will choose candi-
dateAif E[o] > 3, they will select candidat® if E[«] < 5 and either of the two candidatesEf«] = 3.

For voluntary and subsidized voting there exists a symmetric equilibrium in pure strategies, which is char-
acterized by a simple cutoff value rule for the voting cogissupporters choose to vote if and only if their
voting costs are no higher than, and B-supporters have an analogous cost threshglthat determines

their voting behavior.

Proposition 1 Under both voluntary voting and subsidized voting there exists a symmetric equilibrium in
pure strategies. An equilibrium is characterized by cutoff vattpeand cg such that individual votes for
his preferred candidat®, if ¢; < cp, and abstains otherwise.

We now turn to a more detailed characterization of the symmetric cutoff equilibrium. The following
proposition shows that independent of the proportioof A-supporters in the population, the equilibrium
probability that candidaté wins under voluntary voting converges %aas the number of potential voters
N goes to infinity, provided that the minimum voting cast 0.

Suppose, for example, that> % so that the number oA-supporters is (almost certainly) greater than
the number oB-supporters folN sufficiently large. This implies that the efficient social decision would be
to elect candidaté. However, in equilibriumB-supporters are more likely to vote — in the limit exactly
balancing the higher number étsupporters — so that each candidate’s winning probability converges to
%. Hence, voting with voluntary participation very often leads to the wrong social decision.

Proposition 2 Suppose that > 0. Then the probability that candidat® wins the election under voluntary
voting converges t§ asN — oc.

The intuition for this result is as follows. Consider a particudasupporter and le¥, and Vg be number

of other A and B supporters who patrticipate in the election. Qusupporter is pivotal foA if and only if

Va — Vg is either 0 or—1. If our A-supporter is pivotal, then he increases the probability that candidate
wins by% (either from O to% if he bringsA into a tie, or from% to 1 if he breaks a tie). OuA-supporter

will vote if and only if this expected gross benefit of voting is larger than his cost of vatinghus, the

cost cutoffscy must fulfill %P({VA — Vg € {—1,0}) = ca In equilibrium, asN grows, only people with
very low voting costs will vote (otherwise, there would be infinitely many voters and the probability of being
pivotal would go to zero). Thuga must converge to the lowest possible castyhich implies that the pivot
probabilitiesP ({Va — Vg € {—1, 0}) converges to@ The same is true for B-supporter’s pivot probability
P{Va— Vs € {0, 1}).

In order to make conclusions about winning probabilities for the two candidates, we must determine
the limit distribution ofV4 andVg. We show thav, andVg converge to Poisson distributions, where the
parameters are the expected number of voidié,] and E[Vg], respectively. This implies th&[Va] =
E[Vg] in the limit, because the pivot probabilities férand B would differ otherwise. Thereford/, and
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Vg are independent and identically distributed random variables. HEW¢¥, > Vg}) = P({Ve > Val),
which implies that each candidate has the same probability of winning the election.

The following corollary shows that expected per capita welfare with voluntary voting g(ﬂ;samN
goes to infinity. Independent of, the gross per capita surplus is equal to the expected proportion of people
who agree with the social decisio%rx + %(1 —o) = % Note that, since the participation rate goes to zero,
the per capita voting cost that has to be deducted to get the net surplus, is zero.

Corollary 1 If ¢ > 0 and voting is voluntary, then the ex ante expected per capita surplus converges to

asN — oo.

We now compare the surplus obtained under voluntary voting to the surplus achieved under compulsory
voting? If N is sufficiently large, the percentage of citizens who préfés almost certainly close t®@, and
henceA is implemented itx > % andB is implemented itx < % Consequently, for a gived, expected
per-capita utility is

max(a, 1 — o) — E(C), (1)

whereE(c) = ff cf(c)dcis the average voting cost. Taking expectations avenplies that the ex-ante
expected per-capita utility under compulsory voting is given by

1
-+ E
Al

o~ %D _E©, @)

1
whereE (|e — 3|) = J$ (G — 0)g(@)de + f%l(a — 2)g(a)da is the expected deviation offrom 3. Note
that the expected margin for the victorious candidate under compulsory voting i€t 2 %|) We have
therefore proved the following Proposition 3:

Proposition 3 When the number of votel$ goes to infinity, compulsory voting leads to a higher ex-ante
expected utility than voting with voluntary participation if and only if the expected margin of victory for the
winning candidate under compulsory voting is larger than twice the average voting cost.

While compulsory participation may be better than voluntary participation, it is intuitively clear that forcing
everyone to vote is socially wasteful: As long as the voters participating in the election are representative
for the population as a whole, the correct decision can still be made (with a probability close to 1), and for
a considerably smaller per-capita voting cost. To analyze this case in more detail, consider what happens
when a subsidg is paid to all individuals who choose to vote (or, equivalently, a fimeimposed on all

those individuals who do not vote).

4Remember that, as a practical matter, “mandatory” voting laws do not literally make voting compulsory; rather, they impose
some penalty as the price of not voting, and some people may choose to pay this price rather than their voting cost. Still, it is

interesting to analyze the limit case of a very large penalty that would effectively enforce participation by everybody.
S5Note that the amount of the actual subsidy or penalty paid is irrelevant for welfare considerations, as it is a mere redistribution

between different citizens and therefore cancels out on average. The relevant question for welfare purposeslisihges the
voters’ behavior (i.e., for which cost realizations they go to vote).



Consider what happens when we set ¢ + ¢, wheres > 0 but small. Clearly, all citizens with cost
realizations betweeaandc + ¢ find it optimal to vote. For finiteN, there may be in addition some types
with costs slightly higher thagwho vote, because the probability of being pivotal outweighs their net cost
¢ —s. However, for anyN, the expected number of participants is at Ida&) N, and hence goes to infinity
as N increases. Consequently, the probability to be pivotal goes to zero and hence the equilibrium cost
cutoffs for participation must convergesoTherefore, the percentage of votes castXas almost certainly
close tox, and A will be chosen ife > % andB will be chosen ife < % implementing the socially correct
decision. Moreover, the per-capita voting cost under this scheme is Blts)s which is close to zero i§
is sufficiently close ta.

Proposition 4 Suppose that a subsidy & ¢ + ¢ is paid to every citizen who chooses to vote NAgoes
to infinity, expected per-capita utility goes to

C+e
%+E(a—}‘)—f cf(c)dc 3)

2
In particular, ase can be chosen arbitrarily small, per-capita expected utility can reach (aln‘%)sﬁ)
E (Je = 3)).

Hence, through an appropriately chosen subsidy, it is possible to implement the correct social decision with

probability 1, while per capita expected voting costs can be made arbitrarily small.

Note that Proposition 4 requirds(c) to be continuous (nea). Only then is it possible to fine-tune
the number of voters through subsidysuch that enough voters participate to secure the correct result
while simultaneously avoiding large voting costs. For example, in the model of Goeree and Grosser [7], all
individuals are assumed to have the same voting Gast that subsidies could not implement the first best
in their model.

Finally, we analyze if ex-ante decision making can be optimal. As argued above, ex-ante decision
making may be unconstitutional in some applications, but it may be an available option in other cases. One
way to think about ex-ante decision making is that voters do not yet know whether they Arefd3, but
they know is the distributiong(«). Society can choose between either making the decision in the present
meeting, or waiting for the realization of and the voters’ types and re-convene in another meeting with
costly participation to make the decision.

If candidateA is selected ex-ante, the expected per-capita utiligy[ig]. Note that

1
a2,

where the equality is strict# < % with positive probability. Similarly, suppose that candidBtes selected

1
o 5l )

E[]—} E }<} E
a—2+ a—2_2+<

the ex-ante. Then the per-capita utility is

1 1 1




where the equality is strict i& > % with positive probability. In both cases Proposition 4 implies that
subsidized voting dominates choosing a candidate ex-aMegfsufficiently large.

Now compare ex-ante decision making to voluntary voting. Note that @3, E(1—«)) > % where
the inequality is generically strict. IN — oo then the law of large numbers implies that it is socially
desirable to choose candidafeif o > % and candidat® if « < % In contrast, Proposition 2 implies
that the wrong candidate will be chosen with probabigtynder voluntary voting. Thus, ex-ante decision
making strictly dominates voluntary voting for larewhena # %

We have therefore proved the following result.
Proposition 5

1
1. Suppose thal < [ g(«) de < 1. Then subsidized voting with a subsgly: ¢+ ¢ strictly dominates
ex-ante decision making N is sufficiently large.

2. If E(w) # % then ex-ante decision making dominates voluntary votihgig sufficiently large.

4 Subsidies in small electorates

In the last section, we have established that, for a sufficiently large society, social welfare is always higher
with an appropriately chosen subsidy than with voluntary participation, if the minimum voting cost is pos-
itive. In contrast, forx = % Borgers [2] shows that the negative externality dominates and voter turnout is
inefficiently large. It is therefore interesting to see which of these effects dominates for intermediate values
of N, given a distribution of voting costs and a distribution over

We computed an example with = 100 voters. Voting costs are uniformly distributed betwed80
and Q06 (i.e., between 3 percent and 6 percent of an individual's benefit from getting the preferred candidate
elected). In the left panels of Figure 1 we vary the probabiditthat an individual supports candidate
between (b and 08. Figure 1 shows the values of the displayed variables per capita surplus, winning
probabilities and participation rates, as a function of the levet @fe., at the interim stage, whenis
known).

First consider the three panels on the left. The top panel displays per-capita surplus at the intaxim. For
close to 05 voluntary voting dominates compulsory voting, reflecting the result fridng&rs [2]. However,
oncea reaches 7, compulsory voting starts to dominate. This has the following implication about the
ex-ante optimality of the voting system.dftakes only values between (about) 0.43 and 0.57, then voluntary
voting is certain to dominate compulsory voting at the ex-ante stage in a society of 100 voters. On the other
hand, if the distribution of: puts sufficiently much weight on more extreme values gfhen compulsory
voting will dominate voluntary voting.

The mid panel displays the probability thatwins under compulsory voting (i.e., the probability that
A is the efficient choice because the numberrofupporters is higher than the numberBsupporters)
and voluntary voting. Note that the probability th&twins under voluntary voting is considerably below
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the probability thatA is the efficient choice, and the difference is probability of an inefficient choice under
voluntary voting. The reason whi might lose even whea is greater thar% is thatB supporters are more
likely to vote thanA supporters. This effect can be seen in the bottom panel.

Now consider the effect of subsidized voting. In the right panels of Figure 1, we fix 0.6 and
vary the subsidy between 0 andd8. A subsidy of about.034 maximizes per-capita surplus for this
parameter constellation. Subsidies significantly increase voter participation and dominate voluntary voting.
The bottom panel on the right indicates that voter participation increases by about the sameAatedBr
supporters. Because there are mamupporters thaB supporters this implies that the subsidy increases the
number ofA supporters more strongly than the numbeBaupporters who go to the poll. As explained in
the introduction,A-voters impose a positive externality aBdvoters a negative externality on non-voters.
As a consequence, it is the stronger increas@ slipporters among all voters that is responsible for the
increase in surplus.

5 Conclusion

Many societies provide incentives for voters to participate in elections. In this paper, we have provided a
model in which costly voting induces suboptimal equilibrium participation and frequently leads to wrong
choices. In such a world, providing incentives for citizens to vote will increase the quality of electoral
decisions and social welfare. Specifically, we show that a subsidy for voters or a penalty for non voters that
is slightly higher than the minimum voting cost implements the first best.

Our setup is probably the easiest model in which questions of costly voting can be studied: Citizens
know which candidate they prefer, they only have to decide whether or not to vote, and the voting costs are
drawn from the same distribution for bofhandB supporters. Extending our model to allow for incomplete
information about candidates and differential voting cost?¥andB supporters should reinforce our quali-
tative finding that voting is similar to providing a public good. For example, when individuals fundamentally
agree on which candidate is better in a given state of the world, so that voting aggregates information as in
Ghosal and Lockwood [6], an individual citizen who becomes informed and votes increases the quality of
public decisions for all his compatriots and hence too few citizens will provide this public good voluntarily.
This suggests that the conclusion that it is efficient to subsidize rather than tax voters is quite robust.

Following Borgers [2], we have assumed that each voter's benefit from the election of his preferred
candidate is normalized to one, while costs are random draws for individual voters. More generally, one
could assume that each voter’s benefit is also random. If both costs and benefits are drawn from the same
distribution for A and B-supporters, the analysis for voluntary and compulsory voting is largely unchanged
(up to a re-normalization): In particular, I8tbe the citizen’s benefit of getting his preferred candidate
elected, and lat be the voting cost. Then a citizen votes in the alternative model if and only if a citizen with
costc/6 votes in our model. Thus, compulsory voting dominates voluntary voting under the same (slightly
adjusted) condition as in Proposition 3. The analysis of subsidized voting is somewhat more complicated
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than in our model, because a subsidy affects the direct voting c@std not the normalized voting costs

¢/0; in other words, two voters who have the same value/éfwill not necessarily have the same value

of “normalized net cost(c — s)/0. Specifically, a subsidy encourages voters with a low voting cost and a
low benefit stronger than those with a high cost and a high benefit. While this is an undesirable effect from
the point of view of social welfare, the qualitative results of our model regarding subsidized voting obtain
in this setting, too. In particular, subsidized voting with a subsidg/éf (whered is the highest possible
benefit realization) dominates voluntary voting for sufficiently lakge
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6 Appendix

Proof of Proposition 1. Let ca be given. We construatg such that an individual who prefei8 is
indifferent between voting and not votingaf = cg.

Consider a supporter @&. The probability that of the remaining\ — 1 individuals support candidate
A and thatk of theseA supporters participate at the election, is given by

Prob#A-supporters= a, #A-voters= k} = (N ; 1>aa(l ) (i) Fea (L — Fca)® ™. (4)

If there area supporters ofA, of whichk participate in the election then oBrsupporter’'s expected benefit
of voting including subsidg but excluding voting costs is
J— a —

N
Benefifa, k) = 0.
enefiia, k) 05[( K_1

1) F(cg) 11— F(cp)N 2k

+ (N o l) Fca)(L F(cB»N—a—k—l] +s

It follows immediately that Prof#fA = a, #A-voters = k} and Benefita, k) are continuous irca. The

()

expected benefit from voting forBR-supporter with voting costss is

N-1 a
EBg(Ca, Cg) = Z Z Prob#A = a, #A-voters= k}Benefi(a, k),
a=0 k=0

which is continuous ity andcg. Similarly, anA-supporters gross benefit, kK&a, Cg), is continuous. We
now define the functiof : [c, €]> — [c, €] by

T(Ca,Cp) = (max{min{EBA(cA, cg). €}, ¢}, max{min{EBg(Ca, Cg). €}, g})

Clearly, T is continuous. As a consequence, Brouwer’s fixed point theorem implies that theré exist
with T (Ca, Cg) = (Ca, Cg). ConsiderCa. If ¢ < Ca < € then the gross benefit of ahsupporter with costs
Ca who participates in the election is exactly. As a consequence aksupporter with cost, is indifferent
between voting and not voting, and evelysupporter with a lower cost will strictly prefer to vote. Now
letCa = C. Then EB\(Ca, Cg) < c. Thus, noA supporter with cost > c will participate. Because the
distribution of costs is continuous, this implies that with probability oneAnsupporter will participate.
Finally, Ca = C implies that allA supporters participate in the voting. Therefargjs the cost cutoff forA
supporters. Similarly, it follows thagg is equilibrium cutoff forB supporters.m

Lemma 1 Suppose that > 0. Then the expected number Afand B voters,va(N) and vg(N), are
bounded away fromo, i.e., there exists aM such thatvo(N), vg(N) < M forall N € N.

Proof of Lemma 1. The strategy of the proof is to show that if the expected number of voters goes to
infinity asN — oo then the pivot probabilities go to zero. This provides a contradiction because the voting
costsc are always strictly positive, i.ec,> ¢ > 0.
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Suppose by way of contradiction that the expected numbérarid B voters are both infinite (the case
where only the expected number of one type of voter is finite is similar and omitted). Then because the
expected number o& andB voters are given bya(N) = F(ca(N))aN andvg(N) = F(cg(N))(L—a)N,
respectively, we have

NIiinOo F(ca(N))N = oo, and Nl—'>To F(cg(N))N = co. (6)

Let Na(N) be the realized number &-supporters out oN citizens. LetNg(N) = N — Na(N).

Claim 1. The expected number & andB voters goes to infinity for almost all realizatioNg, andNg, i.e.,
lIMn= oo NA(N)F(ca(N)) = limy_ o Ng(N)F(cg(N)) = oo

Let X; be a random variable such th&t = 1 if personi is an A supporter and; = 0 if agenti is aB
supporter. Then since thg are i.i.d., the central limit theorem implies that

. YL (X — ) 1 /* 2
Nlinoop({ /Na(l—a) = N LG (7)

Thus, for every > 0 there exists a > 0 such that

,\!i_rJlOP({Na—A Noz(l—oz)<ZX.§Na+)\\/Na(1—a)}) J_ 1e S dx>1—¢. (8)

Hence, with probability arbitrarily close to 1,

Na(N) € [N — A/ Na(1— «), Na + A/ Na(l —a)]. (9)

so thatNA(N)F (ca(N)) andNg(N)F (cg(N)) — oo, proving claim 1.

LetYiNA be the random variable which assumes the value 1 ifttha supporter votes and 0, otherwise.
Similarly, defineZiNB for B supporters. The probability that a particular agent is pivotal is less or equal to
P{XM Y — 3o ZMe € (~1,0,1}}). To determine this upper bound for the pivot probability, we next
show that the limit distribution is normal. Care must be taken in applying the central limit theorem, because
Y% andZ]® converge to zero a.e., & andNg — 0.5

Claim 2. Suppose thalNa, Ng — oo such thatNaF (ca(N)), NgF(cg(N)) — oo. Then

Na Na _NB _NB -
Na,Ng—o00 \/NA var{YiNA] + NBvar[ZiNB] N A S

where the convergence is uniformin

6In fact, the distinction between this result and that in Proposition 2 is as follows. Here we show that if the expected number
of voters were to go to infinity, then the limit distribution would be normal (which, as shown below, leads to a contradiction). In
contrast the Poisson limit distribution in Proposition 2 is compatible with strictly positive voting costs.
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LetCy = " E[IYNA —F(ca(N)) 2]+ 3 N8 E[1Z]N® — F (ca(N))[2+], for somes > 0. According
to Theorem 4.4 in Doob [5] it is sufficient to check that
C
lim N

0. 10
Na,Ng— oo ( ( )

NavafY,"*] + Ng var[Zi'\'B])lH/2

Recall thaf\(iNA and ZiNB assume the value 1 with probabiliti€gca(N)) andF (cg(N)), respectively; and
the value 0 otherwise. Thus, we get

Cn
NavarYNA] + Ng var[ZiNB])

N4 E[YN — F(ca(N))|2H] o SN E[IZN — F(ca(N)) 2+
>1+a/2

lim
Na,Ng— o0 (

1+5/2

< lim

2
Na— 00 (NAvar[YiNA]])lJr(S/ Ng—o00 (Ngvaf[YiNB]]

NaF (Ca(N) (1 — F(ca(N)) [(1 — F(ca(N))™ + F(ca(N)*]
1+5/2

= |
Na->00 [NAF (€a(N) (@ - F(ca))]

NgF(ca(N))(1— F(ca(N))) [(1 - F(ca(N))M + F(ca(N)**]
]1+5/2

+ lim
Ng = o0 [NgF(cs(N))(1 — F(cg(N)))
. (1= FeaN))M 4+ F(ca(N)H* . (1= Fes(N))M 4+ F(cg(N)H?
= |im 572 + lim T = 0
Na=oo [NaF(ca(N))(1 — F(cp))] Ne—o [NgF(cg(N))(1— F(cg(N)))]

becausdNaF (ca(N)) andNgF(cg(N)) — oo by claim 1. Thus, condition 10 is satisfied, proving claim 2.

In the remainder of the proof we use claim 2 to derive a contradiction. In particular, if an agent is pivotal
thenY 4 yNA — S8 7Ne ¢ (1 0, 1}. However, the normalized sum (i.e., the expression in claim 2)
then converges to zero because the standard deviation goes to infinity. Because the limit distribution is
continuous, this implies that the probability of being pivotal converges to zero, which is incompatible with
strictly positive voting costs.

Formally, define
b— lim NaF (ca(N)) — NgF(cg(N))

N=oo \/NAvar[YiNA] + Ng var[ZiNB]
Note that we allow for the possibility thditis negative or positive infinity. Furthermore, we can assume

. (11)

without loss of generality that the sequence converges. Otherwise, we can take a converging subsequence.

Lete > 0 be arbitrary. Then there exists> 0 such that
1 b+ 2

— e 7 dX < e. 12
21 Jbh-» (12)

Furthermore\/NA vafY,"*] + Ng vaZ*®*] < \/NA vaY,""] + \/NB var{Z*®], where each of the sum-
mands converges tso because of Claim 1, i.e., becausgF (ca(N)) andNgF (cg(N)) converge tox.

This and (11) imply that for sufficiently largd a necessary condition for being pivotal is that
Y = 3% 2% — NaF(@alN) + NeFea(N) _

b—1<
\/NA vaY"*] + Ng var[ Z*®]

+ A (13)
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Thus, (12), (13), and claim 2 imply that the probability of being pivotal is less¢éh&®cause was chosen
arbitrarily, the pivot probability must converge to zero, for almost all realizatibggnd Ng. Taking the
expectation over all possible realizationshyf andNg we can therefore conclude that the pivot probability
is zero.

Now recall that voting costs > ¢ > 0. Because the pivot probability converges to zero, the payoff to a
voter is therefore strictly negative &kgets large. This is a contradiction, since the citizen would better off
not voting. m

Proof of Proposition 2. Let NAo(N) be a sequence that satisfies (9). Define the random varixﬁi/g]s,),i
andX®, ., asinlemma 1. We first prove that; " X& . converges to a Poisson distribution.

The expected number @& voters given that there afd, supporters ofA is given byva(N|Na) =
NaF (ca(N)). Thus,

(NAEN)) F(ca(N) (L — F(ca(N)) Nt &
14
_ (Na(N) = 1)... (Na(N) =K + 1) 3a(N|NA(N) <1_ 6A<N|NA<N>>>>“A(N>‘k 4
N NA(N)<-1 k! NA(N) ‘
Note that .
im UA(N[Na) im Na(N)F(ca(N)) _1 (15)

Nk BAN)  Nob  aNF(CaA(N))
becauseNa(N) satisfies (9).
Lemma 1 implies that there exist a subsequangd,) of vA(N) such that lim_, . va(Ny) = va. We
a slight abuse of notation we denote the subsequence agai(Ny. Thus, (14) and (15) imply
—k

. _ _ _ % _ 3
NI[)nOo P ({#A-voters= k}|{#A-supporters= Na(N)}) = e A,

where the convergence is uniform for all sequerdgéN) that satisfy (9). Thus, (8) implies
K

. ] B VA
NIin<>o P ({#A-voters= k}|N) € Al < €.

Because > 0 was chosen arbitrarily, it follows that
—k

. VA %
Nlinoo P ({#A-voters= k}|N) = r’?e A, (16)

=k _
Similarly, it follows that limy_.«, P ({#B-voters= k}|N) = e e,

Suppose that there ak individuals. AnA supporter with voting costg will vote if and only if
1
> P (#A-voters— #B-voterse {0, —1}|N) > ¢, (17)

where P (#A-voters— #B-voterse {0, —1}|N) is the probability that candidata gets either one less vote
than B or the same number of votes as candid@téso that our citizen is pivotal and can increase the
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probability of victory for A by 0.5), given that there arhl individuals. Lemma 1 implies that for arbitrary
€ > 0, there existK such thatP({#A-voters > K}|N) < ¢ and P({#B-voters> K}|N) < ¢ for all
sufficiently largeN. Thus, (16) implies

gyl 7l ~i+1
lim P (#A-voters— #B-voterse {0, —1}|N Ag=in (Bt _YB i 18
lim P € {0, —1}|N) = Z_ ( D . (18

By formula 9.6.10 in Abramowitz and Stegun [1] (see also Myerson [9]), we get

11(2{/ lo(2y/ VAV
lim P(#A-voters— #B-voterse {0, —1}|N) = | A 11(2vvave) | lo(@Vvave) (19)
N—o0 UB eva+iB @uatvs
wherely is a modified Bessel function. Similarly, the pivot probability foBaupporter is
2/ lo(2J/vav
lim P(#A-voters— #B-voterse {0, 1}|N) = /UB 11(2v0avs) | lo(2vVabe) (20)
N— o0 VA evAa+iB @vA+vB

As N — oo both pivot probabilities in (19) and (20) must converge ¢pt®/ (17) and Lemma 1. Thus,

Ua 11(2v/vavB) . lo2vvave) _ [vs 11(2v/vavB) n lo(2y/vavB) 21)
Ug  €VAtiB eiatis |\ g, ebatis giatis

However, since the Bessel functibnis never zero, (21) implies thak = vg, i.e., in the limit the number
of A and B voters are drawn from the same Poisson distribution. As a consequence, each candidate wins
with probability , independent of. m
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