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Abstract

We develop a dynamic, 2-party citizen-candidate model in which candidates are
distinguished by both their ideology and their valence. We provide sufficient conditions
under which (i) the median voter is decisive and (ii) there exists a unique symmetric,
stage-undominated, stationary perfect Bayesian equilibrium.

In our dynamic setting, reputational concerns endogenize incentives to compromise.
In equilibrium, we prove that higher valence incumbents compromise more, compro-
mise to more extreme policies, and are re-elected more. We find that the correlation
between valence and extremism varies across different cohorts: the correlation is nega-
tive for first-term representatives, but positive in the long-run stationary distribution of
office-holders (large congress). This novel result might partially explain the conflicting
findings in the empirical literature and theoretical single-election models.

We then find that a FOSD improvement in the distribution of valences benefits
all voters. More heterogeneity in valence benefits the median voter, but may hurt a
majority of voters when voters are sufficiently risk averse.

We expand the model to allow interest groups to invest in candidate valence and
provide conditions under which the equilibrium expected policy choice of office holders
is more extreme when interest groups have more extreme ideologies, reducing welfare
of all voters.
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1 Introduction

Classic papers extend Hotelling (1929), Black (1948, 1958) and Downs (1957) to study how
politician and voter ideologies affect policy choice and electoral outcome. However, politi-
cians are also distinguished by other fundamental characteristics that voters value such as
competence, character, or organizational efficiency. Since Stokes (1963), a vast literature
has examined the role of this so-called valence dimension. Most of these models consider a
single election. In one class of these models, voters see the valence of all candidates prior to
the election (see Ansolabehere and Snyder (2000), Aragones and Palfrey (2000), or Grose-
close (2001)). In equilibrium, these models derive a negative correlation between valence and

! and a positive correlation between valence and the probability of winning the

extremism
election. In another class of these static models, voters do not see valence prior to the elec-
tion (Kartik and McAfee (2007) and Callander and Wilkie (2007)). In this class, candidates
with character/valence have an ezogenous cost of compromising, while candidates without
character can costlessly locate moderately to try to win the election. In equilibrium, this
class generates a positive correlation between character and extremism, and a negative corre-
lation between valence and the probability of winning the election. Empirically, researchers

obtain conflicting results regarding the correlation between valence and extremism.?

In this paper, we develop a dynamic citizen-candidate model of repeated elections, in
which candidates are distinguished by both their ideology and valence. Reputation/re-
election concerns drive policy choices, and serve to endogenize the costs of locating ex-
tremely. In our dynamic framework, we answer a series of questions regarding the effects
of a politician’s valence on policy choices and electoral outcomes. Who compromises more?
Who is more likely to be re-elected? Who chooses more extreme policies? We show that
the dynamic nature of elections is important: we find that the correlation between valence
and extremism wvaries across different cohorts of incumbents. This result might underlie the
inconsistent findings of empirical studies. We continue to describe how the distribution of
candidate valences affects the welfare of different voters and to endogenize the distribution

of valences via investment by interest groups.

In our model, valence is a characteristic of the office-holder that benefits each citizen by
the same amount, independently of ideologies. Ideology is uncorrelated with valence in the

population of candidates. Ideology and valence are initially private information to a candi-

'We use the term “extremism” to denote policy positions distant from the median voter’s preferred policy.
2See the debate over the marginality hypothesis in Fiorina (1973), Groseclose (2001) and Griffin (2008).



date, but an office-holder’s actions in office naturally reveal her valence to voters and convey
information about her future actions were she re-elected. Hence, valence in our model re-
flects characteristics such as competence and organizational efficiency (e.g., ability to handle
day-to-day non-ideological concerns of constituents, such as immigration issues or cutting
red tape for firms), that are observed only after the politician holds office. Although our
results also hold when political candidates are selected from the entire population at large,
in most of our analysis we maintain the more realistic premise that citizens are divided ac-
cording to their ideologies into liberal (left wing) and conservative (right wing) parties. Each
period, the election is either between an incumbent and a challenger drawn at random from

the opposing party, or the election is between untried candidates from the two parties.

Our modeling framework captures the fact that voters typically know more about an
incumbent running for re-election than an untried challenger3. Voters observe incumbent
performance in office and update their beliefs about her future policy choices and ability;
while they may know little more about a challenger than the information contained in her
party affiliation. Of course, this informational asymmetry between the incumbent and “risky
challenger” need not translate into an electoral advantage for the incumbent. When vot-
ers learn that an incumbent is incompetent (has low valence) or adopts extreme policies,
this informational asymmetry favors the untried challenger whose attributes have not been
revealed. Existing single-election models with valence do not incorporate this central asym-

metry between candidates—voters either know the valence of all candidates or none.

We provide sufficient conditions under which there exists a unique symmetric, stage-
undominated, stationary perfect Bayesian equilibrium. The median voter is decisive and the
equilibrium is completely summarized by thresholds that divide office-holders in 3 groups:
centrists who adopt their preferred platforms and win re-election, moderates who compro-
mise to win re-election, and extremists who adopt their extreme platforms and then lose
re-election—as in Duggan (2000). Here, however, thresholds vary with a politician’s valence.
This result reflects that the decisive median voter is willing to trade-off valence for policy, so
that incumbents with higher valence can win re-election by adopting more extreme policies

that lower valence incumbents would lose with.

Since higher valence politicians have this advantage, one might conjecture that (a) they
would be less willing to compromise, and (b) there would be a positive correlation between

valence and extremism. We find that, for incumbents in their first-term in office, both

3Bernhardt and Ingberman (1985) is the first paper to consider the consequences of informational differ-
ences between incumbents and challengers.



of these conjectures are wrong. In our dynamic setting where reputational concerns drive
policy choices, we prove that higher valence incumbents compromise more, compromise to
more extreme policies, and are re-elected more. A high quality incumbent internalizes the
fact that it is less costly to compromise—she can compromise to a more extreme position
and be re-elected. More importantly, for a high valence office holder, it is more costly to be
replaced by an untried candidate from the opposite party: (a) the new office-holder could
have a lower valence, and (b) the ideology of a high valence incumbent who is indifferent
to compromising is located further away from the expected policy of the challenger. Hence,

both the compromise set and probability of winning re-election strictly increase in valence.

We then prove that valence is negatively correlated with the degree of extremism in the
policy choice of newly-elected representatives. What drives this result are (a) higher valence
politicians are more willing to compromise, and (b) the extreme platform choices taken by
lemons—newly-elected representatives with both low valence and extreme ideologies who

choose to take extreme losing positions that reflect their underlying ideological preferences.

Still, the dynamic nature of the economy means that one must also account for the
re-election of good candidates and the replacement of bad ones: from a long-run perspec-
tive, the relevant distribution is the stationary distribution of office-holders. Over time, the
likelihood of having an extremist in office falls because extremists are more likely to lose
re-election. Combining this result with the fact that re-elected high valence incumbents can
win by adopting more extreme policies, we obtain a positive correlation between valence and
extremism in the stationary distribution of office-holders—equivalently, a positive correlation

between valence and policy in the cross-section of a large congress.

We then investigate how the welfare of different voters is affected by the distribution of
candidate valences. In particular, we investigate which voter ideologies benefit from a given
change in the distribution of valences. We consider the welfare impacts of both first- and
second- order stochastic dominance (FOSD, SOSD) shifts in the distribution of candidate
valences. Because the median voter is decisive and trades off valence and policy differently
from more extreme voters, the central questions are: does a stochastic shift in the distribution
of valences affect voters with more extreme ideologies in the same way as the median voter?
and how are the welfare gains or losses of different voters affected by the degree of voter risk
aversion over policies? We consider two notions of voter welfare: (a) the ex ante expected
lifetime payoff from electing an untried, first-term representative, and (b) the expected period

payoff realized in the long-run stationary distribution of office-holders. These notions arise



from the dynamic nature of our model, and correspond to the frameworks we use to analyze

the correlation between valence and extremism.

We first prove that a first-order stochastic dominance improvement in the distribution
of valences raises the median voter expected payoff from an untried candidate. This re-
sult reflects that an untried candidate is expected to have higher valence; and first-term

representatives with higher valence tend to implement policies closer to the median voter.

In the long-run stationary distribution, however, higher valence incumbents tend to im-
plement more extreme policies, which could hurt the median voter. There are opposing
effects. On the one hand, because the untried challenger becomes more attractive after the
FOSD improvement, to win re-election, an incumbent of any given valence level must com-
promise by more, locating closer to the median voter. On the other hand, the improvement
in the quality of the untried candidate and the tighter re-election standards reduce the in-
centives to compromise, increasing the number of politicians implementing extreme policies.
We prove that if incumbents are sufficiently likely to run for re-election, then the first effect
dominates and a FOSD improvement strictly increases median voter’s expected utility in the
stationary distribution of office holders. We then show that even though the median voter
trades off differently between valence and policy than voters with more extreme ideologies,
that this welfare gain extends to all voters. In essence, we find that all voters gain because

high valence candidates are more willing to compromise.

We next explore how a SOSD shift in the distribution of valences affects the welfare of
voters with different ideologies. We prove that the median voter gains from increased het-
erogeneity in valences—the median voter values the option of electing an untried challenger
who might have a high valence. We then retrieve the intuition that because the median
voter trades off differently between valence and ideology, voters with more extreme ideolo-
gies might be hurt by greater dispersion in valences. In particular, we find that if voters
are sufficiently risk averse, then a majority of voters (those with extreme ideologies) may
prefer an economy of “average” politicians whose unique valence corresponds to the average

valence in the economy with heterogeneity in valences.

Finally, we extend the model to allow interest groups to invest in valence of candidates,
and explore how the ideology of interest groups affects their investments and equilibrium
expected valence and policy. For example, the interest groups can provide resources that
stochastically improve the professionalism of a representative’s staff. We then derive con-

ditions under which interest groups with more extreme ideologies invest less in valence,



decreasing the expected utility of all voters. In essence, this result reflects that extreme in-
terest groups are hurt less by a low valence candidate who also has an extreme ideology, and
who locates extremely as a result. This reduced investment causes the median voter to set
slacker re-election standards, thereby increasing expected extremism in the policies of elected
officials; but it also induces more incumbents to compromise, reducing extremism. We define
conditions under which the first effect dominates, so that investment by more extreme interest

groups endogenously induces greater expected extremism in the policies of elected officials.

The paper is organized as follows. Section 2 relates our paper to the literature. Section 3
presents the model. Section 4 characterizes the equilibrium and the main results. Section 5
presents the welfare implications of exogenous changes in the valence distribution. Section 6

endogenizes valence via investments by interest groups. All the proofs are in the appendix.

2 Related Literature

Since Stokes (1963), a vast literature has examined the role of valence in politics, primarily in
a single-election framework. In one class of models, candidate valences are known before the
election and campaign policies are binding. Ansolabehere and Snyder (2000) consider a set-
ting with purely-office motivated candidates where the identity of the median voter is public
information. They show that when the valence advantage is not too large, then in the pure-
strategy Nash equilibrium, the candidate with valence advantage chooses a moderate policy
and wins the election with probability one. Aragones and Palfrey (2000) show that in the
modified setting where the median voter position is unknown, the candidate with valence ad-
vantage adopts a mixed strategy with a distribution of policies closer to the expected median
voter, and is more likely to win the election. Groseclose (2001) allows each candidate to have
a known policy preference, symmetric around the median voter, and finds an analogous re-
sult: the candidate with valence advantage chooses a pure-strategy policy that is closer to the
expected median voter and is more likely to win. laryczower and Mattozzi (2008) introduce
an endogenous number of candidates and endogenous investments in valence to this static

framework, where policy announcements are binding and valence is known before the election.

More recent papers maintain the single-election framework, but find opposite results
when the candidate’s type is private information. In Kartik and McAfee (2007), candidates
with “character” are by definition unable to compromise—their platform/policy is always

their ideology—but such “character” is also assumed to raise the utility of all voters. Can-



didates without character are purely office motivated, and can costlessly locate moderately.
As a result, Kartik and McAfee generate a positive correlation between character and ex-
tremism, and find that candidates without character are more likely to win. Callander and
Wilkie (2007) generalize Kartik and McAfee by supposing that campaign platforms are not
binding and candidates with character face a convex, but not infinite, cost of making cam-
paign promises further from their preferred, intended policy, and generate similar results.
Callander (2008) investigates a model where candidates have private information about their
motivation. Policy-motivated candidates have a higher cost of compromising. In equilibrium,

office-motivated candidates locate closer to the median voter and are more likely to win.

In sum, there is no consensus about the theoretical correlation between valance and
extremism in single-election models. When valence is known by the electorate, there is a
negative correlation between valence and extremism. Higher valence candidates exploit this
advantage by moving closer to the median voter to increase the probability of winning. When
valence is unknown, the assumed exogenous correlation between valence and the cost of com-
promising generates a positive correlation between valence and extremism, and a consequent

lower probability that high valence candidates win the election.

There is also no consensus in the empirical literature regarding the correlation between
valence and extremism. It is a challenge both to define valence and to measure it. For exam-
ple, Groseclose (2001) assumes that marginal incumbents, i.e., representatives with narrow
margin of victory, have low valence. Hence, if empirically the marginality hypothesis holds—
if marginal incumbents tend to moderate more—then it would suggest a positive correlation
between valence and extremism. Groseclose refers to Fiorina (1973) to reject the marginality
hypothesis and to argue that there is empirical evidence of a negative correlation between
valence and extremism. However, Griffin (2008) provides a recent empirical defense of the
marginality hypothesis. Our dynamic model suggests that the implications of valence for
extremism are more subtle; and that the design of empirical investigations should account

for the dynamic considerations that we identify.

Our model integrates valence into a repeated election framework along the lines of Dug-
gan (2000), Bernhardt, Dubey and Hughson (2004) and Bernhardt et al. (2008). As in
our paper, in that literature, voters observe an incumbent’s policy choice in office and can
forecast likely future actions, but have less information about challengers; and this gives rise
to cutoff rules that characterize how the median voter selects between candidates, and the

platforms that incumbents with different ideologies adopt. By integrating valence to these



models, we show how the endogenous cost of compromising and the re-election standard

varies across the different valence levels, and derive the consequences for voter welfare.

Meirowitz (2007) examines valence in a very different repeated election two party model,
in which each period one party draws an independent and identically distributed net valence
advantage. Policy preferences and valence advantage are known before election. When in
office, a party has private information about the feasible set of policies. Meirowitz finds that

a party with net valence advantage can select policies closer to its ideal point.

3 The Model

There is an interval [—a, +a] of citizen candidates, each indexed by her private ideology x,
distributed across society according to the c.d.f. ), with an associated single-peaked density
f that is symmetric about the median voter’s ideology, x = 0. Ideologies are private informa-
tion to candidates. Each citizen candidate is also characterized by a valence v € V' C [vp, vg],
where 0 < v, < vy. Valence is uncorrelated with candidate ideology, and is distributed in
the population according to the c.d.f. G with support V. Valence is uncorrelated with candi-
date ideology. Valence is initially private information of a candidate before she holds office,

but her performance in office reveals her valence to the electorate.

At any date ¢, an office holder with ideology x and valence v selects a policy p (z,v) =
y. The time-t utility of a citizen & depends on the implemented policy y, according to
ug(y,v) = L.(y) + v, where L,(y) = l(|x — y|) is a symmetric, single-peaked loss function
that is C?, with I’ < 0 and " < 0. We normalize [ (0) = 0 without loss of generality. Note
that u satisfies the single-crossing property: du,/dy is increasing in x. Period utilities are
discounted by factor ¢ € (0,1). In addition to the period utility w,(y,v), an office-holder
also receives an ego rent of p > 0 each period in office. Each period, after taking her position
in office, with probability ¢ € [0,1) an incumbent receives an exogenous shock and cannot
run for re-election. One can interpret this re-election shock as an unanticipated retirement

of the politician for health or family issues.

Although our results also hold when political candidates are selected from the entire
population at large, in most of our analysis we assume for the sake of realism that citizens
are divided into two parties, a left-wing party L, and a right-wing party R. Party L consists
of all citizen-candidates with ideologies x < 0, and party R has all possible candidates with

ideologies « > 0. At date 0, an office holder is randomly determined. In any subsequent



date-t majority rule election, an incumbent who runs for re-election faces a challenger from
the opposing party. The valence of an untested challenger is unknown to the voters, but its
distribution G is common knowledge. If the incumbent receives a re-election shock and does

not run for re-election, then both parties compete with untried candidates.

We assume that citizens adopt the weakly dominant strategy of voting for the candidate
whom they believe will provide them strictly higher discounted lifetime utility if elected—
citizens vote sincerely. We assume that a voter who is indifferent between an incumbent and
an untried challenger selects the incumbent. We will identify conditions under which the
median voter is decisive in equilibrium. Focusing on symmetric equilibria, we assume that in
elections between two untried candidates, the indifferent median voter randomizes, selecting
each candidate with equal probability. Importantly, our qualitative findings are unaffected
if the outcome of an election between two untried candidates is determined by the actions of
the departing incumbent, i.e., if the untried candidate from the party of the incumbent who is
stepping down wins if and only if the incumbent would have won, had she run for re-election.

In summary, the sequence of events at any period t is:
1. An office holder with valence v and ideology x implements her policy choice y = p(z,v).

2. The incumbent realizes a re-election shock

(a) With probability 1 — ¢, the incumbent runs for re-election.

(b) With probability ¢, the incumbent cannot run for re-election, so that her party draws
an untried candidate.

3. Opposing party draws an untried candidate.

4. Given the information about candidates (party affiliation for challengers; party affiliation,
valence and past policy choices for incumbents), citizens vote for their preferred candidate.

5. The winning politician assumes office.

4 Equilibrium

We focus on symmetric, stationary and stage-undominated perfect Bayesian equilibrium
(PBE). We view symmetry and stage undomination as natural equilibrium requirements.
Stationarity permits a tractable representation of equilibrium that highlights the features of
the trade off between valence and ideology, and the equilibrium behavior of incumbents of

different valence levels. A stationary policy strategy p for an office holder prescribes that



at any time t, she selects a policy that depends only on her ideology x and valence v. The

policy strategy is symmetric if p (z,v) = —p (—z,v).

Under the four sufficient conditions of Theorem 1 that we state momentarily, there is a
unique symmetric, stage-undominated, stationary perfect Bayesian equilibrium. Before we

present the theorem, we describe the roles that each of these sufficient conditions serves.

The first sufficient condition says that voters are not too risk averse. This assumption
ensures that an equilibrium is completely summarized by threshold functions w,c : V —
0, a], where for each v € V, 0 < w(v) < ¢(v) < a for party R, and —a < —c(v) < —w(v) <0
for party L. Incumbents from party R with valence v and centrist ideology = € [0, w(v)]
and extremist incumbents = € (¢(v),a] adopt their preferred policy y = x when in office.
Moderate politicians z € (w(v), ¢(v)] do not adopt their preferred policy, as they would then
lose office. Instead, they compromise and adopt the most extreme ideology that still allows
them to win re-election, i.e., they locate at w(v). In the next election, centrist and moderate
incumbents are re-elected, while extremists are ousted from office. The characterization is

symmetric for party L. Figure (1) depicts the thresholds for an office-holder with valence v.

Extremists
Moderates .
Centrists
[ | 1 A | |
| I | |
—a —c(v) —w(v) 0 w(v)  c(v) a

Figure 1: Thresholds for office-holders with valence v

If this sufficient condition is violated and voters are too risk averse, the compromise set
might not be connected: some incumbents with less extreme ideologies and some with very
extreme ideologies might compromise, while a group of incumbents with intermediate ideolo-
gies choose not to compromise. Analytically, our sufficient condition holds for Euclidean and
quadratic loss functions. Numerically, we solved the model for two valences, uniform and
truncated normal distributions for ideologies, and loss function L,(y) = —|x — y|*. We were

unable to construct counterexamples even with high levels of risk aversion, with z = 3 or 4.

To guarantee that equilibrium threshold functions are interior, 0 < w(v) < ¢(v) < a, we
also require that ego rents are not so high that a high valence incumbent with the most ex-
treme ideology a would compromise to win re-election, and that valences are not so dispersed
that low valence candidates cannot win re-election, even if they adopt the median voter’s

preferred policy, y = 0. These are natural requirements to avoid an uninteresting equilibrium



where low valence politicians always lose re-election and high valence politicians always win.

We prove uniqueness across equilibria that are ordered according to a natural monotonic-

ity property. We then provide sufficient conditions for this monotonicity property to hold.

Definition: Fix the parameters of the model, and let (w,c) and (w', ) be equilibrium thresh-

olds given valence distributions G and G'.

(a) Changes in the threshold function w are strictly monotone if for every equilibria (w, c)

and (W', ), and every pair of valences v,v € V

w'(v) > w(v) = w'(0) > w(d).

(b) Changes in the threshold function ¢ are weakly monotone if for every equilibria (w, c)

and (w', '), and valence v € V

w'(v) > wv) = d(v) > c(v).

Lemma A.8 in the appendix proves that changes in the threshold function w are always
strictly monotone. Lemma A.9 provides sufficient conditions under which changes in ¢ are
weakly monotone. When ¢ = 0, the sufficient conditions simply imply that changes in (w, ¢)
that reduce the payoff that the median voter expects from a left wing challenger, do not raise
by too much the payoff that a right wing citizen with x > 0 expects from that challenger.
Indeed, one might expect the opposite: changes in the left wing party that hurt the median
voter, should hurt a right wing voter by more. We can prove that changes in the threshold
function c are weakly monotone if the loss function is quadratic and selection of untried candi-
dates is at-large. Numerically, with party selection, we always obtained monotonicity for uni-

form or truncated ideologies, loss function L,(y) = —|z —y|* for z € [1,4], and two valences.

Theorem 1 Consider the class of symmetric, stationary, stage-undominated perfect Bayesian
equilibrium (PBE). There exist uniform bounds M" < 0, 0 < M", 0 < p and 0 < v such
that if

C1. voters are not too risk averse, M" <1" <0 and |[I""| < M";
C2. ego rent is not too high, p < p;
C3. valence set is not too large, vy — vy < 7,
then an equilibrium exists. The median voter is decisive, and every equilibrium completely

summarized by threshold functions w,c : V. — (0,a), where for each v € V, 0 < w(v) <
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c(v) < a for party R, and symmetric thresholds —w(v) and —c(v) for party L. Furthermore,

the equilibrium is unique if

C}. changes in the threshold function c are weakly monotone.

For the remaining of the paper we assume that conditions C1-C4 hold. To simplify presen-

tation we write w, = w(v) and ¢, = ¢(v).

Voter optimization. Let U, (y,v|w,c) denote the equilibrium continuation utility that
a voter with ideology = expects to derive from a date-t office-holder with valence v who
adopts platform y, if the incumbent is reelected every time she runs for office. Define U’
to be the equilibrium continuation utility that x expects to derive from selecting an untried
representative from party j = L, R, and let U, (w,c) = (UF (w,c) + UF (w, c))/2 represent
the payoff x expects from an untried challenger drawn from at large. Integrating over the

possibility of an election shock, the continuation payoff that x expects from an incumbent is
Uz (w,c) + U7 (w,c)
2

Uz(y7v|wvc) = ux(yvv)(1_5)+6 q

oq
(1-9)

If the date-t incumbent from party L with valence v adopts platform

+ (1= q) Vs (y,vw, 0)| (1)

= ku,(y,v)+k U, (w,c), (2)

where k = %.
y, then a voter with ideology = votes for incumbent if and only if U, (y,v|w, c) > Ul (w,c).
Similarly, voter z selects an incumbent from party R if and only if U, (y, v|w, c) > UL (w, c).
The median voter is decisive whenever an incumbent is re-elected if and only if the median
voter prefers the incumbent to the challenger. That is, an incumbent from party L with
valence v who adopts policy ¥ is re-elected if and only if Uy(y,v|w,c) > UF(w,c), and an

incumbent from party R is re-elected if and only if Uy(y, v|w,c) > U (w,c).
The equilibrium functions w, ¢ obey the following recursive equations. First, for any
velV,
Us (wy, v|w, ¢) = UF (w,c) = U (w, c) = Uy (w, c). (3)
This recursive condition describes the voting rule for the decisive median voter. In particular,
an incumbent with valence v who implements policy w, leaves the median voter indifferent

between the incumbent and a random challenger from the opposite party. In light of sym-

metry, the median voter is indifferent between random challengers from either party.

The second recursive equation describes the compromise decision for the marginal in-

cumbent with valence v and ideology ¢,. For any v € V,

Ue, (wy,v|w, ) + pk = (v+p) (1 = 8) + 6qU,, (w,¢) + 6 (1 —q) UL (w,c). (4)
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An incumbent from party R with valence v and ideology ¢, is indifferent between (i) compro-
mising to policy w, to win if she runs for re-election, and (ii) adopting her own ideology ¢, as
a policy and losing to a challenger from the opposite party if she runs for reelection—which
happens with probability (1 — ¢). An analogous recursive equation characterizes a party L

incumbent with valence v and ideology —c,.

For any citizen with ideology z, the PBE continuation expected value from electing a

challenger from party L is:

vt = 2 [ L [t + 27 0] aF )

—Wy

+ /_wv {ux(—wy,v) + %Ux (w,C)} dF (y)

Cov

6(1—q)

(5)

== [ o+ 250 .0 + D0 w0 ar ) a6 o)

a

To understand this expression, recognize that the challenger’s valence v is drawn from the set
V. For each v, the challenger’s ideology y will turn out to be either (a) centrist, y € [—w,, 0];
(b) moderate, y € [—¢,, —w,); or (c) extremist, y € [—a, —¢,). A centrist candidate adopts
her own ideology as policy and is re-elected every time she runs for office, which provides
an expected continuation payoff of U, (y, v|w,c) = ku,(y,v) + k%ﬁm(w, ¢) to a voter with
ideology z. A moderate candidate compromises to —w, and also wins re-election so that
Up(—wy, v|w, ¢) = ku,(—w,,v) + k%ﬁx(w, c). Finally, an extremist candidate adopts her
own ideology and loses to an untried candidate from party R when she runs for re-election.

Hence, voter x derives an expected continuation payoff from an extremist politician of
(1= d)us(y, v) +0qUs(w, c) +6(1 — ) U (w, ),

which we rewrite as k[1 — 6(1 — ¢)][u.(y,v) + 20U, (w, c) + %Uﬁ(w, c)].

Analogously, the payoff that voter x expects to derive from a challenger from party R is

vt = ok [{[7 o) + 25T 0] aF )

NN T

6(1—q)
1_

(6)

v =g [ a0 + 25T (w0, 0) 4 L0 (0| dF () a6 ).
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4.1 Equilibrium Characterization

From equation (2) for the median voter, reelecting an incumbent with valence v who adopts

policy w, results in an expected discounted lifetime payoff of

dq
1—6

Un(wy, v|w, ¢) = k(v + Lo(w,)) + k-——=Uo(w, ). (7)

From equilibrium condition (3) we have Uy(w,, v|w, ¢) = Ug(w, c), so simplifying (7) yields

Uo(w,, v|w, ¢) = v+ Lo(w,). (8)
For an office holder with valence v and ideology = = ¢,, we use equation (2) to rewrite
equilibrium condition (4) as

0q —

k U+p+LCU(w’U)+ﬁUCU(w7C) :(U+p)(1_5>+5qUCU (wvc)—i_(s(l_Q)Ucl; (wvc)' (9)

Proposition 1 Take any equilibrium (w,c). For any vy,v, € V,
1. High wvalence office-holders can take more extreme policy positions and be reelected,

Vg >V, = Wy > W[;

2. Valence 1is positively correlated with probability of being reelected,

Vg >V = Cyg > CL;

3. The compromise set is strictly increasing in valence,

Vg >V = Cyg — Wy > Cf, — W,

The first result reflects that the decisive median voter is prepared to trade off valence for
policy—she values valence and hence is willing to tolerate more extreme policies from higher
valence incumbents. The second result reflects that an office-holder with higher valence vy
and ideology ¢y, is more willing to compromise than a lower valence vy, politician with the
same ideology. This is because (a) her higher valence generates a higher payoff when in
office, and (b) it is less costly for her to compromise since she can do so to a more extreme

position, wy > wy.
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The third result says that if vy > vy then cg—cp > wg—wyr. To understand this stronger
result, consider a low valence incumbent with ideology c;, and a high valence incumbent with
ideology zy = ¢+ (wyg —wg). In terms of the distance between incumbent’s ideology and re-
election standard w,,, both incumbents face the same cost of compromising to win re-election.
However, incumbent z g faces a higher cost than incumbent ¢y, of not compromising and then
being replaced by an untried candidate from the opposing party—incumbent xy is further
from any untried challenger of the opposing party than c¢;, and Lemma A.2 shows that as
a result xy faces a higher cost of being replaced. Moreover, the higher valence vy generates
more utility than vy, when incumbent xy is in office. Therefore, the higher benefit from
compromising together with the higher cost of not compromising makes the higher valence

office-holder xx more willing to compromise, which results in a larger compromise set.

These results imply that valence is positively correlated with extremism for re-elected
incumbents and for losing office holders. That is, on average, re-elected high valence office
holders take more extreme policies than re-elected low valence office-holders; and losing office
holders with high valence take more extreme positions than losing office holders with low
valence. The positive correlation between valence and extremism for re-elected office-holders
emerges because the median voter sets slacker re-election standards for higher valence can-
didates that allow them to adopt more extreme positions and be re-elected. Among losing
candidates, the set of extremist incumbents (c¢,,a| is decreasing in valence because higher
valence candidates are more willing to compromise, which implies that the losing higher

valence candidates on average locate more extremely.

However, these results do not imply that valence is positively correlated with extremism
in the population. This is because for any fixed valence level, losing incumbents adopt on
average more extreme policies than re-elected officials; and since the number of extreme
politicians falls with valence, so does the ratio of losing to re-elected officials. The next
proposition shows that for politicians in their first term in office, the “lemons effect” dom-
inates when ideologies are uniformly-distributed*—there are sufficiently more low valence
candidates with extreme ideologies that the correlation between valence and extremism of

first term office holders is negative.

Proposition 2 (Valence & Extremism: First-Term) Valence is negatively correlated

with extremism for first-term office holders when ideologies are uniformly distributed.

4Numerically, we find the same result for truncated normal distributions.
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Proposition 2 only addresses a subset of representatives—those in their first term in
office. Our model is intrinsically dynamic so that we must also account for the re-election
of good candidates and the replacement of bad ones—over time, the likelihood of having
an extremist in office falls because extremists are more likely to lose re-election. From a
long-run perspective, the relevant distribution is the stationary distribution of office-holders,

or equivalently the cross-sectional distribution of policies and valence in a large congress.®

While Proposition 2 established a negative correlation between valence and extremism,
Proposition 3 shows that this relationship is reversed in the steady-state distribution of a
large congress. Analytically, Proposition 3 below establishes a positive correlation between
valence and extremism whenever the probability ¢ that an incumbent quits for exogenous

reasons is either sufficiently small or large. Numerically, this correlation holds for all q.

Proposition 3 (Valence & Extremism: Large Congress) There are bounds g > 0 and
q < 1 such that if ¢ € [0,q| or q € [q, 1), then in the long-run stationary distribution of office

holders, valence is positively correlated with extremism.

Proposition 3 shows that, in a large congress, higher valence office holders are more likely to
implement more extreme policies, even though valence and ideology are ex ante uncorrelated
in the population, and we do not impose exogenous costs of compromising. In fact, this result
emerges despite the fact that high valence candidates compromise more (Proposition 1.3).
The result is driven by the median voter’s willingness to re-elect high valence office holders

with more extreme policies (Proposition 1.1).

Propositions 2 and 3 show how important it is to consider the implications of incentives
in a dynamic framework, when investigating the correlation between valence and extremism.

They show that the sign of the correlation varies across different cohorts of office holders.

5 Ex-Ante Welfare

We consider two notions of voter welfare: (a) the ex ante expected discounted lifetime payoff
from electing an untried challenger drawn from either party with equal probability to serve
as a first-term representative, and (b) the expected period payoff integrating over valences

and policy choices using the long-run stationary distribution of office-holders. These notions

As in Bernhardt et al. (2004), we ignore the issue of how aggregation of ideologies in Congress affects
policy outcomes. We simply assume that, at each election, voters behave as if only the ideology of their
representative determines policy outcomes.
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arise from the dynamic nature of our model, and correspond to the frameworks we used to
analyze the correlation between valence and extremism in Propositions 2 and 3. We focus
on how exogenous changes in the distribution of valences affect equilibrium strategies and
the welfare of voters with different ideologies. As proved in Proposition A.1, a location shift
of the valence distribution does not affect voter choices between candidates: from a strategic
standpoint the mean of the valence distribution is simply an irrelevant lump sum transfer
to all agents; what matters is the distribution of valences around the mean. Hence, without

loss of generality, we can normalize the lowest valence to zero.

A more intriguing question is: how are voters affected by a first-order stochastic domi-
nance improvement in the distribution of valences that raises the probability of high valence
candidates? Our previous results revealed that incumbents with higher valences compromise
to more extreme positions, and in the stationary distribution of office holders, they adopt
more extreme positions. As a result, one might conjecture that the median voter might be
hurt by an increase in the probability of high valence candidates. The next results show that
this conjecture is false. While Proposition 4 only establishes analytically that an improve-
ment in the distribution of valences benefits the median voter when ¢ is sufficiently small or

large, we find numerically that the result extends for all g.

Proposition 4 (Valence Distribution Improvement) A First-Order Stochastic Domi-

nance improvement in the distribution of valences strictly increases the median voter’s

e Fx ante expected payoff from an untried, first-term representative.

e Faxpected period payoff in the long-run stationary distribution of office holders when

q € [0,q], with ¢ > 0 sufficiently small, or q € [q,1), with @ < 1 sufficiently large.

Valence is valued and, for untried candidates, is negatively correlated with extremism. Hence,
an improvement in the valence distribution raises the payoff that the median voter expects to
derive from an untried candidate. The untried candidate becomes more attractive, inducing
the decisive median voter to set tighter re-election standards for all valence levels: re-election
cutoffs w, move closer to the median voter. However, there is an indirect offsetting effect—the
decline in w, is accompanied by a decline in ¢,, making this proposition far from trivial to es-
tablish. In particular, a politician with valence v and ideology ¢, has (a) a higher cost of com-
promising, since w, is now closer to the median voter, and (b) a lower cost of being replaced by

a challenger, who now has a higher expected valence and faces tighter re-election standards.

16



As a result, more politicians choose to locate extremely and lose, and this hurts the median
voter. However, we prove that the direct positive effect dominates—if not, the median voter
would be worse off and hence set looser re-election standards, which would increase incentives

of extremist incumbents to compromise, raising median voter welfare, a contradiction.

It is even more challenging to establish the second welfare result, because in the stationary
distribution of office holders, valence is positively correlated with extremism, and this hurts
the median voter. All re-elected officials who compromise locate closer to the median voter,
but there are more extreme incumbents. When incumbents are likely to run for re-election (g
is small), enough representatives in the large congress are returning centrist/compromising
incumbents that the first effect dominates and the valence improvement benefits the median
voter. When ¢ is close to one, the difference in expected policy across valence levels is small,
and tighter re-election standards together with higher expected valence benefits the median

voter. Numerically these results extend to intermediate ¢.

Although the median voter is better off, voters with different ideologies trade off dif-
ferently between valence and policy. The decisive median voter is more willing to accept
a more extreme position from a high valence incumbent from party R than any voter in
party L: voters in party L are further from the incumbent, and due to the concavity of
the loss function, are less willing to trade off extremism for valence. Therefore, one might
conjecture that some voters could be hurt by an increase in the probability of high valence
candidates—and the consequent increase in the equilibrium number of extreme incumbents

of all valence levels. This conjecture is also wrong.

Proposition 5 If the loss function is quadratic, then all voters benefit by the same amount
as the median voter from a First-Order Stochastic Dominance improvement in the distribu-

tion of valences.

This analytical result is difficult to extend to other loss functions, due to the implications of
changes in the compromise standards ¢, of incumbents with different valences. Numerically,
we find that all voters benefit from a stochastic improvement in the valence distribution when
ideologies are drawn from uniform or truncated normal distribution, loss functions take the
form L,(y) = —|x—y|* for z € [1,4], and there are two valences. What drives these numerical
findings is that higher valence candidates are more willing to compromise (Proposition 1.3).
Moreover, the higher expected valence of challengers induces the median voter to set more de-
manding re-election standards. Hence, incumbents of all valence levels must compromise to

more moderate policies to win re-election, and this increases the ex ante welfare of all voters.
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Now consider a two-type valence setting: with probability p € (0,1) an untried candidate
has valence vy, and with probability (1 —p) her valence is vy, where vy > vy. How does the
stationary policy in a large congress changes with a marginal increase in the probability p of
drawing a high valence untried candidate? The direct effect of an increasing p is to increase
the likelihood of a high valence candidate, who is expected to adopt a more extreme policy
in the large congress. However, there are secondary effects on the equilibrium thresholds w,,
and c,. The better-off median voter sets stricter standards for re-election: w,’s decrease,
decreasing expected extremism in the policies of re-elected officials. The stricter re-election
standard and the increased expected utility from untried candidates decrease compromising:
¢,’s decrease, increasing expected extremism. Whenever the first and third effects dominate,
a marginal increase in p induces greater expected extremism in the large congress equilibrium
policy. When p = 0 and p = 1 we know from Proposition A.1 that the equilibrium policy
is the same—indicating that whether an increase in p gives rise to more extreme expected
policies must depend on parameters. Consider a uniform distribution of ideologies, and

assume away ego rents and re-election shocks, p = ¢ = 0. Numerically we verified that

Result 1: The expected stationary policy in a large congress is a strictly concave, single-

peaked function of p.

5.1 Valence Heterogeneity

We now investigate whether and when voters prefer an environment with more heterogeneity
in valences. In particular, given two valence distributions with the same mean, G and G’, such
that distribution G second-order stochastically dominates G’, are some voters hurt by the
“riskier” distribution G’? and if so, who? Although our results extend to more general distri-

butions, for simplicity, we compare a single valence setting with a two-type valence setting.

In a single valence setting, candidates have valence v = v with probability one. Proposi-
tion A.1 reveals that the equilibrium thresholds {w, ¢} are independent of valence v. A Awv
increase in valence increases the expected utility of each voter by Awv. Further, Proposition

A .2 shows that w and ¢ are linear functions of a.

In a two-type valence setting, with probability p € (0, 1) an untried candidate has valence
vy, and with probability (1 — p) her valence is vy, where vy > vy. Let {wpy, cy,wr,cp} be

the associated equilibrium thresholds. Proposition 6 compares the two cases.

Proposition 6 Fix the parameters a,0 and z. Let {wy,cy,wr,cr} be the equilibrium
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thresholds when there are two valence types, vy > vy, vy occurring with probability p € (0, 1).

Let {w, c} be the equilibrium thresholds when there is a unique valence type v. Then:

1. wyg > w > wy,
2. cg > ¢ > cr,

3. cg—wg>Cc—w>cp — Wy,

That is, when we compare the high valence incumbent in the heterogeneous valence setting
with the incumbent in the homogeneous valence setting, we find that a high valence incum-
bent (1) can be reelected with a more extreme policy, (2) is more likely to be re-elected, and

(3) has a larger compromise set. The opposite holds for a low valence incumbent.

To illustrate how the likelihood of the high valence type affects equilibrium cutoffs we
consider an example where ideologies are uniformly distributed on [—10, 10], Euclidean loss
functions, L,(y) = —|z — y|, a discount factor of 6 = 0.35, and we assume away ego rents
and re-election shocks, p = ¢ = 0. Table 1 shows how cutoffs vary with p. Note that the
low valence thresholds for p = 0 and the high valence thresholds for p = 1 are exactly the
same: Both are strategically equivalent to a unique valence setting, and from Proposition
A.1, the higher expected valence is simply a lump-sum transfer. As we move from p = 0 to
p = 1, the increase in the expected valence induces the median voter to set tighter re-election
standards for both types, and both types are less willing to compromise, since compromising
is more costly and the untried challenger is stochastically better. Figure 2 illustrates this,
contrasting the one-valence and two-valence cases for p = .1 and p = .9.

p wr, WH CL, Ccy

0.0 | 3.8553 | 4.8553 | 7.7142 | 9.7766
0.1 ] 3.7509 | 4.7509 | 7.4979 | 9.5589
0.2 | 3.6476 | 4.6476 | 7.2841 | 9.3437
0.3 | 3.5452 | 4.5452 | 7.0729 | 9.1312
0.4 ] 3.4438 | 4.4438 | 6.8642 | 8.9213
0.5 ] 3.3434 | 4.3434 | 6.6581 | 8.7139
0.6 | 3.2439 | 4.2439 | 6.4544 | 8.509
0.7 | 3.1453 | 4.1453 | 6.2531 | 8.3066
0.8 | 3.0477 | 4.0477 | 6.0543 | 8.1067

0.9 | 29510 | 3.9510 | 5.8578 | 7.9093
1.0 | 2.8553 | 3.8553 | 5.6637 | 7.7142

Table 1: Thresholds for different values of p, using a = 10, 6 = 0.35, z =1, vy = 1, vy, = 0.
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Figure 2: Thresholds for one and two-valence cases, with p = 0.1 and p’ = 0.9.

Proposition 7 For any given set of parameter values, there exists a 6 < 1 such that, if
0 > d—i.e., if voters are sufficiently patient—then the median voter’s expected payoff from
an untried challenger is strictly higher in a heterogeneous two-valence environment, with
valences vy > vy, and probability p € (0,1) of vy, than in a homogeneous environment where

the unique valence is the average valence, v = pvy + (1 — p)vg.

The proposition says that a patient median voter prefers to have heterogeneity in va-
lences.® This result could seem counterintuitive if one expects a risk-averse median voter to
be hurt by (a) the gamble, (b) the more extreme equilibrium compromise cutoff by a high
valence type (wg > w), and (c) the reduced willingness of low valence types to compromise
(cp < ¢). However, those losses are more than compensated by the gains from the “compe-
tition” between good and bad candidates: (a) a low valence candidate has to take a more
moderate position to be re-elected (wy, < w), (b) high valence candidates are more willing to
compromise (cy > ¢), and most importantly, (c¢) there is a positive option value associated
with an untried challenger who may turn out to have a high valence—the decisive median
voter has the option of voting extremist, low valence types out of office, in the hope of
drawing a centrist/moderate high valence candidate. Since low valence incumbents are more
likely to be ousted from office, in the long-run, heterogeneity raises the expected valence in
the cross-section of office holders. When the median voter is patient the value of this future
expected benefit exceeds the immediate costs associated with the reduced willingness of low

valence candidates to compromise (a result that extends numerically to small 9).

But what about other voters? We now retrieve the intuition that because voters trade-off

valence for policy differently, even though the median voter may gain from heterogeneity in

SNumerically we find that the result extends to small values of 6.
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candidate qualities, voters with more extreme ideologies may be hurt. When we increase
the heterogeneity in valence, it increases the long-run expected valence, which benefits all
voters by the same amount. However, the relative impact of changes in equilibrium policies
depends on the extent of voter risk aversion. To make this point, we consider loss functions
L.(y) = —|z — y|* with z > 1.

Euclidean loss function, z = 1. Analytically one can show that when voters have Eu-
clidean loss function, changes that induce more extreme expected equilibrium policies hurt
the median voter (and voters close to her) by more than extreme voters close to a. This is
because extreme voters are “almost” risk neutral with respect to changes in the (symmet-
ric) policy, and hence almost indifferent to mean zero shifts in policy. We know that the
introduction of heterogeneity increases the expected equilibrium valence, which benefits all
voters by the same amount. Therefore, if heterogeneity also yields more extreme policies,
then voters with sufficiently extreme ideologies gain more than the median voter (and voters

sufficiently close to her). Numerically we find that this is the case.

However, the fact that the median and extreme voters benefit from valence heterogeneity
does not imply that all voters benefit. In fact, while most voters gain from valence het-
erogeneity (sufficiently extreme voters gaining more than voters close to the median), the
welfare impact is not monotonic for ideologies close to the original cutoffs w and ¢. These
voters are the most affected by the changes to the two valence cutoffs {wy,wr} and {cy, cp},
and voters close to w lose: both compromising candidates with high valence and low move
away from w (low valence candidates compromise further, while high valence candidates

compromise by less).

Quadratic loss function, z = 2. As Proposition 5 revealed, when voters have quadratic
loss functions, U, (w, ¢) = Ug(w, ¢) —x2. Therefore, valence heterogeneity raises every voter’s

expected ex ante payoff from an untried challenger by the same amount as the median voter.

Cubic loss function, z = 3. When voters are more risk averse, with cubic loss functions, we
find numerically that a shift from one-valence to a two-valence environment hurts all voters
with sufficiently extreme ideologies: there exists an > 0 such that a voter with ideology x
is hurt if and only if |x| > Z. For example, when ideologies are uniformly distributed in the
interval [—10,10], 6 = .15, v, =0, vy = 1, p = 1/2, p = ¢ = 0, we find that T = 2.25; i.e.,
even though the median voter benefits from valence heterogeneity, 77.5% of voters would

prefer the economy of “average” politicians to that with heterogeneity in valences.
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6 Investment in Valence

We now extend the model to endogenize the probability an untried candidate has high
valence. To do this, we introduce two symmetric Interest Groups (IG) with ideologies —i
and +i¢. IG —7 supports party L while IG 7 supports party R. The interest groups have the
same utility function as voters {—i, +i}. There are two possible valence levels, vy > vy > 0.
In each election, an interest group can invest to increase the probability that an untried
challenger from its supported party develops high valence. For example, the interest groups
can provide resources that stochastically improve the professionalism of a representative’s
staff. At a cost of ¢(p) for p € [0, 1], IGs can provide a probability p that the untried candidate
has high valence. The cost function ¢(p) is C?, with ¢ > 0, ¢’ > 0 and ¢(0) = 0. When an
incumbent is running for reelection, her supporting IG cannot invest — an incumbent keeps
her valence for her entire political career. The realized investment level is not observed by
voters or the opposing IG, but agents correctly predict the equilibrium probability p* that

an untried candidate has high valence.

We focus on a setting where ideologies are uniformly distributed, the loss function is
quadratic, I(|z]) = —|z|?, all incumbents run for re-election (¢ = 0), and the IGs employ
symmetric strategies. In equilibrium, the opposing IG never invests when the incumbent
with valence v adopts a centrist policy |y| < w,: the untried candidate is sure to lose. The
opposing IG is only willing to invest if the incumbent chose an extreme policy |y| > w, and
will not be re-elected. Now w, leaves the median voter indifferent between reelecting an
incumbent with valence v who adopts policy w, and electing an untried candidate party who
has the low valence vy with probability one. The other equilibrium equations remain the
same, but must now use the endogenous equilibrium probability p*. The IG’s investment is
pinned down by the first-order condition

d(p) = 2{

a

CH

/ﬁu—&wH—u—w%+&¢mumw+/‘wﬂ—a—mmuy

CH wH

+QAWWH—@—w%w—/ﬁu—awL—u—w%+&ﬁwumuy

CcL

- /wCL [, — (i —wy)’]dy — /OwL [op — (i = y)Q]dy}- (10)

L

Equation (10) states that the marginal cost of the investment equals its marginal expected
benefit, which is the expected payoff difference from drawing a high valence untried can-
didate versus a low valence one. For an IG whose ideology is close to the median voter’s,

there are three benefits from increasing the probability of a high valence candidate: (a)
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valence itself, (b) untried, high valence candidates are more likely to adopt policies closer
to the median voter (Proposition 2), and (c) reduced turnover (Proposition 1.2). An IG
with a more extreme ideology receives the same benefit from valence itself, but the other
two factors move in opposite directions. The extreme right-wing IG prefers its supported
candidate to adopt more extreme, right-wing policies—a moderate high valence candidate
is not beneficial. However, turnover hurts more extreme interest groups, so they value the
reduced turnover of high valence candidates. The next proposition shows that the prefer-
ence for extreme policies dominates. Moreover, less investment” implies smaller p*, and by

Propositions 4 and 5, this implies that untried candidates yield lower payoffs to all voters.

Proposition 8 (Investment in Valence) Investment in valence decreases with extremism
of interest groups, which hurts all voters. It strictly decreases whenever p* € (0,1). Moreover,

sufficiently centrist interest groups always invest a strictly positive amount in valence, p* > 0.

Corollary 1 Conditional on valence type, extremism of re-elected officials is positively cor-

related with extremism of interest groups.

Figure 3 depicts the equilibrium probabilities of a high valence challenger for different
values of IGs’ ideologies when ¢(p) = 20p?, and the model parameters are: a = 100, vg = 10,
v, = 0, 6 = .35. When we move from a moderate IG to an extreme IG, the endogenous

probability of drawing a high valence challenger drops from 83% to 74%.

p*
0.&%r

i

Z0n a0 G0 an ]

Figure 3: Equilibrium probability of high valence challenger. Parameters: a = 20, a = 100,
UH:10,0L20,5:.35

7Our result only states that more extreme IG’s invest less in the valence of their supported candidates,
but we do not make any claims about total expenditures. We do not model advertisements or campaign
expenditures—areas where empirical evidence suggests that more extreme IG’s spend more money.

23



How Corollary 1 extends to the unconditional case? That is, how does the reduced in-
vestment by more extreme interest groups affect the expected stationary policy in a large
congress? From Result 1, the expected stationary policy is a strictly concave, single peaked
function of equilibrium probability px. Therefore, there will be more extremism if the equi-

librium probabilities px for each interest group are sufficiently high. That is,

Corollary 2 If Result 1 holds, then extremism in a large congress is positively correlated
with extremism of interest groups if the marginal cost of investment in valence is sufficiently

low.

For example, when c(p) = ap?, more extreme interest groups give rise to more polarized

platforms if and only if « is sufficiently low (but not so low that p = 1).

7 Conclusion

In this paper, we develop a dynamic citizen-candidate model of repeated elections, in which
candidates are distinguished by both their ideology and valence. Reputation/re-election
concerns drive policy choices, and serve to endogenize the costs of locating extremely. We
find that higher valence incumbents compromise more, compromise to more extreme policies,
and are re-elected more. However, this does not imply that valence is negatively correlated
with extremism: while the correlation is negative for first-term representatives, it is positive in
the long-run stationary distribution of office-holders (large congress). That is, incorporating
the dynamic nature of political competition is important. We then show that while a FOSD
improvement in the distribution of valences benefits all voters, more heterogeneity in valence

benefits the median voter, but may hurt most voters when they are sufficiently risk averse.

A maintained assumption of our model was that a politician’s valence did not vary with
her tenure. However, one might believe that valence may rise with tenure say due to greater
pork provision by more senior incumbents, as in Bernhardt et al. (2004), or because, due
to learning-by-doing, politicians become better at providing for their constituents with ex-
perience. When valence increases with tenure, it follows routinely that voters set slacker
re-election standards for more senior incumbents. As a result, following any single re-elected
politician along time, a researcher will uncover a positive correlation between extremism and
tenure (seniority effect), as more senior incumbents need not moderate by as much to win

re-election. However, if one compares the cohort of first-term representatives with the cohort
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of senior representatives, there is an opposing group selection effect because extremist first-
term representatives are ousted from office. Disentangling and measuring these two effects,
and their consequences for the relationship between extremism and valence, is an important,

albeit complicating, task for empirical researchers.
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8 Appendix

Proof: [Theorem 1] Define WF C [—a,0] as the party L win set for candidates with va-
lence v. In equilibrium, an incumbent with ideology z € WX and valence v implements her
own ideology as policy and wins re-election. Define CL C [—a, 0] as the party L compromise
set for candidates with valence v. In equilibrium, an incumbent with ideology = € CL and
valence v does not adopt her own ideology as policy—she compromises to policy p(z,v) =
arg min,ewz [(J2 — wl), i.e., to the least costly policy that allows her to win re-election. De-
fine the compromise function ¢*(y,v) = arg min, ey [(|x — w|). From symmetry, for y <0,
cE(y,v) = —cf'(—y,v). Define EL C [—a, 0] as the party L extremist set for candidates with
valence v. In equilibrium, an incumbent with ideology x € EX and valence v implements as
policy her own ideology and loses re-election. Analogously define the symmetric sets W2
CE and EE for party R. Notice that WL, CZ and EL partition [—a, 0]. Define the complete
win set as W = {(y,v) € [~a,a] x V]ly € WEFUWS}, and define C and E analogously.

For any voter z, the expected payoff from electing an untried candidate from party L is
0 —
vrwe) =k [{2] fuwo+ 2Lrmo)a
v Jwe 1-9¢

+ 2 /C ) [u (et (y,v),v) + %Um(W, C)] dF (y)

v

+ [1-601 —q)]z/

Ef

_ 1—
s 0) + 12500700+ L= LU v ar () a6 o).
Define 8 = 6(1 — q) [, 2 [, dF(y) dG(v), which is §(1 — ¢) times the probability that a

random candidate from party L belongs to the extremist set. Notice that 5 € [0,1) and

/V{Q/WUL dF(y)+2/q§ dF(y)+[1—5(1—q)]2/E£ dF(y)}dG(v) —1-3 (11)

With this notation in hand, we rewrite UX (W, C'):

ulkw,c) = k/V{Q /W ux(y,v)dF(y)—i-Q/ ug (" (y,v),v) dF (y)

Cy

+ [1—(5(1—q)]2/EL ug (y,v) dF(y)}dG(v)
0,

+ k- B

U.(W,C) + BUS (W, C),
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where U, (W, C) = Us (W’C);Ug W.0). Analogously, we have

Ukw,c) = k/v{2/wﬁ ux(y,v)dF(y)—|—2/C§ Uy (CR(y,v),v) dF(y)

b a2 [ ) dF) bace)

Ef

b k1= 9T, 0) + JUEW,C).

Substituting UZ(W, C') into UX(W, C) and exploiting symmetry
vt w.0) = k{2 [ o)+ e (CrolF )
1% Wik
2 [ (0 0).0) + e (=), 0)AF ()
ch

+ [1-6(1—- q)]2/ [us (y,v) + Buy, (—y,v)|dF (y)}dG (v)

Ef

T [ m%m(w, C) + BUE(W, C).

Subtracting 2UL (W, C') from both sides and dividing both sides by [1 — G][1 + ] yields

+ Q/CUL [um (C (y,U),’U) ;‘f;z (_C <y7v)7v)]dF (y)
+ [1—6(1—q)2 /E [t () ffgm =yl )5 @)}d(: (v) + klé—_q(sm(w, ).

For each pair valence v and ideology y < 0, we take a weighted average between the instant
utility of the (negative) ideology y and its symmetric positive counterpart —y, where more

weight is given to the negative ideology. Symmetrically, we have

UR(W.C) - %/{/{Q/I/VR (U2 (9,0) + Ot (=9, 0)] o

1+
[uz By, v),v) + Buy (—cF(y,v),v)]
+2 /05 175 dF (y)
1= 51— ¢)]2 /ER [ (4, V) ff;”f =99y (y)}dG (v) + k%m(w, o),

where most weight is given to the now positive y. Finally, the expected utility from a
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candidate drawn at large is

TW.C) = UL (W,O);Uz w.C) _ 1 —ﬁ/{Z/W -I—ux( y,v)]dF<y)
[us By, v),v) + uy (—cf(y,v),v)]
+2 /05 5 dF (y
Y e <y>}dG< )+ k2T n0),
where equal weight is given to both parties. Rearranging terms yields
Ux(W, C) _ ﬁ /‘/{2 /VVR [ux (:%U) +2uz (_yav)]dF <y) (13)
[, (" (y,0), ) + u, (—c(y,0),v)]
+ 2/05 5 dF (y)
b [1-0(1—q)2 [E ) [t () *2“9“ (=09 (y)}dG (v).

We abuse notation and define 3(v) = 6(1 — ¢)2 [,,, dF (y) which is 6(1 — ¢) times the prob-
ability that a candidate from party L belongs to the extremist set given that the candidate

has valence v. In equilibrium, the expected per period valence is defined as

E*(v) = /V de(v).

Notice that vy, < E*(v) < vy. Using this delﬁr;tiﬁon we rewrite equation (12) as

ey e o [fo [ Wl "
o[ M=l i ] g,
v -s-gpe [ B ar ) i )+ k2707 ),

For voter x, the equilibrium expected utility of re-electing an office-holder with valence

v who adopts policy y is
Uw(y, v|W, C) = kluz(y, v)(1 = 8) + 6qU (W, O)]. (15)
Define S% as the retrospective R—set of voter with ideology z: the set of {implemented

policy, valence} pairs of an incumbent from party R that z would re-elect over a random

challenger from the opposite party (party L), and analogously define St:

ST = {(y, V) |Us(y, 0|, C) = UL (W, C) > 0},
8¢ = {(y,v)|Ua(y, v|W,C) = UF(W,C) > 0}
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Lemma A. 1 There exists an upper bound v, 0 < v, such that if vg — vy < v, then for any

veV
1. (0,v) € SE, vz € [0,a], and
2. (0,v) € SL, Va € [—a, 0],

i.e., all voters prefer to re-elect an incumbent from their own party who adopts policy y = 0

over an untried candidate from the opposing party.

Proof: Take x € [0,a] and any ¥ € V. We must show that U,(0,|W,C) — UL(W,C) >0

U, (0,5W,C) — UKW, C) = ki + kl(|z]) + k:lquUm/, C) — kE*(v)

B/{%}/Iwy%ii§x+ymdF@)ﬁ25W$CW%WQii§m+Cq%wﬂdF@>
v =s—g) [ MR ar ) big v) - kT 08.0)
Rewriting
U.(0,5|W,C) — ULWC ko — E*(v)

20 /W{ (al) - "l SOELCESU) e

1z~ -y 0)) + Bl + iy )]
+ /C RLCIE — ar )

b= [ figey - FEER LR ap ) bao ).

Concavity of the loss function implies that the term inside each integral is positive for any
pair x and y, strictly positive for some. Therefore, if o — E*(v) > 0, we are done—notice
that this condition holds if there is a unique valence, vy = vy. If o — E*(v) < 0, then we

must show that

-0 < 2 [{: [ ) - M=+ ] g "

1z — ¢ty ) + Bille + -y, )]
2 [ e - L+ 2 ar )

[z —y]) + Bl(|z + y|)]
1+7

+ [1—5(1—q)]2/ ]dF(y)}dG(v).

EL

v

(e -
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Let © > 0 be the LHS of equation (16). Since E*(v) — 0 > vy — vy, a sufficient condition is
that ¥ > vy — vy, which concludes the proof. Thus, for a fixed loss function [(+), the valence
set V' cannot be too dispersed, else the win set of some low valence politicians could be empty.

More generally, higher concavity of the loss function would increase the upper bound v.

Analogously, we can show that (0,v) € SE. |

Lemma A.1 implies that for any v € V, 0 € W.£ and 0 € WL. In particular, an incumbent,
with ideology = > 0 will not adopt a policy y < 0 since she could win by locating at zero.

Lemma A. 2 The more moderate 1s a citizen’s ideology, the higher is her expected utility

from a challenger, whether selected from the opposing party or from a random party.

In particular, for any pair ', x € [0, a] with ' > x,

vbkw,c) > ULkw,0), (17)
UxL<W7 C) - U:ﬁ(W? C) > Ux(W> C) - Ux’ (VV, C) (19)

Proof: Consider 2/, z € [0, a] with 2’ > x. From equation (13), using concavity of the loss
function it is routine to show that U,(W,C) > U, (W, C). In particular, moderate citizen
x loses less than extreme citizen 2’ from every candidate draw the opposite party, since the
moderate is closer. While 2’ loses less for realizations of the same party that exceed I/%,
since ["” < 0, for every gain (smaller loss) that z’ gets from extreme office-holders from the
same party,  gains the same or more from the symmetric extreme office-holders from the

other party.
This result and the same argument on equation (12) imply that UX(W, C) > UL (W, C).

To show that UL(W, C) —UL(W,C) > U, (W, C)— U, (W, C), it is sufficient to show that
UL(W,C) — UL(W,C) > UR(W,C) — UR(W, C), which again follows from the concavity of
[(+) and that fact that for any policy y > (2’ + x)/2 voter z’ loses less than voter . |

We now characterize the retrospective set of the median voter. From symmetry, UX(W, C) =

UE(W,C) = Uyg(W,C). An incumbent with valence v € V belongs to the retrospective set
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of the median voter if and only if she implements policy y such that

15_q570(mg)_ﬁo(v[/,c) >0 & kug(y,v) —kUg(W,C) >0

kuO(?/? U) + k

& v+i(yl) = Uo(W, C).

Define the threshold function w : V' = (0, a) by w(v) = {w, € (0,a)|v + l(w,) = Usg(W,C)},
or simply w(v) = |I71(Uy(W, C') — v)| where [7(-) denotes the inverse function of I(-). Again,
the support of V' cannot be too wide to have an interior solution w, € (0,a). The retrospec-

tive set of the median voter is given by Ry = {(y,v)|v € V, y € [—w(v), w(v)]} .
Lemma A. 3 For each v € V, the win set is connected, W, = WEU WL = [—w,, +w,].

Proof: Fix valence v € V. From Lemma A.1, 0 € W,. Suppose that y > 0 € W,,, which
implies that the incumbent is from party R. We will show that all citizens who vote for y also
vote for any 3/ € [0,y]. For each citizen z < ¢ who votes for y, U,(y,v|W,C) > UL(W,C)
and since U, (v, v|W, C) > U,(y,v|W, C), she also votes for yy/. Every voter z > y also votes
for ' since U,(y',v|W,C) > U,(0,v|W,C) > UE(W,C) where the last inequality follows
from Lemma A.1. Therefore 3 receives at least as many votes as y and 3’ € W,. The same

argument applies to any y < 0 € W,,. [ |

Lemma A. 4 The retrospective set of the median voter is contained in the win set:

1. If (y,v) € S then y € WE;

2. If (y,v) € S§ then y € WE.

Proof: Let (y,v) € Sf and y > 0. Every voter x > y votes for y since U,(y,v|W,C) >
U.(0,v|W,C) > UL(W,C) where the last inequality comes from Lemma A.1. Every voter
z € [0,y] also votes for y since U,(y,v|W,C) > Uy(y,v|W,C) > UE(W,C) > UL(W,C)
where the last inequality comes from Lemma A.2. Therefore x wins at least half of the votes

and belongs to the win set. The same argument applies for y < 0. |

Fix av € V. From Lemma A.3, every incumbent with valence v and ideology x € [0, w,]

adopts her own policy and is re-elected, and those incumbents with ideology = > w, that
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choose to compromise will adopt policy w, since w, = argmingewr(|z — y|). Similarly,
incumbents r < —w, who compromise will adopt policy —w,. For an incumbent with
valence v and ideology = > w,, the value of compromising to win if she runs for re-election

is U, (wy, v|W, C) + kp, while the value of adopting her own ideology is (1 —0)(v+ p) +d[(1 —
QUEW,C) + qU,(W,C)]. For an incumbent with valence v and ideology = > w,, define
U(z,v|W,C) as the net value of compromising,

U(z,v|W,C) = §(1—q)k(v+p)+kl(x—w,) +0(1— q)kla_qéUm(W, C)—6(1 —qUEW, C).
The incumbent will compromise to w, if and only if ¥(x,v|W,C) > 0. For incumbent

r = w,, V(x,v|W,C) > 0. Therefore, the necessary condition for the compromise set C'?

to be connected is that W(x,v|W, ) crosses zero at most once for z € [w,,a]. A sufficient

condition is that ¥ (z,v|W, ) is concave in the range x € |[w,, al.

Lemma A. 5 There exists a bound 0 < M" such that if |I"'| < M" then V(z,v|W,C) is
concave. Hence, for each valence v € V', the compromise set consists of two symmetric,

connected intervals around the win set, i.e., CL = [—c,, —w,] and CF = [w,, c,].

Proof: Fix av € V. For x > w,, after some algebra we can rewrite ¥(z, 0|W,C) as

U(z,0|W,C) = o(1—q)k[o+p— E*(v)]

1
+ L V{z/O {l(x—wv)—5(1—q)[l($_y)1iﬁﬁl(x+y)qdF(y)

(x4 w,) + Bl(x — w,)]
+ 2/05 l(x —w,) —0(1 —q) T 3 ]dF(y)
£ -d-gz [ [zu—wv) 51— g1 ‘y)ﬁf;(’“y’”] aF <y>}dG (v).
The second derivative with respect to x is
aaxz‘” | WO =15 / { / {l// v - w,) - (1 - g y)ﬂﬂﬁlw : y)q dF (y)
" ["(z + wy) + BI"(x — w,)]
+ Q/CUL{l(x—wv)—(S(l—q) 153 ]dF(Z/)
b= 61— q)]2 /E {l”(a: ) — o(1 — L= wL% (= + y|)]1 dF (y)}dG (v).

If I" = 0, then [" is a constant {” < 0 and aa—jz\ll(x, o|W,C) =1"(1-0(1—¢q)) < 0. This implies
that there exists a bound 0 < M" such that if [I”"| < M"" then V(z,v|W,C) is concave.

32



In particular, these conditions are satisfied by both Euclidean and quadratic loss func-
tions. The condition requires that the risk aversion of citizens cannot grow too quickly (the
second derivative cannot fall too fast), else compromise sets may not be connected—some
representatives may prefer to lose the election rather than compromise, while representatives

with more extreme ideologies may become so risk averse that they prefer to compromise. B

Lemma A. 6 IfU,(0,v|W,C) — UE(W,C) does not increase on x for any x > 0, then the

win set 1s contained in the retrospective set of the median voter,

1. Ify € WE then (y,v) € SE;
2. If y e WL, then (y,v) € Sk.

Proof: First notice that if U,(0,v|W,C) — UE(W,C) does not increase in z for any z > 0,
then U, (y,v|W,C) — UE(W,C) also does not increase in x for any > 0 and y < 0, since
U, (y,v|W,C') decreases at least as fast as U,(0,v|W,C) from concavity. Assuming that
is the case, we will show that if y ¢ S& then y ¢ WL, Let y ¢ SY and y < 0. This
implies that 0 > Uy(y, v|W, C) — UE(W, C) and for every voter z > 0, the assumption states
that Uy(y,v|W,C) — UFW,C) > U,(y,v|W,C) — UE(W,C) which implies UF(W,C) >
U, (y,v|W,C). All voters with ideology x € [0, a] vote for the challenger and the incumbent
will not be reelected, therefore y ¢ WZE. Analogously we can show that any y ¢ S& and
y > 0 will not belong to the win set. |

Lemma A. 7 There exists a lower bound M" < 0 such that if M" < 1" < 0 then U, (0,v|W,C)—

UR(W,C) does not increase in x for any x > 0.

Proof: Fix av € V. For z > 0, after some algebra, one can solve for

n 1_5/{ / { [l(lx—yll)igl(%w)]}dp(y)

b [ o - M e )]

- L=6(1—q)2 / [Z(x) - M= ig“x il y)q dF (y)}dG (v).
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The first derivative with respect to x is

%[UI(O, oW, C) — UF(W.C)]

Lk [0 = u) + BRI+ )
- [ax“) 5

0 [%l(\x—va—l—ﬂ%l(:ﬂ—l—wv)]
2/1% [%l(:v)— 2 7

dF' (y)

dF (y)

a i T — ﬁ T
+[1—5(1—q)]2/ [a%l(x)_[axl(! yll)igaxl( +y)]

If I” = 0, this quantity is indeed negative, because |88—$l (|x —y|)| is constant in z,y (negative

dF (y)}dG (v).

for y < = and positive for y > z). Therefore there is a uniform lower bound M"” < 0 such

that if M” < 1" <0 then U,(0,9|W,C) — UE(W, C) decreases in .
The condition 2 [U,(0,3|W, C) — UE(W, C)] < 0 is satisfied by Euclidean and quadratic

T

loss function. ]

Therefore, the median voter is decisive and every equilibrium is fully characterized by a

pair of functions w, ¢ : V' — [0, a] that satisfies the following equations for all v € V'

Up(wy, v|w,¢) = Uf(w,c) = Uk (w,c) =Us(w,c), (20)

Ue, (wy,v|w,c) +kp = (1=0)(v+p)+6qU,, (w,c)+ (1 — q)UE (w,c). (21)

v

Thus, Proposition 1 holds for every equilibrium.

Proof: [Proposition 1] Let vy, v, € V and vy > vy. From equation (3), Uy (wgy, vy|w, ¢) =
Uo (wr,vp|w, ¢), thus from equation (8) vy + Lo(wu) = vr, + Lo(wy). Therefore Lo(wy) —

Lo(wy) = vy —vp, and Lo(wg) > Lo(wy). Since I < 0, it implies wy > wy,.

From our equilibrium characterization, cg > wg. Thus, trivially if ¢;, < wgy then cyg > cp.
It remains to show that cg > ¢, holds when ¢, > wgy. Assume that is the case. In equilib-
rium, an office-holder with valence vy, and ideology ¢y, is indifferent between compromising

to policy wy, and adopting her own ideology. From the indifference equation (9)

5
k(vr, + Le, (wr)) + kl—_ancL(w, ¢) + pk (22)

= (vp+p)(1 —=6)+6qU,, (w,c)+5(1—q) UCLL (w,c) .
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The LHS of (22) represents the expected utility from compromising and the RHS the ex-
pected utility of adopting her own ideology. It suffices to show that an office-holder with ide-

ology x = ¢, and valence vy strictly prefers compromising to adopting her own ideology, i.e.,

0 —
k(vg + Le, (wp)) + k:l—_q(SUcL(w, c) + pk (23)

> (vg +p)(1—08)+0qU,., (w,c)+6(1—q) UCLL (w,c).
Subtract equation (22) from (23),
kI[UH — v, + LCL(UJH) — LcL(wL)] > (UH — UL)(l — 5)

Rewrite,
(’UH — ’UL)(]C -1+ (S) + k:[LCL(wH) — LCL(IUL)] > 0. (24)

Since k > 1 — ¢ the first term is strictly positive. Furthermore, ¢, > wpy > wy implies that
(¢ —wpg) < (¢ —wpr). Hence, L., (wy) > L., (wr) and the second term is also strictly

positive. Therefore, the inequality holds for equations (24) and (23).
The indifference equation for a high valence office holder with ideology cy is

Sa
k(vg + Le, (wr)) + kl—_q(SUcH(w, c) + pk (25)

= (vg+p)(1=08)+qU., (w,c) +6(1—q) UCLH (w,c).

Subtracting the indifference equation (22) for a low valence candidate from (25) yields

Ko = 01+ Lo () = Loy () + b5 0 (0,€) = Ty ()] (26)

= (v —v)(1=0) +6q[Uc, (w,c) = U, (w,c)] + 6(1 — Q) [UL (w, c) — UL (w, c)].
Rewriting

F(Ley (W) = Loy (we)) = (1= 08 = k) (v —vi) + (1 = q)[U, (w,¢) = U, (w,c)]

4041 = Ty 10,0) — Ty w0, (27)

We must show that the RHS of equation (27) is strictly negative. The first term (1 —J —

k)(vyg — vy) is strictly negative, so it remains to show that

(1= Uz, (w, ) = Uy, (w,0)] +q(1 — NWep(w, ¢) = Ue,(w,c)] <0, (28)

1—90

& (1= QUL (w,0) = U (0,0] > gl s = DTy (,6) =Ty, (29)
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We know ¢y > ¢r. From lemma A2, UL (w,¢) = UL (w,¢) > U, (w,¢)—=U,, (w, c). Further-
more,1>q:>(1—5)>q(1—5):>1—5(1—q)>q:>1>m:>1>1%’“5:>1—q>
q(l%(S —1). Thus, equation (29) holds and the RHS of equation (27) is strictly negative. We

know k > 0, thus L., (wg) — L, (wr) < 0, which implies ¢y — wg > ¢, — wr. [ |

Lemma A. 8 Any change in the threshold function w is strictly monotone.

Proof:  Fix the parameters of the model and let (w, ¢) and (v, ¢') be equilibrium thresholds
given valence distributions G and G’. From median voter indifference condition, Uy(w,, v|w, c)
Up(w, c) can be simplified to Uy(w,c) = v + I(w,). Hence, v + l(w,) = o + [(w;) and
v+ 1(w) =0+ I(w}) for every v, v € V. This implies

H(w,) = l(wy) = Iwy) —(ws)

for every v,v € V. Since I’ < 0, if for any v € V we have an increase from w, to w) > w,

then for all other valences v € V' we must have wj > w;. |

Lemma A. 9 Fiz the parameters of the model and let (w,c) and (w',c) be equilibrium
thresholds given valence distributions G and G'. Without loss of generality, let w), > w,,
for all v € V. Define the changes in utility AUF = UL(w',¢) — UF(w,c) and AU, =

Uy(w',c) — Uy(w,c). There exists an upper-bound function B(c,) > 0 (strictly greater if
w! > w,) such that if for every incumbent c,
L 04 77
B(Cv) Z AUCU - k’l—aAUCU, (30)

then the change in the threshold function c is weakly monotone.

Proof:  Consider any two equilibria (w, ¢) and (w', ). Exploiting lemma A.8 let w! > w,,

for all v € V. Take any valence v € V' and by contradiction suppose ¢, < ¢,. Define the

upper-bound function B(e,) = (s(l—'iq)[LCv(w;) — L., (w,)] and assume equation (30) holds.

Notice that B(c,) > 0, strictly greater if w! > w,. Since (w, ¢) is an equilibrium, incumbent
¢, is indifferent between compromising or not,

Sa
k(v+ Le, (w,)) + k%UGU (w, ¢) + pk (31)

= (v+p)(1—=08)+6qU,, (w,c)+ (1 —q) UCLU (w,c).
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For equilibrium (w', ), incumbent ¢, is indifferent between compromising or not, which

implies that incumbent ¢, strictly prefers to not compromise,

Sa —
k(v + Le, (w))) + k=T, (!, ) + pk (32)

< (w+p)(1—=68)+6qU,., (W', ) +5(1—q) UL (w',c).

Subtract equation (31) from (32). After some algebra, we have

) —
) = Le,(w)] < AUL = k-==AT...

a contradiction. Therefore, ¢, > ¢, for every v € V. [ ]

Lemma A. 10 If conditions C1 to C4 of theorem 1 are satisfied, then the system

Us(wy, v|w,c) = Ul(w,c) = Ul (w,c) =Uy(w,c)

U, (wy,v|w,c) +kp = (1=0)(v+p)+dqU., + (1 —q)U~ (w,c)
has a unique solution (w,c).

Proof: Consider valence distribution G = G’. By contradiction, suppose (w, ¢) and (w', )
are both equilibria, (w,c) # (w',c). Exploiting lemma A.8, without loss of generality let
w! > w,. If the threshold function ¢ is weakly monotone, then ¢, > ¢, for every v € V. We
show that if incumbents do not become more extreme by reducing the thresholds ¢, then the
more extreme positions w! do not decrease sufficiently the expected utility of the median

voter, violating her equilibrium condition Ug(w', ') = v + Lo(w,). By definition,

Gotw'sd) = Totwe) = [ {2 [7 fito) kg 0wt ) = Tt )| )

Lo {kwy)—z<wv>]+kﬂ[vo<w',c'>—Uo<w,c>]} dF(y)

1—9

[Ww;) ) + k2L T ) — T, cﬂ dF(y)

2
+ 15

+ 2 /Cv [k[v + I(w),)] + kl(ﬁlaﬁo(wc )= (1=6)[v+1(y)] —Us(w, c)} dF(y)

+ 2//@ [(1=0)[0] + 6 [Ug(w', ') — Up(w, c)]] dF(y)}dG(v).
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For each v € V, substitute the expression inside the first two integrals by the smaller
number [k[l(w),) — l(w,)] + kl‘%[ﬁg(w’, ) — Uo(w, c)]]. From equilibrium, {(w}) — l(w,) =
Ug(w', ) —Upy(w, ¢) and since k(1 + 157‘15) = 1, the term inside each of the first three integrals
simplifies to Ug(w’, ') —Ug(w, ¢). In the fourth integral, substitute the term —(1—6)[v+1(y)]
by the smaller number —(1—0)[v+I(w,)]. From equilibrium condition, substitute v+1(w/) by
Up(w', ) and v+ I(w!) by Ug(w, c). Again, the expression simplifies to Ug(w’, ¢/) — Ug(w, c)

and we have

To(w!, ) — To(w,c) > [Tolw,d) — Tolw, o) /V {2 /0 " AR ) 1 26 /:dF(y)}dG(v).

v

Since w!, > w,, the median voter is not better off: Ugy(w’,c) — Ug(w,c) < 0. Moreover,

fv{2 focgj dF(y) +26 [, dF(y)}dG(U) < 1, which yields a contradiction. |

Proof: [Proposition 2] Assume ideologies are uniformly distributed in the interval [—a, al.

Define the expected policy (in absolute value) of an untried candidate with valence v,

w(v) c(v) a

Y w(“) Yy

EPol =2 Zdy + dy + Zdy ;.

¢ (U) {/0 2a Y /(v) 2a Y /c(v) 2a y} <33)

w

Fix any pair vg,v;, € V with vg > vy. From Proposition 1, wy > wy and cyg > cp.

CJ, CH wH CH
/ dey+/ ydy—/ ydy—/ dey}
wr, crL wr, WH

1 2 2w w?
— a{wL(cL—wL)%— H2 L_ H2 L—UJH(CH—UJH)}

Therefore,

EPol(vy) — EPol(vy) = 2{

_ i 2 —9 2 2 9 a2
= 5 CH WHCH + Wy — ¢, + 2wpcp, — wy,

1

- %{(CH —wp)? = (e — wL)Q} >0,

where the inequality also comes from Proposition 1, cg — wg > ¢ — wy. [ |

Proof: [Proposition 3] From Proposition 1 we know wy > wy, and cg—wpy > ¢, —wp, for any
vy > v € V. This imply a strictly positive correlation between valence and extremism in the
subset of re-elected officials. If ¢ = 0, then in the stationary distribution, all office-holders

are re-elected and the result holds. A small increase in ¢ marginally changes thresholds
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(w, ¢) and includes a small fraction of untried office holders in the stationary distribution,
that is, politicians in their first term in office. If ¢ is sufficiently small that the proportion
of re-elected office holders in the stationary distribution is sufficiently large, the positive

correlation still holds.

For ¢ = 1, no office holder compromises since she never expects to run for re-election:
the compromise set is empty, w, = ¢, for all v € V', and every incumbent adopts as policy
her own ideology. Therefore, in the stationary distribution of office holders, the correlation
between valence and extremism is zero. Furthermore, the result wy > wy still holds—the
median voter would accept more extremism and re-elect incumbents with higher valence,
in the zero probability event that an incumbent runs for re-election. A small decrease in ¢
marginally changes thresholds (w, ¢) and includes a small fraction of re-elected office holders
in the stationary distribution. Since there is a strictly positive correlation in the subset of
re-elected office holders, it follows that if ¢ is sufficiently high but less than one, there is a

positive correlation. [

Proposition A. 1 (Valence Location Shift) Let {w,c} be the equilibrium threshold func-
tions. If we change every valence v € V' by the same amount vy, the new equilibrium threshold
functions {w', '} are such that w'(y+v) = w(v) and ¢ (y+v) = c(v). Moreover, the expected

utility of each citizen is changed by .

Proof:  Let {w, ¢} be the solution of the model when the valence set is V' and the distribution
of valences has c.d.f. G. We now introduce a valence location shift: fix v and construct the
new set of valences V' = {v/ = 7+ v|Vv € V} and define the new distribution G’ such
that G'(y 4+ v) = G(v), Yv € V. Conjecture that the new threshold functions {w’, ¢'} satisfy
w'(y+v) =wv), d(y+v) =c(v), Yo € V and that the expected utility of each citizen is

increased by . We must show that these solve the equilibrium equations.
Since the original thresholds satisfy equation (8),
Uolw(®), vhw,c) = v+ Uw(v))
Y+ Up(w(v), vhw,e) = 5+ v+ I(w(v))
Ug(w'(v"), v |w,e) = o' +1(w'(v)),
the new thresholds also satisfy this condition. To prove the same for equilibrium condition

(9), first notice that k[l + {2%] = 1 and 1 — & + 6¢ + 0(1 — ¢) = 1. Add k[l + %]y to the
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LHS of (9) and [1 — 6 + dq + (1 — ¢)]y to the RHS, and rearrange terms to get the same

result—the new equilibrium thresholds satisfy equation (9).

Finally, the LHS of equations (5) and (6) rises by 7, while on the RHS each period utility
u, and continuation utilities U* and U, rises by =, so ~y factors out and the equations still

hold, concluding our proof. [

Lemma A. 11 In expectation, the median voter strictly prefers to draw an untested candi-

date with a higher valence to one with a lower valence.

Proof:  For any ideology x such that |z| € [wg,cr], both high and low valence politicians
compromise. Therefore, the median voter is indifferent from equilibrium condition 8. For any
other ideology, the median voter is strictly better if the candidate has higher valence. If both
do not compromise, |z| € [0,w;] or |z| € [cq,al, policy choice is the same but valences are
different. If the high valence candidate compromises and the low valence is an extremist, |x| €
[cL, ¢y, the extremist with low valence yields a strictly lower payoff than the compromising
high valence—which is why she is not re-elected. If the low valence compromises while the
high valence is a centrist, |z| € [wr, wy], the high valence politician has the same valence but
a more moderate position than a compromising high valence candidate, therefore yielding a

higher payoft. [

Proof: [Proposition 4] Suppose that the assumptions of theorem 1 hold. Let (w, ¢) be the
unique equilibrium when valence is distributed accordingly to G, and (w', ') be the unique
equilibrium when the distribution is G’, where G’ FOS dominates G. By contradiction and
exploiting lemma A.8, suppose w) > w, for all v € V. From weakly monotonicity of the

threshold function ¢, ¢, > ¢, for all v € V.

Equilibrium conditions imply that Ug(w’,¢') — Ug(w, ¢) = Lo(w!) — Lo(w,) < 0. Define
the expected utility U;(w’ , ') as the expected utility of the median voter if we hold the
distribution G' constant and move from cutoffs (w,¢) to (w',’). Similarly to the proof of
lemma A.10, the increase in w's does not decrease sufficiently the utility of the median voter,
so that Ug(w', ') — Ug(w',¢) > Lo(w') — Lo(w,).

Using lemma A.11, it is easy to show that Uy(w’, ') > Ug(w', ). Therefore, Ug(w', ') —

Up(w', ) > Lo(w!) — Lo(w,), a contradiction.
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Hence, the median voter’s expected payoff from an untried candidate strictly increases.
Cutoffs w, and ¢, move closer to zero. We now prove that the median voter’s expected
period utility from the stationary distribution of office holders (large congress) also strictly

increases for ¢ sufficiently small or sufficiently big.

When ¢ is close to one, the probability of running for re-election is close to zero. Hence,
almost every incumbent adopts as policy her own ideology—the compromise set is almost
empty—and the expected policy across different valence levels is almost the same. A FOSD
improvement in valence distribution has a direct positive effect on the expected utility of
the median voter—it increases expected valence—with a possibly negative effect due to the
endogenous change in expected policy. If ¢ is sufficiently close to one, this change in ex-
pected policy is sufficiently small that the valence improvement direct effect dominates, and

the median voter is better off.

When ¢ is close to zero, then in the stationary distribution of office holders, almost every
representative in congress is a returning centrist or moderate incumbent. From the first part
of this proof, the untried candidate is more attractive and the cutoffs w,’s strictly decrease.
Therefore, in the stationary distribution, returning incumbents locate closer to the median
voter. The improvement in valence decreases the cutoffs ¢,, which also strictly increases
the expected utility of the median voter in the stationary distribution. An incumbent with
valence v and ideology ¢, who was compromising to w, becomes extreme, loses re-election
and is (eventually) replaced by a centrist incumbent or a moderate incumbent. Both cases
are strictly better than (v,w,) by the median voter indifference condition and the fact that

w, is now closer to zero. [ |

Proof: [Proposition 5] If the loss function is quadratic, one can show that for any equi-
librium (w,¢), we can write the expected utility of any voter z as function of the utility
of the median voter, U,(w,c) = Ug(w,c) — 22. Therefore, when we change to any other
equilibrium (w’, ¢), the expected utility of all voters will change by the same amount as the
median voter. Since a FOSD shift strictly benefits the median voter, it strictly benefits all

voters by the same amount. |

Proposition A. 2 (Trade Off) Assume ideologies are uniformly distributed, the loss func-
tion is given by l(|x|) = |z|* with z > 1, and fiz parameter v > 0. If we change
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e the support of ideologies to [—va, +val,
e cvery valence v €'V to v = v*v,

e cgo rents to p) = vy¥p,

then equilibrium cutoff functions {w,c} become w'(v') = ~w(v), (V') = ~vc(v) and the
expected utility of the median voter is changed to Ul(w/, c) = v*Up(w,c). More generally,
for each voter with ideology «' = vz, we have UL (w', ) = v*U,(w, c).

Proof: ~ This proof is very similar to that of Proposition A.1. Conjecture that the new
threshold functions and utilities satisfy the conditions in the proposition and verify that all

equilibrium conditions hold.

For v > 1, a larger set [—a, +-a7v| introduces more extreme candidates, so it is necessary
to increase each valence v to y*v in order to balance the choice of the median voter and

office-holders. [ |

Proof: [Proposition 6] If p = 0, then a candidate has low valence with probability one,
and from Proposition A.1, (wy,cr) = (w0, ¢). Using Proposition 1, we have @ < wy, ¢ < cy
and ¢ — W < cyg —wg. As we increase the probability p, we know from Proposition 4 that all
cutoffs wy, wy, cyg and ¢y, strictly decline. When p reaches its maximum value of p = 1, using

the same argument we have (wy,cy) = (0, ¢) and wy, < W, wy, < é and ¢, —wy, < ¢ —w. W

Proof: [Proposition 7] Let U™ and U be the median voter’s expected payoff from an
untried challenger, in the homogeneous (one-valence) and in the heterogeneous (two-valence)
cases, respectively. In equilibrium, we know that U™ = v+ 1(w) and U® = vy +1(wg) =

v, + l(wy). Write the difference in utilities as
vt —udom = plog +1(wg)]+(1—p) v +1(wr)] =0 —1(w) = pl(wy)+(1—p)l(wg,)—1(w) = e

We need to show that € > 0. By contradiction, suppose € < 0 for some p € (0,1). Using the

equilibrium conditions,

w

v oz [ " ly)dF () + 2 / @)dF () + 2 [ 10 =00) + sl arw), 6

42



Ul = p{UH +2 /OwH I(y)dF (y) + Q/CH Hwi)dF(y) + 2/a (1= 6)I(y) + 6l(wr)] dF (y)

H CH

b

+oa- p>{vL o / T iy)dF(y) + 2 / " lwg)dF (y) + 2 / (1= O)i(y) + l(wy) dF<y>}.

wr, cL
Subtract equation (34) from (35). After some algebra
wH

€ = Q/OwL 0dF(y) + Q/w(l —0)[l(wr) — Uy)]dF (y) + 2/ [e — pl(wpy)]dF (y)

wr, w

2 f Y edF(y) +2 / et (L= p)(1 = 8)i(y) — Lwr)|dF(y)

2 [ (= oitan) — 10)1aP) +2 [ dedry). (36)
Rearranging terms,

{1 - z/mch(y) - 25/EadF(y)}

_ / (1= pliw) — 1) dF () + 2 / —pl(wi)dF(y)

[

+2f (1= p)(1— B)i(y) — Hwy)dF(y) +2 / (1L S)pliwn) — 1(y)dF(). (37)

The term {1 — 2 ["dF(y) — 26 [¢ dF(y)} is strictly positive. All terms in the RHS of

equation (37) are strictly positive, with the exception of 2 ffL (1—p)(1=0)[l(y) —l(w)]dF (y).
Therefore, there exists a < 1 such that, if § > §, then the negative term is sufficiently close
to zero and the RHS is strictly positive, a contradiction to € < 0. [

Proof: [Proposition 8] In equilibrium, IGs correctly forecast future investments, the corre-
sponding probability p* that an untried candidate has high valence, and cutoffs {W,C}. If
an IG invests, it chooses the p that equates marginal cost to marginal benefit. The marginal
benefit is the difference between the expected utility of drawing a high valence candidate
and the expected utility of drawing a low valence candidate, both from its own supported
party. We will show that, given any equilibrium probability p* and corresponding cutoffs
{W,C}, the marginal benefit of drawing a high valence candidate strictly decreases with IG’s
ideology 7 > 0. Given the assumptions on the cost function, this implies that more extreme

1G’s invest less in valence.
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When the loss function is quadratic, the following relationship holds between the expected

utility of the median voter and the expected utility of the voter with ideology x:

U, (W,C) = Ug(W,C) —a?,

ULW,C) = To(W,C) — 22+ 2Y (W, C).
The (negative) term YL(W, (') is the expected, discounted stream of policy choices condi-
tional on electing an untried challenger from party L. The equilibrium indifference condition
for incumbent ¢y states that vy +p— (cg —wpg)? = (1—6)(ve +p) +0UL . For the median

voter, Uo(W,C) = vy — w?. Hence, we have
(e —wy)? = 8|—p—w¥ — & + Y (W, C)]. (38)
Similarly,
(e —wp)?=68[p+ w2+ —c, Y (W,C) (39)

Consider an IG with ¢ > 0 who supports party R. For any given equilibrium probability of
a high valence challenger and corresponding cutoffs {W, C'}, the IG’s marginal benefit from
investing in valence is:

CH

/ (1= 8)(vm — (i — 9)?) + SUL(W, L)]dy + / o — (i — wir))dy

CH WH

MB,(W,C) = 2{

+ /OwH [on — (i — y)’dy — /:[(1 —0) (v — (i —y)*) + 0UF (W, L)]dy
- / [vp — (i —wp)?dy — /OWL lvp — (i — y)Q]dy}-

wi,
In the first integral, substitute UF(W, L) by (vg — w¥) — i2 +iY (W, C). In the fourth
integral, substitute UZ(W, L) by (vy — w?) — i2 +iY (W, C). After some algebra,
1 wr, wH
MB;(W,C) = —{/ [vg — vpldy + / [vg — v + 2i(y —wr) — y* + widy
0

a wr,

crL
+ / [vg —vp + 2i(wy — wr) — wi + wi]dy

wWH

+ / [vg — vp + 2i(wg — y) — wi + dwi + (1 = 8)y* +id(2y — 7L(W, C))|dy

cL

+ /a(1 _ ) [vy — UL]dy}.

cH
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Taking the derivative with respect to ¢

OMB;(W,C) 1
0i T a

/ 2y — wp)dy + / s — wp)dy

wL WH

T /CH[2<wH—y>+6<2y—?L<W,C>>1dy}.

crL

Integrating and rearranging terms yields

8MBZ§JM 9 _ 2{_(01{ —wi)? + (cp —wr)? + 8 — 2 — (cy — )Y (W, C)]},

Using equations (38) and (39), we have

OMB; (W, C) =0, 9
— = —(wy —wj)<0.
Therefore, the marginal benefit of the investment strictly decreases with extremism and more
extreme IGs invest less in valence. They invest strictly less if the equilibrium probability is
not zero or one. A reduced investment implies a smaller equilibrium probability p* of high
valence candidates, and by Propositions (4) and (5), untried candidates yield a lower payoff

to all voters.

When an IG’s ideology is sufficiently close to the median, Lemma A.11 implies that
the IG strictly prefers the high valence candidate. Since ¢(0) = 0 and ¢(-) is continuous,

sufficiently centrist IGs always invest a strictly positive amount in valence. [
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