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Abstract

In a general bargaining model with a fixed proposer, we show that the agenda
setter’s equilibrium payoff is never lower than her payoff in the static model.
There is a cutoff level of voter patience such that below the cutoff, the static
equilibrium (possibly along with others) obtains; and above the cutoff, all equi-
libria are in mixed proposal strategies, and the agenda setter does strictly better
than the static payoff. When the dimensionality of the set of alternatives is high,
the power of the agenda setter typically becomes extreme as voters become pa-
tient: equilibrium outcomes converge to the ideal point of the agenda setter.
Voters accept outcomes worse than the status quo because they anticipate the
possibility of even worse outcomes in the future; and as voters become patient,
this threat looms large, conferring increasing leverage to the agenda setter. In
the majority rule case, for example, if the set of alternatives has dimension three
or more, then for generic profiles of utilities, agenda setting power becomes ex-
treme as voters become patient.

1 Introduction

This paper studies the power of the agenda setter in dynamic bargaining games. We
provide a general framework that captures the case of a simple take-it-or-leave-it offer,
in which case the agenda setter must offer a winning coalition of voters something
weakly preferable to the status quo, and in equilibrium, the agenda setter simply
maximizes her payoff subject to this acceptance constraint. In this static setting, if
a proposal is rejected, then the game ends with the status quo outcome, but when
follow-up proposals are possible, dynamic incentives enter the equilibrium analysis:



if a proposal is rejected, then the status quo is maintained in the current period, but
future outcomes will be determined by proposals of the agenda setter in the future.
This means that a voter may accept a proposal that is worse than the status quo, if it
is possible that a follow-up proposal will lead to an even worse outcome in the event
that the initial proposal is rejected. In case the set of alternatives is one-dimensional,
it is known that the equilibrium outcomes of the bargaining game are not affected
by dynamic incentives, but when the set of alternatives is multidimensional, we show
that the threat of “even worse” outcomes in the future confers leverage on the agenda
setter, and the equilibrium analysis changes substantially. Not only do dynamic
incentives affect equilibrium outcomes, but the threat of even worse future outcomes
looms larger as voters place more weight on the future, conferring greater leverage on
the agenda setter.

In the dynamic model, equilibrium outcomes are always weakly better for the
agenda setter than the static equilibrium. There is a cutoff level of voter patience
such that below the cutoff, the static equilibrium (possibly along with others) obtains;
and above the cutoff, all equilibria are in mixed proposal strategies, and the agenda
setter’s equilibrium payoff in the dynamic model is strictly higher than in the static
model. When the set of alternatives is multidimensional, this cutoft is typically strictly
less than one; that is, voter patience decreases the inertia of the status quo, allowing
the agenda setter to impose outcomes that are strictly worse than the status quo
for voters and to attain a payoff above the static equilibrium level. Surprisingly,
as voters become more patient, the power of the agenda setter typically becomes
extreme: equilibrium outcomes converge to the ideal point of the agenda setter as
the voters’ discount factor goes to one. To be more precise, we show that as voters
become patient, the agenda setter’s equilibrium proposals either converge to her ideal
point or to a constrained core point. The latter refers to an alternative x such that
in the hyperplane orthogonal the agenda setter’s gradient at z, there is no other
alternative strictly preferred to = by all members of any decisive coalition. We show
that at such an alternative, voter utilities must satisfy a gradient condition that
becomes restrictive as the number of dimensions increases. In particular, when the
number of agents is odd and the dimensionality of the set of alternatives is three or
more, we show that for generic profiles of utility functions, the constrained core for
majority rule is empty—implying that equilibrium outcomes converge to the agenda
setter’s ideal point. For any voting rule based on a quota less than unanimity, there
is a dimensionality cutoff such that generic emptiness of the constrained core holds,
implying that agenda setting power becomes extreme.

We assume that bargaining takes place in discrete time over an infinite horizon,
and that a fixed agenda setter can propose any alternative, and that this proposal is
then subject to consideration by voters. If a winning coalition of voters accept the pro-
posal, then the game ends with this outcome; otherwise, the proposal is rejected, the
status quo remains in place for the current period, the agenda setter makes a follow-



up proposal in the next period, which is subject to consideration by voters, and so on.
We impose minimal structure on the set of alternatives and preferences of the agents:
the set of alternatives is a nonempty, compact, and convex subset of Euclidean space,
and stage utilities are continuous, concave, and satisfy a weakening of strict quasi-
concavity. In particular, we admit the multidimensional spatial model of politics,
as well as a large class of economic environments of interest. Thus, our bargaining
protocol is the protocol used by Baron and Ferejohn (1989) in their model of legisla-
tive bargaining, as generalized by Banks and Duggan (2000,2006). We assume, as in
Banks and Duggan (2006), that the status quo is an arbitrary alternative that may
be desirable to voters, rather than setting it equal to the zero allocation, as in Baron
and Ferejohn (1989), or assuming a bad status quo, as in Banks and Duggan (2000).

The topic of agenda setting power has been broached before in the formal political
science literature. Romer and Rosenthal (1978) take up the question assuming an
agenda setter can make a take-it-or-leave-it offer of a one-dimensional policy, which
is then subject to a majority vote. They show that the equilibrium proposal makes a
pivotal voter indifferent between accepting and rejecting the proposal, and that if the
median voter is between the status quo and the agenda setter, then the agenda setter
obtains an outcome strictly preferred to the median ideal point in equilibrium, despite
the fact that the median defeats all other policies (i.e., it is a Condorcet winner) in
pairwise votes. Whereas the Romer-Rosenthal model consists of a single period,
Primo (2002) examines the power of the agenda setter in a one-dimensional model
with a single voter using the same bargaining protocol as we do here: if a proposal
is rejected by the voter, then the game continues to the next period, and the agenda
setter makes a follow-up proposal to the voter, and this process can continue ad
infinitum. He shows that the outcome of all pure strategy subgame perfect equilibria
coincides with that of the Romer-Rosenthal game; that is, dynamic incentives do not
affect the equilibrium outcome of the static game. Banks and Duggan (2006) assume
majority voting and quadratic utilities, and they similarly conclude that the outcome
of every stationary equilibrium is the same as in the static game.

These findings may suggest that for the widely used protocol of Baron and Fere-
john (1989), considerations of the future do not affect the power of the agenda setter.
To our knowledge, the question has not been further explored in other environments
using this standard protocol. In particular, it was not previously known whether
the flexibility afforded by multiple dimensions could allow the agenda setter to play
different winning coalitions off against each other, using proposals to different condi-
tions to threaten voters with “even worse” outcomes in the future to obtain outcomes
better for the agenda setter than in the static game. Nevertheless, it has long been
well known that the properties of majority voting in one dimension are starkly dif-
ferent from the properties in two or more dimensions: assuming an odd number of
voters, the median ideal point is a Condorcet winner in one dimension, but in two or
more dimensions, a Condorcet winner exists only in knife-edge cases. Typically, there



is no Condorcet winner, because even if it is not possible to make all members of a
majority coalition better off by moving along a given line, it is generally possible, in
two or more dimensions, to move in a different direction that is preferred by all mem-
bers of a majority coalition. We find that the presence of multiple dimensions indeed
leads to a qualitative difference in the equilibrium analysis: when voters are suffi-
ciently patient, the agenda setter obtains outcomes strictly better than in the static
setting, and as voters become arbitrarily patient, equilibrium outcomes converge to
the agenda setter’s ideal point.

In earlier work, McKelvey (1976,1979) takes a social choice approach to agenda
setting, and he shows in a general spatial model that majority preference cycles fill the
set of alternatives, so that from any given status quo, a sophisticated agenda setter
can design a (possibly long) sequence of binary votes that lead from the status quo
to her ideal policy. This analysis is highly suggestive, but it relies on the assumption
that voters are naive—they are unaware of the agenda setter’s motives and cannot
anticipate (or do not care about) the future consequences of a vote.

The topic of agenda setting power has been examined in another branch of the
game-theoretic literature on dynamic bargaining with an endogenous status quo.
Here, (i) an initial status quo is given, and the agenda setter makes a proposal that
is subject to a vote; (ii) if the proposal passes, then it is the outcome in the current
period, and it becomes the status quo in the next; (iii) if the proposal passes, then the
status quo remains in place and carries over to the next period. and (iv) in the next
period (and in all subsequent ones), the protocol is repeated. This class of games is
technically difficult to work with, and most work has focused on relatively specialized
environments. Diermeier and Fong (2011) consider the case of a finite set of alter-
natives with a fixed (or “persistent”) agenda setter, and after verifying existence of a
pure strategy Markovian equilibrium, they examine an example in which an agenda
setter divides a discretized dollar among herself and two voters. They find that when
voters are patient relative to the size of the grid, there exist equilibria in which the
agenda setter’s allocation of the dollar is bounded away from one—so that agenda
setting power does not become extreme as players become patient.! Moreover, they
find that the equilibrium payoff of the agenda setter can decrease relative to her static
payoff. The restriction of proposals to a finite grid limits the flexibility of the agenda
setter to exploit the multidimensionality of the set of alternatives in their model, and
the concurrent assumption of patient voters means that the “gaps” between alterna-
tives become significant for voters. The spirit of Diermeier and Fong’s result diverges
significantly from ours, but differences between the models make the results of the

!Diermeier and Fong (2012) continue the previous analysis of the fixed agenda setter, and for
the case sufficiently patient players, they characterize the set of absorbing points of pure strat-
egy Markovian equilibria as the unique von Neumann-Morgenstern stable set. Anesi and Duggan
(2016) focus on bargaining with veto players in the finite framework, but they show that the latter
characterization carries over when mixed strategies are allowed.



papers difficult to compare.

Kalandrakis (2010) considers the model with a continuously divisible dollar, and
he constructs a class of Markovian equilibria for arbitrary recognition probabilities. In
the case of a fixed agenda setter, his equilibrium exhibits a form of extreme agenda
setter power, consonant with the results of the current paper: in his equilibrium,
regardless of the status quo, the agenda setter consumes the entire dollar from the
second period onward. His result differs from ours in that the equilibrium path of
play in his model is a sequence of alternatives, so that the agenda setter’s ideal point
is reached after two periods (rather than immediately), and it holds for any rate of
discount by the voters. In contrast to McKelvey’s (1976,1979) findings, but similar
to ours, voters are strategic and place positive weight on the future, but the agenda
setter is nevertheless able to leverage the threat of “even worse” outcomes for voters
in the future to obtain desirable outcomes for herself in the present.

The remainder of the paper is organized as follows. In Section 2, we describe
the bargaining framework, and in Section 3, we explore four special cases of interest,
highlighting the possibility of extreme agenda setting power in two tractable examples:
the divide the dollar model and a symmetric spatial model in two dimensions. We
establish existence of stationary bargaining equilibria in Section 4, and we show that
under very general conditions, all equilibria are no-delay, i.e., the agenda setter’s
proposal is accepted in the first period. In Section 5, we compare equilibria in the
dynamic and static models, showing that the agenda setter’s equilibrium payoff in
the dynamic model is no lower than the static equilibrium payoff; and we establish
a cutoff level of voter patience such that above that level, all equilibria are in mixed
strategies, and the agenda setter does strictly better than the static equilibrium.
Section 6 is the heart of the analysis of extreme agenda setting power: we show
that if the equilibrium proposals of the agenda setter do not converge to her ideal
point as voters become patient, then a set of restrictive conditions must be met,
and in particular, the constrained core must be nonempty. In Section 7, we derive
strong gradient conditions that must be satisfied at any constrained core point, and in
Section 8, we show that when the dimensionality of the set of alternatives is high, these
gradient conditions become prohibitive, and for generic profiles of utility functions,
the constrained core is empty. Combined with the necessary conditions of Section 6,
we conclude that the equilibrium proposals converge to the ideal point of the agenda
setter: as voters become patient, the power of the agenda setter becomes extreme.

2 Dynamic bargaining model

Assume a set of agents, indexed 0, 1, ..., n, must choose collectively from a nonempty,
compact, convex set X C R¢ of alternatives. We consider a bargaining protocol in
which agent 0 is a fixed agenda setter, agents 1, ..., n are voters, and g € X is a fixed



status quo alternative. Let N = {1,...,n} denote the set of voters, and let D C 2
be a wvoting rule, i.e., a collection of nonempty coalitions, termed decisive, that have
the authority to pass an alternative proposed by the agenda setter. In each period,
the agenda setter proposes any alternative z, and then voters simultaneously decide
to accept or reject the proposal. If the coalition of voters who accept is decisive, then
the game ends with outcome x; otherwise, the status quo ¢ remains in place for the
current period, the game continues to the next period, and the process is repeated.

Assume that the voting rule D is monotonic, in the sense that if a coalition is
decisive, then every coalition containing it is decisive as well, i.e., for all C' € D and
all C" O C, we have C" € D. We say D is proper if there do not exist disjoint
decisive coalitions, i.e., for all C,C" € D, we have C N C" # (). We say the voting
rule is collegial if there is some voter who belongs to every decisive coalition, i.e., if
(D # ), in which case such a voter is a veto player; and otherwise, if there exists
C € D with ¢ ¢ C, then i is a rank and file voter. We say it is oligarchic if the
coalition of veto players is itself decisive, i.e., (1D € D. A special case of the general
model is majority rule or any voting rule with quota m, where a coalition C' of voters
is decisive if and only if |C'| > m. This representation of voting is quite general,
and it captures many special cases of interest. We technically assume that decisive
coalitions consist only of voters, an assumption which suits the equilibrium analysis,
below, and which is without loss of generality: because the agenda setter can always
vote for her own proposals, we can also capture settings in which the agenda setter
has voting power. When n is even, the separate roles of the agenda setter and voters
leads to two versions of majority rule, depending on whether the agenda setter’s vote
counts, in which it is necessary and sufficient that at least § voters accept, or she
cannot vote, in which case m = § + 1 are needed. We define inclusive majority rule
as the quota rule with m = %; and we define exclusive magority rule as the quota rule
with m = 5 + 1. This distinction does not arise when n is odd.

Each agent i evaluates alternatives according to a continuous, concave stage utility
function u;: X — %, and we assume that each u; has a unique maximizer °, the
ideal point of agent i. For some results, we assume that each w; is continuously
differentiable, by which we mean there is an open set V' C ¢ containing X such
that u; can be extended to a continuously differentiable function on V.2 We say u;
is Fuclidean if the agent’s preferences are a function of distance to the ideal point:
for all z,y € X, ||z — 2%|| = ||y — 2'|| implies u;(x) = u;(y). To rule out trivial cases,
we at times assume that the agenda setter has at least some scope to change the
status quo. Formally, we say no gridlock holds if there exist an alternative x € X
with ug(x) > up(q) and a decisive coalition C' € D such that for all i € C, we have
u;(z) > ui(q). Let § € [0,1) be the common discount factor of the voters, and let
dp € [0,1) be the discount factor of the agenda setter. If the game ends in period
t with outcome x, then each voter i receives a payoff of (1 — 8" 1)u;(q) + 6 1u;(x),

2This convention follows Mas-Colell (1985).



and if no alternative is ever passed, then i receives payoff u;(q); the agenda setter’s
payoffs are defined analogously using discount factor dy.

In addition to continuity and concavity, we take a weakening of strict quasi-
concavity as a maintained assumption: if an alternative y is weakly preferred to
an alternative x # y by all members of a coalition, then x and y can be approximated
by alternatives that all coalition members strictly prefer to x. Formally, define the
weak and strict upper contour sets of agent i € N U {0} at z € X, respectively, by

Ri(z) = {y€ X |u(y) > u(x)}
Pi(r) = {ye€ X |uy) > u(z)}.

Define coalitional upper contour sets by

Re(x) =) Ri(x) and Po(x) =) P(z)
ieC ieC
for each C' C N U {0}. Then limited shared weak preference (LSWP) holds if for all
C CNU{0}and all z € X,

|Ro(x)] > 1 implies Re(x) C clos(Po(x)).

To see that strict quasi-concavity of utilities implies LSWP, consider any coalition
C,any z € X, and any y € Ro(x) \ {z}. Then for all a € (0,1), we have z(a) =
(1 —a)r+ ay € Po(x), and lim, o z(a) = z, as required. Under our background
conditions, LSWP is equivalent to strict quasi-concavity when d = 1. In fact, an
implication of LSWP is that each u; has a unique maximizer, which is just the ideal
point of the agent.

Our assumptions on preferences capture important classes of environments with
private goods that would be excluded by strict quasi-concavity. Several familiar
examples of environments satisfying LSWP are as follows:

e Classical spatial model/Pure public goods. Alternatives are vectors of ideological
policies or public good levels. Each wu; is strictly quasi-concave, e.g., u;(x) =
—llz = &1 or ui(z) = —|lv — &

o Public decisions with transfers. The set X of alternatives is a subset of Z x T,
where Z is a set of public decisions and 7" C ]Rfrl is a set of allocations of

private good satisfying a weak transferability condition: for all x = (z,¢) € X
and all ' € R?™ such that Y1 t; = > rt,, we have (z,¢) € X. Each

1=0 "’
w; is quasi-linear, i.e., u;(z,t) = ¢;(z) + t;, with valuation function ¢; strictly

quasi-concave.

e Fxchange economy. Alternatives are allocations of a fixed endowment of pri-
vate goods, and each wu; is strictly quasi-concave and strictly increasing in ¢’s
consumption.



A special case of the second and third examples above is the simple divide the dollar
environment, in which alternatives are vectors x = (z1,...,z,) of allocations of a
dollar, with "  jz; < 1, and w,;(z) is constant in x_; and strictly increasing and
concave in x; for each player. The condition of LSWP is purely ordinal, but Lemma
1, in Appendix A.1, shows that the assumption of continuous stage utilities permits
a cardinal reformulation.

To obtain sharp lower bounds on the agenda setter’s equilibrium payoffs, we later
consider environments such that stage utility functions are strictly concave, a con-
dition that is clearly consistent with applications to the classical spatial model or
problems or pure public good provision. But assuming at least two voters, strict
concavity is violated in exchange economies and in models of public decisions with
transfers. In the latter models, linearity of utility in the private good is immedi-
ately inconsistent with strict concavity. A more general issue that affects exchange
economies as well is the fact that even if an agent’s utility is strictly concave in her
own consumption of a private good, she is indifferent between reallocations of private
good between other agents. For example, if x = (z¢, x1,...,x,) is an allocation with
x1 # 0, then the agenda setter is indifferent between x and any convex combination
with the alternative 2’ = (zg, x1 + x2, 23, . .., T,) that reallocates voter 1’s bundle to
voter 2. In particular, uo(3z + 32') = fuo(z) + Suo(2’), violating strict concavity. To
capture environments with private good components, we establish that our charac-
terization results also hold under the assumption of minimal transferability, i.e., for
all z € X and all j € N with u;(x) > min,cx u;(2), there exists y € X such that
uop(y) > up(x) and such that for all i € N \ {j}, we have u;(y) > u;(x).> Intuitively,
if x does not minimize voter j’s stage utility, then her consumption of private good
must be positive, and we reallocate goods from her to all other agents, making them
better off. This assumption is weak and is satisfied in models of public decisions with
transfers, exchange economies, and other environments with a transferable private
good.

The core of the voting rule D consists of the alternatives that are maximal with
respect to the social preference relation induced by individual preferences. Formally,
we define this social preference relation as follows: given any x,y € X, we have x > y
if and only if there is a decisive coalition C' € D such that for all i € C, u;(y) > u;(x).
Then alternative x belongs to the core if and only if there is no alternative socially
preferred to it, i.e., there does not exist y € X satisfying y > x. Assuming d = 1, our
assumptions imply that voter preferences are single-peaked, and if n is odd, then the
median voter theorem implies that the core of exclusive majority rule consists of the
unique median ideal point; and if n is even, then the core of exclusive majority rule
consists of two median ideal points and the alternatives between them. In general,
regardless of the dimensionality of the alternatives, Plott’s theorem (Plott (1967))
implies that if n is odd and an exclusive majority core alternative exists, say x, then

3Banks and Duggan (2006) refer to minimal transferability as “limited transferability.”
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it is unique and is the ideal point of a “core voter.” An if no other voter shares

this ideal point (which is the generic case), then = satisfies radial symmetry in the
sense that for every direction p with norm one, the number of voters with gradients
pointing in the p direction equals the number of voters with gradients pointing in the
—p direction:

{i € N | Vui(z) = [Vui(2)llp}) = Hie N[ Vui(z) = =[|Vui(z)[|p}-

This condition is highly restrictive, and Schofield (1983) shows that when n is odd
and d > 2, for generic profiles of utility functions, there is no alternative satisfying
radial symmetry; thus, the exclusive majority core is generically empty. When n > 4
is even, an exclusive majority core x alternative either satisfies radial symmetry, or it
is the ideal point of some voter, and there are three other voters, say ¢, 7, k € N with
linearly dependent gradients. This necessary condition is weaker but still restrictive:
Schofield (1983) shows that when n > 4 is even and d > 3, for generic profiles of
utility functions, the exclusive majority core is empty.

The analysis of the dynamic bargaining model focuses on a class of subgame perfect
equilibria in stationary strategies. Thus, a strategy profile is o = (7, ), where 7 is
a Borel probability measure on X representing the agenda setter’s proposal strategy,
and a = (ay,...,q,) such that each «o;: X — [0,1] is a Borel measurable mapping
representing voter ¢’s acceptance strategy. Here, a;(z) denotes the probability that
i accepts the proposal z, and we use the shorthand «(z) to denote the probability
that all members of at least one decisive coalition accept x if proposed. Say the
proposal strategy 7 is pure if it is degenerate on a single alternative, i.e., 7({z}) =1
for some x € X. We consider subgame perfect profiles ¢ such that the agenda
setter’s proposal strategy 7 is optimal given acceptance strategies «, and acceptance
strategies are stage-undominated given m. To formalize these ideas, note that each
strategy profile o defines in an obvious (if notationally dense) manner a probability
distribution over sequences of outcomes and, with it, an expected payoff v;(c) for
each agent i € N U {0} as evaluated at the beginning of the game. By stationarity,
this is also agent ¢’s continuation value throughout the game, i.e., i’s expected payoft
evaluated at the beginning of next period if the current period’s proposal is rejected.

Formally, o is a stationary bargaining equilibrium if two conditions hold. First,
we require that the voters’ acceptance strategies satisfy stage dominance, i.e., voter i
accepts x if the stage utility from z strictly exceeds the expected payoff from rejection,
and only if it weakly exceeds the expected payoff from rejection: «;(x) =1 if

ui(z) > (1 =0)ui(q) + dvi(o)
and o;(z) =0 if

ui(r) < (1—=0)ui(q) + dvi(o),



where we may refer to the rejection payoff (1 — &)u;(q) + dv;(o) as the reservation
value of the voter. This condition eliminates implausible equilibria in which, given a
quota rule with m < n, all voters accept every proposal independently of preferences:
the problem in such situations is that no individual’s vote will change the outcome
of the game, and hence everyone’s vote is a best response, despite the fact that some
voters may be accepting undesirable policies. Second, we require that agenda setter’s
proposals are sequentially rational, in the sense that with probability one, proposals
maximize the expected payoff of the agenda setter: every x € supp(m) solves

max a(y)uo(y) + (1 — a())[(1 = do)uo(q) + dovo(o)].
Note that the agenda setter is free to propose ¢, and it follows that in equilibrium,
the agenda setter’s expected payoff from every z € supp(w) is at least equal to

a(q)uo(q) + (1 = a(q))[(1 = do)uo(q) + dovo(a)].

Integrating with respect to m, we obtain the inequality vo(c) > ug(q), so that the
agenda setter’s equilibrium expected payoff is at least equal to the stage utility from
the status quo.

A stationary bargaining equilibrium o is no-delay if the agenda setter’s proposals
are accepted with probability one, i.e., [ a(z)r(dz) = 1. In this case, the continuation
value of each agent ¢ takes the especially simple form,

vilo) = / wi(2) m(dz),

and as this depends on the proposal strategy alone, we henceforth write v;(7) for
the continuation value of agent 7 in a no-delay stationary equilibrium. We say o is
gridlocked if the status quo is maintained with probability one, either because no
proposal is ever passed, or because the status quo is the only proposal passed with
positive probability: [ X\ig) a(z)m(dz) = 0.* Such equilibria may exhibit delay or may
not, as is the case if ¢ is proposed and accepted with positive probability.

3 Special cases of interest

3.1 Static model

In this application, we consider the simple take-it-or-leave-it offer model of Romer
and Rosenthal (1978), extending their one-dimensional setting to a general set of

4Such equilibria are termed “static” by Banks and Duggan (2006). We use this term differently
in our analysis of the static model in Section 3.
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Figure 1: Static equilibrium in one-dimensional model

alternatives and general preferences. We obtain this as a special case of the general
bargaining framework by setting § = 0 and focusing on pure proposal strategies (since
mixing is no longer needed for existence). Thus, we say (z, «) is a static equilibrium
if  solves

max a(y)uo(y) + (1 — a(y))uo(g),

and acceptance strategies satisfy o;(z) = 1 if u;(x) > w;(¢) and «o;(x) = 0 if u;(z) <
u;(q) for all voters i. The static equilibrium (z, «) is no delay if and only if a(z) = 1,
and a no-delay equilibrium is gridlocked if and only if z = ¢. Assuming one dimension
with three voters, and majority rule, Figure 1 depicts a static equilibrium in which the
agenda setter moves the outcome from the status quo, which is on the far side of the
median voter, to an alternative closer to her ideal point. Static equilibria are depicted
for the two-dimensional spatial model in Figure 2 for inclusive and exclusive majority
rule, where each voter accepts the alternatives in the upper contour set through the
status quo, and the shaded regions consist of alternatives that will pass if proposed.

It is useful to define the static acceptance set of voter i as
A} = {r e X |u(z) 2 wi(g)},
and then we define

Ay = (4] and A = ] A7
ieC ceD

where the set A® is the static social acceptance set, which consists of every alternative
such that a decisive coalition weakly prefers it to the status quo. Note that each A7
contains ¢; and by continuity and concavity of u;, the set is compact and convex, and
these properties are inherited by the set AZ,. Nonemptiness and compactness (though
not generally convexity) carry over to A°. In Figure 1, the static social acceptance set
is the dark interval, and i Figure 2, it is the gray region in the left and right panels.

We will characterize outcomes of no-delay equilibria in the static model as solu-
tions to the following simple maximization problem,

max uo(z).

11
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Figure 2: Static equilibria in two dimensions

removing voters from the analysis. Since no-delay static equilibrium proposals can be
determined separately from voting strategies, we can then designate such an alterna-
tive x° as a static equilibrium, without reference to acceptance strategies. For future
use, we denote the maximized value of the agenda setter’s objective function by

s _

Uy = max uo(z).
Moreover, we can decompose the above problem into separate coalitional optimization
problems. By concavity of u;, each Af, is convex, so there is a unique solution to
g o)

and we denote this by ¢. There is a finite number of such candidate static equilibria,
and we show that x° is a static equilibrium if and only if it is a candidate static
equilibrium and maximizes the agenda setter’s stage utility over these candidates.
Finally, we note that in one dimension or when the voting rule is oligarchical, the no-
delay static equilibrium is unique; thus, uniqueness in Figure 1 and in the right-hand
panel of Figure 2, is not a coincidence.

PROPOSITION 1: For every alternative x, there exist acceptance strategies o such
that (z,«) is a no-delay static equilibrium if and only if

T € argmax uo(y),

and thus, there is at least one no-delay static equilibrium. For each coalition C' C N,
the problem

g vl

12



has a unique solution, denoted by z, and z° is a no-delay static equilibrium if and
only if
z* € argmax{ug(r) | z = 2% for some C € D}.

The agenda setter’s static equilibrium payoff is at least equal to the stage utility from
the status quo, i.e., ud > uy(q), and if there is a no-delay static equilibrium x # q,
then u§ > ug(q). Moreover, if d = 1 or if D is oligarchic, then there is a unique
no-delay static equilibrium.

3.2 One-dimensional model

In this application, we assume X = [z,7] C R is a compact interval. Primo (2002)
considers a special case of this model with a single voter and such that the voter
and agenda setter have Euclidean utilities. He shows that the unique outcome of ev-
ery (possibly non-stationary) pure-strategy subgame perfect equilibrium is the static
equilibrium. A strength of the analysis is that it allows for non-stationary equilibria,
but it is limited by the assumption of a single voter. Banks and Duggan (2006) allow
multiple voters and assume quadratic stage utility and majority rule, and they show
that, again, the unique no-delay stationary bargaining equilibrium outcome is the
static equilibrium. Here, we carry forward the assumption of quadratic stage util-
ity, and we allow for any number of voters and any quota rule with quota m > 7.
Let 2° be the unique no-delay static equilibrium, and assume without loss of gen-
erality that ¢ < x° < Y. To support z° as a stationary bargaining equilibrium
outcome in the dynamic game with 0 > 0, specify that 7 is degenerate on x* and
that each voter accepts a proposal if and only if it offers at least the corresponding
reservation payoff, i.e., a;(z) = 1 if u;(x) > (1 — §)u(q) + dui(2®), and oy(x) = 0 if
wi(z) < (1 = 8)u;(q) + ou;(xz®). The strategy profile o = (7, «) specified thusly is a
stationary bargaining equilibrium, independent of the discount factor of the voters.

To see this, we first claim that x® gains the support of a decisive coalition. Indeed,
note that for all voters i, we have w;(z*) > (1 — §)u;(q) + du;(z®) if and only if
u;i(x®) > w;(q). Define the coalition C' = {i € N | u;(z*) > u;(q)} of voters who
are willing to accept z° in the static model. Then 2* € Af, and thus for all i €
C, we have o;(z°) = 1. Since z° € A®°, we have C' € D, as claimed. To verify
sequential rationality, we must argue that no other proposal yields a greater expected
payoff to the agenda setter. This is clearly true if the static outcome is ideal for
the agenda setter, so assume z° < 2°. Consider any other alternative y, and since
proposing an alternative that is rejected or is less than x® cannot be better than x°,
assume that a(y) = 1 and y > 2°. By the above arguments, we have 2° = 2¢,
so there must be some voter ¢ ¢ C such that «;(y) = 1, but for such a voter,
we have u;(q) > wu;(2®), so strict concavity of u; implies #' < 2z < y, and this
implies (1 — 0)u;(q) + du;(z®) > w;(y), a contradiction. We conclude that (z,«) is a
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Figure 3: Static equilibrium maintained in one-dimensional model

static equilibrium. This observation leaves open, however, the possibility that other
equilibrium outcomes are possible in the dynamic model.

It is instructive to delve further into the structure of the equilibrium constructed
above. Assuming that ¢ < 2°, for each voter i, we let z! denote the alternative
weakly greater than ¢ such that (1 —6)u;(q) + du;(x®) = u;(2?), if such an alternative
exists; otherwise, let 2/ = T. Assume that voters are indexed in the order of their
ideal points, i.e., 1 < 3? < ... < 3" In addition, assume that ¢ < z"~™%1 so that
in the equilibrium constructed, if x € [q, 2" ™%1], then z is accepted by all voters
i >n—m+1,ie., the coalition C' = {n—m+1,...,n} € D accepts zx if proposed,
and since this coalition has m members, = passes. On the other hand, a proposal
outside the interval fails to be accepted by m voters. Thus, the set of alternatives
that pass if proposed in this equilibrium is just g, 27~™!], and if 27! < 2% then

the equilibrium outcome is just x° = x"~™! the outcome that makes the “pivotal
voter” n — m + 1 indifferent between acceptance and rejection.

We have argued that the static equilibrium carries over to the dynamic bargaining
model with § > 0, and the next proposition establishes that the static equilibrium is
actually the unique stationary bargaining equilibrium outcome, independent of the
voters’ rate of discounting. That is, in the one-dimensional model, with a quota rule
and quadratic utilities, dynamic incentives do not alter the static outcome. We will
establish later, in Theorem 4, that the result does not depend on any assumptions on
the voting rule or stage utilities, so the equilibrium characterization in Proposition 2
holds for the general one-dimensional model; but we will see that the one-dimensional
model is exceptional in this regard, as the agenda setter’s increased latitude in the
multidimensional model quite generally permits her to improve on the static outcome.

PROPOSITION 2: Assume d = 1, D is a quota rule with m > %, and each u; is
quadratic. There is a no-delay stationary bargaining equilibrium, and every no-delay
stationary bargaining equilibrium proposal strategy m is degenerate on the unique
static equilibrium.
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3.3 Divide the dollar

In this application, we establish that the stability of static equilibria in the one-
dimensional model is overturned in the divide the dollar model, where transfers are
possible. Let X = {z € R7™" | 7" 2, = 1}, and assume u;(z) is constant in x_,
and strictly increasing and concave in x;. Normalize utility from zero consumption
by setting u;(0,x_;) = 0. Assume a quota rule with quota m. If m = n, then all
voters receive the status quo, regardless of discount factor, so we assume m < n for
the remainder of the subsection.

In a symmetric version of the model, with ¢; = g for every voter ¢ and common,
strictly increasing stage utility u(z) from consumption, it is straightforward to com-
pute a symmetric equilibrium. In this case, we specify that the agenda setter mixes
uniformly over coalitions of size m, so that the probability that a voter is proposed
to is %, and that she offers an amount z of the dollar to “in voters” and nothing to
“out voters.” Letting v be the common continuation value of the voters, we can solve

two equations in two unknowns to obtain a stationary bargaining equilibrium:
u(z) = (1—20)u(q)+ dv

v = (%) u(z)—l—(n;m) u(0).

We find that the equilibrium continuation value of the voters is

(5 —d)u(g) + (%5%)u(0)

—-mg

v o=

In contrast to the one-dimensional application, now dynamic incentives matter: the
equilibrium continuation value varies non-trivially with the discount factor, and the
power of the agenda setter increases (v decreases) with the discount factor. We
depict the equilibrium with two voters and inclusive majority rule in Figure 4, where
proposals in the shaded area are those that will pass if proposed, and the agenda
setter randomizes between allocations (1 — z,2,0) and (1 — 2,0, z), which give voters
1 and 2, respectively, the amount z that gives each her reservation value.

Of note is the fact that when 6 > 0, the voters’ continuation value is strictly less
than the status quo payoff: v < wu(g). As a consequence, each voter is willing to
accept alternatives worse than the status quo, because when they place some weight
on the future, they must account for the possibility of even worse outcomes following
rejection. Moreover, the weight on even worse outcomes increases as voters become
patient, and we see that, in contrast to the one-dimensional model, agenda setting
power becomes extreme in the limit: as 6 — 1, we have v — u(0) = 0, so that the
agenda setter’s consumption of the dollar goes to one. Informally, in the dynamic
model, the agenda setter is able to achieve superior outcomes by playing off different
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Figure 4: Symmetric equilibrium in divide the dollar

majority coalitions against each other. By this logic, the inertia of the status quo is
decreased, and the threat of the worse prospect of receiving zero is increased, as the
voters become patient—allowing the agenda setter to consume nearly the entire dollar.

The next proposition establishes that in the divide the dollar model with any
quota rule short of unanimity, the extreme agenda setting power exhibited in the
simple symmetric equilibrium above is a general property of equilibria: the agenda
setter’s consumption of the dollar goes to one as voters become patient. We will see in
the sequel that the spirit of this result does not depend on the distributive structure
of the model, but rather on the ability of the agenda setter to mix between multiple
optimal proposals—something that is impossible in the one-dimensional model—and
the fact that as voters put less weight on the present, the impact of the status quo
goes to zero, and the threat of undesirable outcomes in the future becomes large.

PROPOSITION 3: In the divide the dollar model with quotam < n, if w° is a stationary
bargaining equilibrium for §, then as § — 1, ™ converges weak* to the unit mass on
x* with oy = 1 and for all v € N, x} = 0.

3.4 Symmetric spatial model

In this application, we consider a spatial example with two voters and inclusive major-
ity rule, i.e., n = 2 and m = 1, so that the agenda setter requires the acceptance of one
voter in order to pass a proposal. Here, we explicitly construct a stationary bargaining
equilibrium for arbitrary discount factors assuming specific functional forms, but see
Appendix A for a more general construction that does not depend on such assump-
tions. Assume that each player has quadratic stage utility, i.e., u;(z) = —||z — 2'||?,
with ideal point #¢. To simplify the analysis, we place the ideal points at corners of
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Figure 5: Symmetric equilibrium in spatial model

an Isosceles triangle,
i°=(0,1), &' =(—a,0), &* = (a,0),

and we assume ¢; = 0 and —1 < ¢ < 1. Thus, the position of voter 1 is symmetric to
that of voter 2, relative to the agenda setter and status quo. To illustrate our equilib-
rium concept and to further develop the themes of the paper, we consider stationary
bargaining equilibria in which the agenda setter treats the voters symmetrically: she
proposes 2! = (—b, ¢) to voter 1 with probability one half, and she proposes 22 = (b, c)
to voter 2 with probability one half, where 0 < b < a and 0 < ¢ < 1. The environment
and structure of equilibrium is depicted in Figure 5.

In contrast to the one-dimensional model, but like the divide the dollar example
of the preceding subsection, equilibrium proposals will depend on the discount factor
of the voters. When 6 = 0, the equilibrium proposals are solutions to the static
problem, as alternative z° makes voter ¢ indifferent between acceptance, with payoff
u;(2%), and rejection, with payoff u;(¢). When the voters place positive weight on the
future, however, these static equilibria do not persist: for example, if voter 2 expects
the agenda setter to offer (—b, ¢) to voter 1 with positive probability, then she will be
willing to accept alternatives slightly worse than (b, ¢), but then (—b, ¢) would not be
optimal for the agenda setter. Instead, when 6 > 0, equilibrium proposals respond by
moving closer to the ideal point of the agenda setter, and as voters become patient,
the respite offered by the status quo declines: equilibrium proposals converge to the
ideal point of the agenda setter, so that the power of the agenda setter becomes
extreme.

At work is the fact that voter ¢ compares the agenda setter’s proposal ¢, which
is worse than the status quo, with the continuation value of rejection; in the next
period, the agenda setter proposes an alternative to the other voter with probability
one half, and that alternative will be even worse than z* for voter i. As voters become
patient and proposals converge to 2°, the wedge between z! and x? decreases, but it is
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magnified by the increase in patience, forcing each voter i to accept proposals further
from the status quo. The threat of even worse outcomes becomes more salient, and
the equilibrating adjustment is that the voter becomes more accommodating while the
agenda setter’s proposals converge to her ideal point. These intuitions are formalized
in the next proposition.

PROPOSITION 4: There exists a unique no-delay stationary bargaining equilibrium
of the form w({(b,¢)}) = m({(—=b,¢)}) = %, and in equilibrium, (b,c) = 3(0,1) + (1 —
B)(a,0), where

_ =ba® 4+ /0%t — (1= 0)(1 + a®)[(1 — O)ua(q) — 20a?]
b= (= 0)(1+a) ' (1)

Moreover, f — 1 as 6 — 1.

4 Equilibrium existence and the no-delay property

In this section, we establish existence of no-delay stationary bargaining equilibrium,
and we provide general conditions under which all equilibria are no-delay. Equilibria
in pure proposal strategies do not exist generally, but we give conditions under which
they do exist and are, in fact, unique: when the set of alternatives is one-dimensional
or the voting rule is oligarchical, the unique static equilibrium from Proposition 1 is
the unique no-delay stationary bargaining equilibrium; thus, we extend Proposition
2 to a general voting rule and utilities. Existence of no-delay stationary equilibria
follows from Banks and Duggan (2006) when the agenda setter discounts future pay-
offs at the same rate as voters. To cover the case in which the discount rate of the
agenda setter differs from that of voters, perhaps due to institutional features (e.g.,
if the agents are politicians, then the agenda setter’s term of office may differ from
that of other agents’) and to facilitate the subsequent analysis, we show that their
existence result can be applied, despite this difference in the models.’?

The existence argument relies on a correspondence of solutions to a certain con-
strained optimization problem, where the constraints reflect incentives of voters in
no-delay equilibria. Given a proposal strategy m, let v;(m) = [wu;(2)7(dz) be the
imputed continuation value for voter ¢. Then the acceptance set of voter i is

Ai(m) = {z e X |u(x) > (1 —6)ui(q) + dvi(m)},

which consists of alternatives that meet or exceed the voter’s reservation payoff, cal-
culated assuming 7 is no-delay. We define the coalitional acceptance set for C' and

SFor an alternative route to existence when dy # §, Theorem 3.1 of Duggan (2017) yields a
stationary bargaining equilibrium that may exhibit delay, and then we can apply Theorem 3, below,
to conclude that the equilibrium is in fact no-delay.
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the social acceptance set as

Ac(m) = ((Ai(r) and  A(r) = | ] Ac(n),

eC CceD

respectively. Thus, the social acceptance set A(m) consists of the alternatives that
would receive the support of all members of at least one decisive coalition, and would
therefore pass, if proposed by the agenda setter.

For each 7 € A(X), we define B (m) be the set of probability measures with
support on optimal proposals of the agenda setter, i.e.,

B(m)=A (arg max_ g (x)) :
z€A(m)

The interest in the correspondence B: A(X) = A(X) so-defined derives from the
properties of its fixed points: if 7 € B(7) for some proposal strategy, then the agenda
setter places probability one on alternatives that maximize her utility, subject to the
constraint that any proposal garners the support of a decisive coalition of voters.
It is not immediate that such a fixed point translates to a stationary bargaining
equilibrium, because the correspondence restricts the agenda setter to proposals that
will pass: it is possible that the status quo does not belong to the social acceptance
set, raising the possibility that the agenda setter can deviate to the status quo (or
another rejected alternative) and thereby increase her expected payoff. Lemmas 2
and 3, in Appendix A.1, show that this possibility is not realized: a mixed proposal
strategy 7 is a fixed point of B if and only if there exist acceptance strategies a such
that (7, ) is a no-delay stationary bargaining equilibrium.

Thus, existence of no-delay equilibrium reduces to confirming existence of a fixed
point of the correspondence B. For this, we can apply Theorem 1 of Banks and
Duggan (2006), which establishes that B has a fixed point. Since discount factors
enter this correspondence only through the social acceptance set A(w), the set of fixed
points is independent of dy in the model with a fixed agenda setter. Thus, the fixed
points of B remain even if g # 0, as allowed in the current framework.

THEOREM 1: A no-delay stationary bargaining equilibrium exists.

By the same argument, we can parameterize stage utilities by the elements A of a
metric space A, i.e., we view the stage utility of agent ¢ as a mapping u;: X x A — R.
Assume that for all i € NU{0}, u;(z, A) is jointly continuous in (z, A), that u;(z, A) is
concave in x, and that LSWP is satisfied for all A. When we fix A at some value, the
implied stage utilities u;(-, A) satisfy our maintained assumptions, and for parameters
(q, 00,9, ), we can let E(q,dp,d, A) denote the set of proposal strategies 7 for which
there exists « such that (7, «) is a no-delay stationary bargaining equilibrium given
(q,90,0,A). Lemma 3, Theorem 3 of Banks and Duggan (2006) implies that the
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correspondence F of no-delay stationary bargaining equilibrium proposal strategies
is upper hemi-continuous.

THEOREM 2: The correspondence E of no-delay stationary bargaining equilibrium
proposal strategies is upper hemi-continuous in the parameters of the model.

Next, we establish that all stationary bargaining equilibria are no-delay, a result
that allows us to focus our characterization results on no-delay equilibria without loss
of generality. Banks and Duggan (2006) establish for arbitrary recognition probabil-
ities that if stage utilities are strictly concave or minimal transferability holds, then
every stationary bargaining equilibria is either no-delay or gridlocked. Moreover, the
maintained assumptions of concavity and LSWP are not sufficient for the result in
that paper: Model 6 of Banks and Duggan (2006) contains a one-dimensional example
in which voters are risk neutral, three agents have equal recognition probabilities, and
there is a stationary bargaining equilibrium that is not gridlocked and that exhibits
delay. Our theorem shows that when agenda setting power rests with a single agent,
the additional concavity and transferability assumptions are not needed to obtain the
no-delay result.

THEOREM 3: Every stationary bargaining equilibrium is either no-delay or grid-
locked.

The next result establishes existence of pure strategy equilibria when the set of
alternatives is one-dimensional or the voting rule is oligarchical; in fact, under these
conditions, the stationary bargaining equilibrium is unique. It extends Primo’s (2002)
result, which assumes a single voter and symmetric stage utility, and it generalizes
Proposition 2, which is restricted to quota rules and quadratic utility in one dimension.

THEOREM 4: Assume d = 1 or D is oligarchical. There is a unique no-delay stationary
bargaining equilibrium proposal strategy, and it is degenerate on the unique static
equilibrium.

We remark that in the oligarchical case, with C' = (" D, if utilities are continuously
differentiable and #° # ¢, then it is not possible to move in a direction orthogonal to
the agenda setter’s gradient to an alternative that is strictly preferred by all members
of a decisive coalition. Formally, there is no alternative y such that Vug(z9)-(y—2%) =
0 and such that for all i € C, we have u;(y) > u;(x%). In other words, letting H
denote the (d—1)-dimensional subspace orthogonal to Vug(x®), the static equilibrium
2% belongs to the core when alternatives are restricted to ¢ 4+ H. To see this, note
that the agenda setter solves the convex problem

max,ex Uo()
s.t. ui(x) > wiq),i € C.

Letting C" = {i € C | u;(x) = u;(q)} consist of the binding voter constraints, it can be
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seen that ¢ also solves the reduced problem with constraints u;(z) > u;(q), i € C".
By LSWP, there is an alternative 2’ such that for all i € C’, we have u;(2') > u;(z),
and by concavity this implies Vu;(z)- (2’ —2) > 0 for all i € C’, so that the constraint
qualification for the reduced problem holds. By the Kuhn-Tucker theorem, there are
non-negative multipliers \; > 0 such that

Vuo(z9) = —ZAiVui(xc).

ieC’

We then have for all » € H,

ieC

Thus, we cannot separate zero from the convex hull conv{Vu;(z%) | i € C'}, and by
the separating hyperplane theorem, we have 0 € conv{Vu;(x%) | i € C'}. Therefore,
2% is Pareto optimal for C' when alternatives are restricted to ¢ + H, as claimed.
We return to this point in Section 6.

5 Static lower bounds on agenda setting power

In this section, we provide lower bounds on the agenda setter’s equilibrium payoff in
the dynamic bargaining game, and we establish a cutoff level of voter patience such
that below the cutoff, the static equilibrium (possibly along with other equilibria)
obtains; and above the cutoff, all equilibria are in mixed proposal strategies, and the
agenda setter does strictly better than the static payoff. Along with these results,
we draw several important implications. In particular, if a stationary bargaining
equilibrium is non-degenerate or there are multiple static equilibria, then the agenda
setter’s equilibrium payoff in the dynamic game strictly exceeds her static payoff; and
a stationary bargaining equilibrium in which the agenda setter uses a pure proposal
strategy is only possible if the equilibrium is essentially static: in this case, the static
equilibrium must be unique, and the agenda setter must propose that alternative with
probability one.

We begin by showing that the agenda setter’s static equilibrium payoff provides a
general lower bound on her payoff from stationary bargaining equilibria. The proof
follows immediately from Lemmas 2 and 3 in Appendix A.1l: given any no-delay
stationary bargaining equilibrium 7, Lemma 3 implies that it is a fixed point of B,
and then Lemma 2 implies that for all € supp(7), we have uy(z) > uf

THEOREM b5: For every no-delay stationary bargaining equilibrium proposal strategy
7 and for all © € supp(m), we have uy(z) > u.
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Under quite general assumptions on preferences, the weak bound on the agenda
setter’s equilibrium payoff from Theorem 5 in fact holds strictly. For this charac-
terization, it is sufficient to assume that the agenda setter’s stage utility is strictly
concave, or that all voters’ utilities are strictly concave, or that the environment has
a minimal private good component.

THEOREM 6: Assume § > 0. Assume either (i) ug is strictly concave, or (ii) for all
i € N, u; is strictly concave, or (iii) minimal transferability holds. For every no-delay
stationary bargaining equilibrium proposal strategy m, if there is a static equilibrium
x® such that 7 is not degenerate on x*, then for all x € supp(r), we have ug(z) > uf.

To gain some insight into the lower bound under condition (iii) of Theorem 6, we
note that result actually holds even if the status quo minimizes the stage utility of
every voter. In this case, the status quo is the worst alternative for every voter, so the
unique static equilibrium is the ideal point of the agenda setter, and thus her payoff
in the dynamic game cannot possibly exceed her static payoff. As a consequence, not
surprisingly, Theorem 6 implies that every stationary bargaining equilibrium will also
be degenerate on the agenda setter’s ideal point in the dynamic bargaining game.

Theorem 6 has several important implications that we record next. First, under
the conditions of the theorem, if a stationary bargaining equilibrium proposal strategy
is non-degenerate, then given any static equilibrium, the proposal strategy is not
degenerate on it —and this implies that the agenda setter’s equilibrium payoff strictly
exceeds her static equilibrium payoff.

COROLLARY 1: Assume § > 0. Assume either (i), (ii), or (iii) from Theorem 6. If a
stationary bargaining equilibrium proposal strategy m is non-degenerate, then for all
x € supp(m), we have ug(x) > uj.

Second, we characterize stationary bargaining equilibria in pure proposal strate-
gies and show that the possibilities for such equilibria are substantially limited: if a
stationary bargaining equilibrium proposal strategy is pure, then the static equilib-
rium must be unique, and the agenda setter proposes this alternative with probability
one.% Thus, it is no coincidence that in Theorem 4, our sufficient conditions for exis-
tence of equilibria in pure proposal strategies also imply that the equilibrium proposal
strategy is degenerate on the unique static equilibrium.

COROLLARY 2: Assume § > 0. Assume either (i), (ii), or (iii) from Theorem 6. If a
stationary bargaining equilibrium proposal strategy m is degenerate, then there is a

5To see the result, suppose toward a contradiction that there are a static equilibrium z° and
a no-delay stationary equilibrium 7 that is degenerate on some y # x°. Then Theorem 6 implies
uo(y) > uo(z®). Since 7 is no-delay, however, there is some decisive coalition C' € D such that for all
i € C, we have u;(y) > (1 —98)u;(q) + dv;(m). But v;(7) = u;(y) every voter ¢, and thus u;(y) > u;(q)
for all ¢ € C, implying y € A®, contradicting the fact that z® maximizes the agenda setter’s stage
utility over A*.
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unique static equilibrium z*, and 7 is degenerate on x°.

Third, if there are multiple static equilibria, then by Corollary 2, all station-
ary bargaining equilibrium proposal strategies are non-degenerate, implying that the
agenda setter’s payoff in the dynamic game strictly exceeds her static payoft.

COROLLARY 3: Assume 6 > 0. Assume either (i), (ii), or (iii) from Theorem 6.
If there are multiple static equilibria, then every stationary bargaining equilibrium
proposal strategy 7 is non-degenerate, and so for all v € supp(w), we have ug(z) > uf.

Finally, we establish the existence of a cutoff discount factor such that below the
cutoff, the agenda setter receives the static payoff in some equilibrium; and above
the cutoff, all equilibria are in mixed proposal strategies, and the agenda setter’s
payoft is strictly higher than the static payoff in all equilibria. In the statement of the
following theorem, let v) = min {vy(7) | 7 € B°(7)} be the lowest equilibrium payoff
to the agenda setter when voters’ discount factor is 9.

THEOREM 7: Assume either (i), (ii), or (iii) from Theorem 6. There is a unique
cutoff discount factor § € [0,1] such that for every § < §, we have v = u$, and for

every § > §, we have v > uj.

The preceding theorem establishes that the agenda setter’s minimum equilibrium
payoft for discount factors 6 < ¢ is equal to the static payoff, but it leaves open the
possibility that multiple equilibria exist and that the agenda setter’s maximum equi-
librium payoff strictly exceeds the static payoff. Figure 6 shows that this possibility
can be realized in some cases. Here, we depict a case § > 0 in which the static equilib-
rium x® persists as a stationary bargaining equilibrium outcome. We can specify the
curvature of Fuclidean utilities so that the threat of y for voter 1 and the threat of x
for voter 2 can be be arbitrarily great. In particular, we can specify utilities so that
the mixed proposal strategy with equal probability on x and y generates the reserva-
tion values indicated by the level sets through = and y. Given these acceptance sets,
the proposals z and y are optimal for the agenda setter, and we have an additional
equilibrium in mixed proposal strategies, in which the agenda setter’s expected payoft
is strictly higher than the static payoff.

6 Conditions for extreme agenda setting power

In this section, we establish conditions under which the agenda setter has extreme
power as the voters become patient. The source of this power is the agenda setter’s
ability—when the set of alternatives is multidimensional—to obtain desirable out-
comes by playing off decisive coalitions against each other. For such a coalition, there
is the implicit threat that if a proposal is rejected in the current period, then the
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Figure 6: Multiple equilibria

agenda setter will approach a competing coalition in the future. This threat leads
voters to become more accommodating, and it looms larger as voters become more
patient. We show that as voters become patient, the agenda setter’s equilibrium pro-
posals approach a set of limit points in a strong sense. Given such a limit point, say
x*, there cannot be another alternative that is preferred to x* by the agenda setter
and all members of a decisive coalition, for it that were the case, then a profitable
deviation would be available to the agenda setter when voters are sufficiently patient.
Moreover, if the limiting proposal is not the agenda setter’s ideal point and utilities
are continuously differentiable, then it must satisfy a stringent necessary condition: z*
must belong to the core when alternatives are restricted to the hyperplane through z*
orthogonal to the agenda setter’s gradient Vug(z*). This necessary condition becomes
more restrictive when the dimensionality of the set of alternatives is high, as discussed
in the next two sections, for such a “constrained core” point must satisfy a version
of Plott’s radial symmetry condition. As a consequence, in the limit, except in rare
circumstances, the agenda setter has extreme power: equilibrium outcomes converge,
in a strong sense, to the agenda setter’s ideal point. Our results are summarized in
Corollary 5 at the end of this section.

The first step in our analysis is to establish that as voters become patient, the
equilibrium proposals approach a set limit points in a strong sense. Given a weak™
convergent sequence {7’} of equilibrium proposal strategies as § — 1, the proposals
converge to a single alternative, say x*, in the following sense: for every open set
G C X containing z*, there exists 6 < 1 such that for all § > §, the support of 7°
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is contained in G. We then refer to z* as a limit proposal. Uniqueness of this limit
proposal does not hold in general: Appendix A.4 shows that when n =2 and m =1,
we can support multiple limit proposals if the contract curve of the agenda setter and
voter 1 intersects the contract curve of the agenda setter and voter 2 multiple times.
Our first result also adds an immediate restriction on preferences that holds at any
limit proposal: there cannot be an alternative y # z* that is weakly preferred to z*
by the agenda setter and all members of a decisive coalition.

THEOREM 8: If 70 is a no-delay stationary bargaining equilibrium proposal strategy
for § such that m° is weak* convergent as & — 1, then ©° converges strongly to a
limit proposal, i.e., there exists z* € X such that supp(n®) — {z*} in the Hausdorff
metric. Moreover, for all y € X such that y # x*, if ug(y) > uo(z*), then for all
C € D, there exists i € C such that u;(y) < u;(z*).

The preference restriction deduced in the preceding theorem, while simple, has
immediate application to any environment with a transferable private good: if the
voting rule is non-collegial and minimal transferability is satisfied, then every limit
proposal z* must minimize the stage utility of each voter. Indeed, if there were some
voter i such that u;(z*) > min,ex u;(2), then minimal transferability would yield an
alternative y such that ug(y) > uo(z*) and for all j € N\ {i}, u;(y) > u;(z*); but
since 7 is not a veto player, the coalition IV \ {i} is decisive, contradicting Theorem 8.
It immediately follows that as voters become patient, the equilibrium payoff of each
voter converges to the minimum stage utility. Given this observation, stated next,
the result of Proposition 3 for the divide the dollar environment follows easily as a
special case.

COROLLARY 4: Assume D is non-collegial and minimal transferability is satisfied.
For all limit proposals * and all voters i € N, w;(z*) = min,cx u;(z), and therefore
v; (7)) — min,cx u(2).

The main conclusion of this paper is that when the set of alternatives is multi-
dimensional, there is a unique limit proposal z*, and this is equal to the ideal point
of the agenda setter—except in rare circumstances. The remainder of this section
deduces necessary conditions for * # 2° to hold; in the following two sections, we
establish the restrictiveness of these necessary conditions when the voting rule is non-
collegial and the set of alternatives is multidimensional, allowing us to conclude that
the cases for which z* # 2° are indeed “rare.” To this end, we say an alternative x is
a constrained core point with respect to a non-zero vector p € R¢ if, letting H be the
hyperplane orthogonal to p, there does not exist y € X N (H + x) such that y = 2.7
Assuming stage utilities are continuously differentiable, the constrained core consists

"This concept is indirectly employed by Schofield (1978,1983) in his analysis of the local cycle
set; see, e.g., Lemma 7 of Schofield (1983), where he effectively shows that every alternative outside
the set IC(o) is a constrained core point with respect to some vector v.
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of every alternative x # #° such that z is a constrained core point with respect to the
agenda setter’s gradient Vug(z).

Figure 7 illustrates this concept in four cases. In the upper panels, we assume two
voters and inclusive majority rule, i.e., n = 2 and m = 1, with the left-hand panel
depicting Euclidean preferences, and the right-hand panel depicting non-Euclidean
preferences. Since z* is a constrained core point with respect to the agenda setter’s
gradient, there cannot be an alternative on H + x* that is strictly preferred to z* by
either voter, so the projected gradients p; = projyVui(z*) and py = projy Vus(z*)
must both equal zero. In case preferences are Euclidean, this implies that the ideal
points of the agenda setter and voters are collinear, as in the left-hand panel. For
general preferences, it implies that the contract curves for {0, 1} and for {0,2} cross
at x*, as in the right-hand panel. In the lower panels, we assume three voters and
majority rule, i.e., n = 3 and m = 2, with the left panel depicting Euclidean pref-
erences and the right non-Euclidean. In the Euclidean case, if we project the ideal
points of the voters to the hyperplane H 4+ x*, then the alternative x* is the median of
these projections. For general preferences, * must belong to the contract curve for
{0,4} for some voter 7, but in two dimensions, further restrictions on voter gradients
are less stark: all that is required is that we cannot have two voters whose gradients
point to the same side of x*.

Next, we derive the central necessary condition of the analysis: if a limiting pro-
posal is not equal to the agenda setter’s ideal point, then it is a constrained core point
with respect to the agenda setter’s gradient, Vug(z*), at z*.8

THEOREM 9: Assume each u; is continuously differentiable. For all limit proposals
x*, if * # 30, then x* is a constrained core point with respect to Vug(z*).

Although Theorem 9 has strong ramifications for agenda setting power when the
voting rule is non-collegial, this is not the case when some voter is a veto player.
When D is oligarchical, for example, Theorem 4 implies that the unique stationary
bargaining equilibrium is the static equilibrium z°* # 2% for all discount factors,
regardless of the dimensionality of the set of alternatives. Theorem 9 does apply in
this case, and indeed, we argued following the proof of Theorem 4 that the static
equilibrium is a constrained core point with respect to Vug(z®), i.e., x is Pareto
optimal for the voters in H 4 x*. This is depicted in Figure 8 for the case n = m = 3,
where there is no move from z* on the hyperplane H that is strictly preferred by all
three voters. Thus, the sharp implications drawn in the sequel necessarily concern
non-collegial rules.

8Because we will argue that constrained core points are exceptional, we do not provide a general
analysis of sufficiency, but in the example of Appendix A, we construct a sequence of stationary
bargaining equilibria converging to any alternative & that is a constrained core point with respect
to VUO (57)
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n=2and m=1:
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Vug(z*)
Vuy(x*) o
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Vug(2")  Vug(z*)

Figure 7: Constrained core point under majority rule
Vug(z*)

Vuy(x*)

VUQ(:U*) VU3<x*)

Figure 8: Constrained core point, oligarchical rule
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Next, we establish a final restriction on voter preferences between a limit proposal
and the status quo: ¢ must be weakly socially preferred to z*, in the sense that there
does not exist a decisive coalition, all the members of which strictly prefer x* to q.

THEOREM 10: For all limit proposals x*, if z* # 1°, then for every decisive coalition
C € D, there exists i € C such that u;(q) > u;(x*).

Of course, Theorem 5 implies that the agenda setter’s equilibrium payoff is at
least equal to her static equilibrium payoff, and this bound holds at a limit proposal
x*. With Theorems 8-10, we then have an immediate corollary that summarizes
our sufficient conditions for the power of the agenda setter to become extreme in
the limit. The corollary adds an important insight about the necessity of mixing
in equilibrium: 1) equilibrium outcomes converge to the agenda setter’s ideal point,
while 2) Corollary 2 establishes that pure equilibrium proposal strategies must be
degenerate on a unique static equilibrium, so 3) if the agenda setter does not obtain
her ideal point in the static equilibrium, then 4) all stationary bargaining equilibria
rely on non-trivial mixing when voters are sufficiently patient.

COROLLARY 5: Assume each u; is continuously differentiable. Then the unique limit
proposal is x* = 2 if there is no alternative x such that all of the following hold:

for all y € X \ {z} with uy(y) > uo(x) and for all C' € D, there exists i € C
such that u;(y) < u;(z),

e 1 is a constrained core point with respect to Vug(x),

for all C' € D, there exists i € C' such that u;(q) > u;(z),

o uy(z) > uf,

and in this case, if uj < uo(2°), then the stationary bargaining equilibrium proposal
strategy m° is non-degenerate, when 0 is close enough to one.

The implications of Corollary 5 for the power of the agenda setter hinge on the
assumption that there is no alternative possessing three properties, the key being
that no = is a constrained core point with respect to Vug(z). The scope of these
implications is large if the existence of such an alternative is exceptional. The focus
of the following two sections is to draw restrictive necessary conditions that must be
satisfied at any constrained core point, and to demonstrate that when the voting rule
is non-collegial and the set of alternatives is high dimensional, the constrained core is
almost always empty. Thus, existence of an alternative satisfying the three properties
of Corollary 5 is indeed the exception, and under these general conditions the power
of the agenda setter becomes extreme as voters become patient.
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Before proceeding, we briefly adapt the concept of constrained core to extract
further implications for boundary alternatives x € bd(X). We say the set X of
alternatives is piecewise smooth if it is cut out by a finite number of continuously
differentiable, quasi-concave mappings, f: R4 — R, ¢ =1,...,k, so that

X = {zeR|forall t=1,...,k f'(z) >0}

In this case, given boundary alternative z € bd(X), there is a finite set K(z) =
{¢ | ffx) = 0} of binding feasibility constraints, and we let L(z) = {y € R? |
for all ¢ € K(z), y- Vf(x) = 0} be the subspace orthogonal to the gradients of the
binding constraints; in case z € int(X), we let L(x) = R We say X is regular if
for all z € bd(X), the gradients {V f(z) | ¢ € K(x)} of the binding constraints are
linearly independent. Assuming x # 2°, define H(z) = {y € R? | y - Vug(z) = 0}
be the hyperplane through the origin orthogonal to the agenda setter’s gradient.
Then the tangent core consists of every z € X \ {#°} such that there is no direction
r € H(xz) N L(x) such that the coalition of voters with positive derivative at x in

direction 7, namely
{i € N|r-Vu(z) > 0},

is decisive. For interior alternatives, this concept preserves the original definition of
constrained core, but it imposes different restrictions on boundary alternatives.

THEOREM 11: Assume X is regular and each u; is continuously differentiable. For
all limit proposals x*, if x* # &°, then x* belongs to the tangent core.

7 Implications of the constrained core condition

In this section, assuming a non-collegial voting rule, we derive restrictions on voter
gradients that must be satisfied at any alternative that is a constrained core point
with respect to the agenda setter’s gradient. We focus initially on the case of majority
rule, where the restrictions are sharpest. First, assuming inclusive majority rule with
n even, we establish a very stringent restriction that generalizes our observations of
Figure 7: if z is a constrained core point with respect to Vug(z), then there are at least
two voters whose gradients are collinear with the agenda setter’s at x. The gradient
restriction applies only to interior constrained core points. In many environments of
interest, alternatives on the boundary bd(X) are Pareto inefficient and cannot belong
to the constrained core; and in environments with private goods, where it is Pareto
efficient for the agenda setter to consume the endowment, the only possible boundary
point belonging to the constrained core is the ideal point of the agenda setter. We
provide gradient restrictions for boundary constrained core points at the end of the
section.
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Figure 9: Gradient restriction in two and three dimensions

THEOREM 12: Assume n > 2 is even, inclusive majority rule with m = 3, and each u;
is continuously differentiable. Let x € int(X) belong to the constrained core. There
exist distinct voters i,j € N and scalars a;,c; € R such that a;Vug(x) = Vu,(x)
and a;Vuo(z) = Vu,(z).

Geometrically, given a constrained core point z and voters ¢ and j from the above
theorem, the contract curves for {0,:} and for {0, j} must intersect at z, as in the top
panels of Figure 7, where i = 1 and 57 = 2. For generic utilities, these curves will be
one-dimensional manifolds, and when utilities are Euclidean, they are in fact straight
lines. In the latter case, the gradient restriction of Theorem 12 actually implies that
the ideal points of the agenda setter and voters ¢ and j are collinear, a non-generic
situation in two or more dimensions. For non-Euclidean utilities, when the set of
alternatives is two-dimensional, the two contract curves can intersect transversally at
a constrained core point, such as z in the left-hand panel of Figure 9, in which case the
constrained core condition is stable, i.e., small perturbations of utilities will determine
a new constrained core point close to the original. When the set of alternatives is
dimension three or higher, as in the right-hand panel of Figure 9, it is impossible for
the contract curves to intersect transversally; thus, if there is a constrained core point
for one specification of utilities, then small perturbations can (and typically will) lead
the constrained core to be empty. We return to the genericity analysis more formally
in the next section.

Moving to the case of n odd, we can apply Plott’s (1967) theorem, as stated in
Section 2, to the set of alternatives restricted to H 4+ x to conclude that the projected
gradient of some voter equals zero, i.e., their gradient is collinear with the agenda
setter’s, and the projected gradients of the other voters satisfy radial symmetry.

THEOREM 13: Assume n > 3 is odd, majority rule with m = "TH, and each u; is

continuously differentiable. Let x € int(X) belong to the constrained core, let H be
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Figure 10: Gradient restriction in three dimensions, n = 3

the hyperplane through the origin orthogonal to Vug(z), and for each voter i, let
pi = projyVu;(z) be i’s gradient projected onto H. There exists k € N with pr = 0,
and if there does not exist j € N \ {k} with p; = 0, then for every unit vector r € H,
we have

Hz’EN\{k} | mpizr}‘ - Hiez\r\{k}\mm:—r}‘.

When the number n of voters is odd, there is again at least one voter with py = 0.
In contrast to Theorem 12, we cannot argue that a second voter also has projected
gradient equal to zero; but if no other voter has a zero projected gradient, then radial
symmetry yields a bijection ¢: N \ {i} — N \ {i} with no fixed points such that for
all i € N\ {k}, p; and py;) point in opposite directions. This means that z lies on the
contract curve for {0, k}, and the gradients of 0,4, (i) at = are coplanar. For generic
preferences, the set of alternatives such that the gradients of these three agents are
coplanar will be a manifold, say M, of dimension two, and the contract curve for
{0, £} may intersect the manifold M transversally in three dimensions; see Figure 10.
But in four or more dimensions, the contract curve will typically “miss” the manifold
M, i.e., the intersection is non-transversal. Again, the constrained core is generically
empty when the dimensionality of the set of alternatives is high enough, the critical
dimensionality now being four, rather than three.

Next, we return to n even for the case of exclusive majority rule. In this case, it
is known that if an alternative belongs to the core, then either the gradients of the
voters satisfy radial symmetry, or some voter k has a zero gradient, and for every two
voters, ¢ and j, other than k, there is a fourth such that the gradients of the four voters
are linearly dependent (see, e.g., Lemmas 3-5 of Schofield (1983)).° The following

90ur statement of the necessary condition is somewhat stronger than Schofield’s, which states
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theorem applies this observation to the set of alternatives restricted to H 4 x, stating
the necessary condition in terms of projected gradients.

THEOREM 14: Assume n > 4 is even, exclusive majority rule with m = 5 + 1, and
each u; is continuously differentiable. Let x € int(X) belong to the constrained core,
let H be the hyperplane through the origin orthogonal to Vug(x), and for each voter
i, let p; = projyVu;(x) be i’s gradient projected onto H. Either (i) there is no j € N
with p; = 0, and for every unit vector r € H, we have

1 1
{i€N|—Pi:T}‘ = {z’eN|—pi:—r}
[ i

or (ii) there is a voter k such that p, = 0, and for all distinct i,j € N \ {k}, there
exists h € N \ {4, j, k} for which {pp, pi,p;} is linearly dependent.

Y

Finally, for a general voting rule, it is clear that an alternative x belongs to the
core if and only if for every decisive coalition C' € D, x is Pareto optimal for C, in
the sense that for all y € X, there exists i € C such that w;(x) > u;(y). Assuming
continuously differentiable utilities, Smale (1973) shows that the zero vector then
belongs to the convex hull of the gradients of the members of C'. Applied to the set
of alternatives restricted to H + x, we conclude that zero belongs to the convex hull
of projected gradients of members of every decisive coalition. Define D to consist of
coalition sizes £ such that |C| > ¢ implies C' is decisive:

D = {te N |forall C,|C|>{implies C € D},

and then define m = min D. That is, m — 1 is the size of the largest coalition that is
not decisive. In particular, for a quota rule, we have m = m; and if the voting rule
is non-collegial, then we have m < n — 1. Using Smale’s result, Lemma 3 of Banks
(1995) implies that the projected gradients of the voters have rank less than m.

THEOREM 15: Let x € int(X) belong to the constrained core, let H be the hyperplane
through the origin orthogonal to Vuy(x), and for each voter i, let p; = projyVu;(z)
be i’s gradient projected onto H. For all C € D, we have 0 € conv({p; | i € C}).
Furthermore, the projected gradients {p; | i € N} of the voters have rank strictly less
than m.

The necessary condition stated above is not restrictive if voting is by unanimity
rule, so that D = {N}, for then every alternative that is Pareto optimal in H + z*
satisfies 0 € conv({p;|i € N}), and the rank of the voters’ projected gradients is
less than n = m. But for quota rules with m < n, it becomes restrictive when the
dimensionality of the set of alternatives is high.

only that there exist some pair ¢ and j of voters for which this holds.

32



We can extend the above gradient restrictions to boundary alternatives, now fo-
cusing on tangent core alternatives and assuming the set of alternatives is regular.
The result follows from Theorem 11 and, once again, Lemma 3 of Banks (1995), now
applied to voters’ gradients projected onto the set H N L of directions orthogonal to
the agenda setter’s gradient and to the gradients of binding constraints.

THEOREM 16: Assume X is regular. Let x € bd(X) belong to the tangent core, let
H be the hyperplane through the origin orthogonal to Vug(z), let L be the linear
subspace orthogonal to the gradients {V f*(z) | ¢ € K(x)} of binding constraints,
and for each voter i, let p; = projy~;, Vu;(x) be i’s gradient projected onto the linear
subspace H N L. For all C' € D, we have 0 € conv({p; | i € C}). Furthermore, the
projected gradients {p; | i € N} of the voters have rank strictly less than m.

8 Generic emptiness of the constrained core

In this section, we formalize the discussion above by showing that when the set of
alternatives is of high dimension, the constrained core is empty for generic specifica-
tions of preferences. Given any set Z C R¢, we say a mapping f: Z — R""! is twice
continuously differentiable if it can be extended to a twice continuously differentiable
mapping on an open set containing Z, and we denote by C?(Z, R"™!) the set of all
such mappings. Such a mapping f = (fo,..., fu) consists of n + 1 components. Let
d'f: Z — R+ be the mapping of first derivatives, i.e., if we view the gradient
V fi(x) as a row vector, then

Vfo(l‘)
d'f(z) = :
V fu()

is the n x d matrix of gradients. In the remainder of the section, we assume without
loss of generality that X has non-empty interior.

We begin the analysis by considering the status of constrained core points that
are interior to the set of alternatives, and since we are concerned only with properties
of stage utilities on interior alternatives, we define Uinyxy = C*(int(X), R"*!) as the
space of all twice continuously differentiable mappings «: int(X) — R"*! with the
component u; representing the preferences of agent ¢ = 0,1, ..., n; thus, we term such
a mapping u a vector utility function. We endow Uiy (xy with the Whitney (or strong)
topology (Hirsch, 1976, p.34). To capture the subspace of mappings satisfying the
concavity assumptions of the bargaining model, let Z;{int( x) denote the mappings u such
that the Hessian of each component, denoted d?u;, is everywhere negative definite:

forall i =0,...,n and all x € int(X),
d*u;(x) is negative definite '

~

Une(x) = {u € Unni(x) |
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The set Z;{int( x) is open in Uiny(x) with the Whitney topology, and we give it the relative
Whitney topology, making L?int( x) a Baire space (Hirsch, 1976, Theorem 4.4). In this
setting, our notion of genericity is that of an open, dense set, but because the Whitney
topology is extremely fine, openness is a correspondingly weak property.

For this reason, we also consider vector utility functions defined on the full set
of alternatives. Let Uy = C?(X, R""1) be the space of such vector utility functions,
endowed with the topology of C2-uniform convergence.!® Again, we focus on the set
of mappings that are differentiably concave, denoted

Uy = {UEL{X| foralli=0,...,nand all x € X, }

d*u;(z) is negative definite

We give Uy the relative topology inherited from Uy, making Uy a complete metrizable
space, and thus a Baire space. Because X is compact, the set Uy is an open subset
of Uy in the C2-uniform convergence topology.!* We use B.(u) to denote the open
ball of radius € around w for a compatible metric; for the open ball around x in
the Euclidean metric, we write B.(z). A subset of Uy is residual if it contains the
countable intersection of sets that are open and dense; because U is Baire, it follows
that a residual subset is also dense itself. This formalizes our notion of genericity for
vector utilities defined on the full set of alternatives.

For u belonging to L?int(x) or L?X, define the relation = >, y over alternatives
to hold if and only if there is a coalition C' € D such that for all © € C', we have
ui(x) > u;(y). Given u € Z;{int( x), let CCineex)(u) denote the interior constrained core
points determined by stage utilities u;, i = 0,1,...,n. That is, CCix)(u) consists
of # € int(X) such that x does not maximize ug over int(X), and letting H be the
hyperplane through the origin orthogonal to Vug(z), there isno y € (int(X))N(H +x)
such that y >, . Given u € Uy, let CCx(u) denote the constrained core points, i.e.,
CCx(u) consists of x € X such that x does not maximize ug over X, and there is no
y € X N(H + x) such that y >, .

Our first theorem focuses on the generic impossibility of constrained core points
belonging to the interior of the set of alternatives. We show that for a dimensionality
above a critical level, which depends on the voting rule, the interior constrained core
is generically empty. Of note, the theorem imposes no differentiable structure on the
set of alternatives. The first part of the genericity result holds on an open and dense
(not merely residual) set of vector utility functions in the Whitney topology, while the

10Because X is compact, the Whitney topology and the topology of C?-uniform convergence on
compacta (or weak topology) coincide on C?(X,R"). See Mas-Colell (1985), Section K for further
details.

Undeed, let {u*} be a sequence in U \ I with limit u. Then for all k, there exist i* and z* such
that d?u;x(z¥) is not negative definite, i.e, there is a unit vector t* such that t*d?u(z*)t* > 0.
Going to convergence subsequences, with limits say ¢, =, and ¢, continuity of the Hessian implies
td?u;(z)t > 0, and thus u € U \ U.
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second part of the result employs a weaker notion of genericity in terms of a residual
set, but uses the more familiar topology of C?-uniform convergence.

THEOREM 17: Assume one of the following holds:

(i) n > 2 is even, inclusive majority rule with m = %, and d > 3,
(ii) n > 3 is odd, majority rule with m = "TH, and d > 4,

(iii) n > 4 is even, exclusive majority rule with m = 5 +1, and d > 5,

m
—m"

(iv) D non-collegial and d > m +

I3

The set of vector utility functions defined on the interior of X for which there is no
constrained core point, i.e.,

Unii) = {1 € Uiy | CChnixy (u) = 0},

contains an open and dense subset of ajnt(x) with the relative Whitney topology;
and the set of vector utility functions defined on X for which there is no interior
constrained core point, i.e.,

Uy = {uely|CCx(u)N (int(X)) = 0},
is residual in Uy with the relative topology of C?-uniform convergence.

In some environments, the constrained core must belong to the interior of the
set of alternatives; if, for example, the environment is spatial and the voters’ ideal
points belong to the interior of the set of alternatives, then the constrained core
always belongs to int(X). In general, however, we cannot rule out the possibility that
constrained core points exist in the boundary of X. To draw further implications
for agenda setting power, we switch focus to the tangent core and show that we can
rule out tangent core points in parts of the boundary of X that are not too “thin.”

Assuming X is regular, let L C {1,2,..., k} represent a subset of binding constraints,
and define the L-face of X, denoted F'(L), by

F(L) = {zeX |foralll=1,... k fi(z)=0iff £ € L}.

By regularity, the face F'(L) is a manifold of dimension d — |L|. Note that we allow
L = 0, in which case F () is the interior of X. Let d* denote the critical level of
dimensionality identified in Theorem 17:

2 if n > 2 even, m = 3,
I = 3 if n>3o0dd, m =",
B 4 if n >4 even, m =% +1,
m+ n_i+1 else, D non-collegial.
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For u € Uy, let TCx(u) be the set of tangent core alternatives at u. Our final
result establishes that for generic vector utility functions, tangent core alternatives
are possible only in faces of low dimension relative to the set of alternatives. In many
environments, this conclusion is enough to preclude any tangent core alternatives,
so that equilibrium outcomes of bargaining must converge to the agenda setter’s
ideal point. More generally, our analysis implies that if agenda setting power does
not become extreme, then equilibrium outcomes must converge to lower dimensional
faces.

THEOREM 18: Assume X is regular. Let L C K satisfy |L| < d — d*. The set of
utility vectors u € Ux for which there is no tangent core point on the face F (L), i.e.,

Uy = {uelx|TCx(u)nF(L) =0},
is residual in Uy with the relative topology of C?-uniform convergence.

To understand the applicability of Theorem 18, assume for simplicity that X is
cut out by a single constraint, so that X = {x € R? | f}(z) > 0}, and the boundary
of X is the level set of the constraint function f! at zero. The interior alternatives
are such that the set of binding constraints is empty, i.e., L = (), and Theorem 18
implies that generically, there is no interior tangent core alternative when 0 < d — d*,
consistent with Theorem 17. Furthermore, the boundary alternatives are such that
the constraint is binding, i.e., L. = {1}, and Theorem 18 implies that generically,
there is no boundary tangent core alternative when 1 < d — d*. Thus, the tangent
core is generically empty when the dimensionality of the set of alternatives exceeds
d* 4 1, incrementing the critical dimensionality from Theorem 17 by one. In general,
we obtain generic emptiness of the tangent core when the dimensionality of the set of
alternatives exceeds d* plus the total number of constraint functions describing X.

A Technical material

A.1 Supporting lemmas

We begin by reformulating LSWP in cardinal terms. For each i € N U {0} and each
utility vector w € R", let

f?i(ﬂ) = {z € X |u(r) > U}
Pi) = {reX|ulx)> i)

Then for each C' C N U {0}, define the upper contour sets at utility vector @ by

Re() = (VRu(@) and Po(@) = () E(@)

1eC 1eC
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We say that LSWP* holds if for all ¢ € NU{0} and all & € ®*, |Ro(@)| > 1 implies
Re(@) C clos(Po(@)). It is easy to see that LSWP* implies LSWP by setting @ =
(uo(x), ui(x), ..., uy(z)). In fact, the conditions are equivalent under our maintained
assumption that utility functions are continuous.

LEMMA 1: LSWP holds if and only if LSWP* holds.

PROOF: We prove the necessity direction. Let C'C NU{0} and @ € %" be such that
|Rc(w)| > 1. Given any = € Rc(u), choose y € Re(w)\ {z}. Partition C' into two
groups:

I = {ieC|ur) =1}

J = {jeCluy(z)>u;}.

For each 7 € I, we have u;(y) > t; = us(x). Then |R;(x)| > [{z,y}| > 1, and LSWP
implies that x € clos(P;(x)) = clos(P;(w)). For each j € J, continuity implies that if

an alternative 2’ is close enough to x, then u;(2’) > @;. Thus, z € clos(Pg(iI)), and
since z is an arbitrary element of Ra (), we conclude that Ro (@) C clos(Pe(w)). O

Next, we show that at a fixed point of the correspondence B, the agenda setter’s
payoff is at least equal to her static equilibrium payoff, and therefore exceeds the
stage utility from the status quo.

LEMMA 2: For all m € A(X), if w is a fixed point of the correspondence B, then for
all x € supp(m), we have ug(z) > uf > uo(q).

PROOF: Let m be a fixed point of B, let x° be any static equilibrium, and suppose
toward a contradiction that for all x € supp(w), we have uy(z) < ug(x®). Let T =
[ zm(dz) be the mean of 7, and define 7 = (1 — §)2* + 0. Given any z € supp(r),
concavity of uy implies

up(Z) > (1 —0)ug(a®) + dup(z) > wup(x).

Let C* € D be such that 2° = 2%, and note that for all i € C*, concavity of u; and
wi(2*) > ug(g) implies

w;(T) (1 = 8)u;(x®) + ov;(m)

(1= 0)ui(q) + dvi(m),

which implies Z € Ags(7m) C A(n), contradicting sequential rationality of 7. Thus,
we have ug(x) > ), and the inequality u > ug(q) follows from Proposition 1. O

>
>

Finally, we verify the connection between fixed points of the correspondence B
and the no-delay stationary equilibrium proposal strategies.

LEMMA 3: For all m € A(X), there exist acceptance strategies o such (w,«) is a
no-delay stationary bargaining equilibrium if and only if 7 is a fixed point of the
correspondence B.
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PROOF: First, assume 7 is a no-delay equilibrium, and suppose toward a contradiction
that it is not a fixed point of B, i.e., there exist y € A(w) and x € supp(w) such that
up(z) < up(y). Let T = [ 2m(dz) be the mean of m, and define # = (1 — d)q + 0.
Define the utility vector @ such that for all i € N U {0},

w = (1—=20)u(q)+ dvi(o).

We consider two cases.

Case 1: y # &. Let C € D be such that y € Ag(w). We then have y € Re (1)
by construction, and by concavity of stage utilities, we also have = € }?C(ﬂ) Then
|Re(@w)| > |{#,y}| > 1. Using Lemma 1, LSWP* implies that Re (@) C clos(Po(@)).
Then there exists 2’ € X arbitrarily close to y such that for all i € C, we have

wi(z') > @ = (1—=20)u(q) + vi(m),
and by continuity, we can choose 2’ close enough to y such that ug(z’) > ug(x). By
stage dominance, we have «;(2’) = 1 for all i € C, contradicting sequential rationality.

Case 2: y = Z. Since 7 is a no-delay equilibrium, there exists C’ € D such that
z € Ae(m). Again, by concavity, we have z,y € R (@), and since ug(y) > uo(z),
this implies |Rev(@)] > 1. Then LSWP* implies that Rer (i) C clos(Per(@)). Then
there exists 2’ € X arbitrarily close to y such that for all : € C’, we have

wi(z') > w = (1—=20)u(q) + vi(m),

and by continuity, we can choose 2’ close enough to y such that ug(z') > ug(x). By
stage dominance, we have «o;(z") = 1 for all i € C, contradicting sequential rationality
of .

Second, assume 7 is a fixed point of B. Then we can specify acceptance strategies
«; such that for all x € X,

o (r) = {1 if () > (1= 0)uilq) + dui(),

0 else,

automatically satisfying stage dominance. Since m € B(w), it follows that 7 is an
optimal proposal strategy if the agenda setter’s stage utility from = € supp(m) weakly
exceeds the expected payoff from proposing an alternative that is rejected, i.e.,

UQ(ZL') Z (1 — 50)U0((]) + 501)0(77').

Using ug(x) = vo(m), this holds if and only if ug(x) > up(q), which follows from
Lemma 2. a
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A.2 Proofs of propositions

PROOF OF PROPOSITION 1: Assume (x,«) is a no-delay static equilibrium. Then
a(x) =1, and by stage dominance, we have z € A®. Suppose toward a contradiction
that there exists y € A® such that ug(y) > ug(x), so there is some C' € D with y € A%..
Then for all ¢ € C, we have u;(y) > u;(q), so that y € Ro(q). By LSWP, there exists
z € Po(q) arbitrarily close to y, and thus a(z) = 1. Choosing z close enough to y
that ug(z) > uo(z), the agenda setter can increase her payoff from = by proposing
z, contradicting sequential rationality. Thus, z maximizes the agenda setter’s stage
utility over A®. Now consider any alternative x that maximizes the agenda setter’s
stage utility over A®. Defining acceptance strategies as a;(y) = 1 if y € A7 and
a;(y) = 0 otherwise, the profile (z, ) is a no-delay static equilibrium.

Existence of a solution to the coalitional problem follows from compactness of
& and continuity of uy. To prove uniqueness, suppose toward a contradiction that
there exist distinct z,y € A¢ that maximize the agenda setter’s stage utility. In
particular, uo(z) = uo(y), and thus y € Reouqoy(x). By LSWP, we can approximate
y by alternatives z € Prugy (), but then we have z € Az and uo(z) > uo(z), a
contradiction. If x° is a no-delay static equilibrium, then it belongs to A®, so there
is some C' € D such that z° € A}, and by the first part of the proposition, it follows
that 2* = 2. The opposite direction also follows directly from the first part of the
proposition.

The inequality u§ > uo(q) holds because ¢ € A®. If there is a no-delay static
equilibrium x® # ¢, then there is a coalition C' € D such that z* € Af, and thus
z° € Reugoy(q). Then LSWP yields y € Pouqoy(g), and stage dominance implies
a(y) = 1. Tt follows that the agenda setter’s equilibrium payoff is at least equal to
the stage utility from y, i.e., u§ > uo(y) > uo(q).

For the last part, when d = 1 or D is oligarchic, we claim that A® is convex. In
the first case, Lemma 1 in Cho and Duggan (2003) establishes that regardless of the
discount factor, the social acceptance set A (7) is a nonempty compact interval. When
d = 0, this result implies that A® is convex. In the second case, letting C' = (D, we
have A® = A7, which is convex. This establishes the claim, and it follows that u, has
a unique maximizer over A® and thus, by the first part of the proposition, this is the
unique no-delay static equilibrium. a

PROOF OF PROPOSITION 2: Existence follows from the above discussion. Now,
consider any no-delay stationary bargaining equilibrium ¢ = (7, «). Let 7 = (1 —
8)q + [ zm(dz), and note that by concavity, we have

ui () > (1—06)ui(q) + duvi(m),

and thus «;(Z) = 1, for every voter. Assume that voters are indexed in order of their
ideal points, and that Z < 2°. For each voter i, let 3’ denote the alternative weakly
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greater than 7 such that w;(y’) = (1 — 0)u;(q) + dv;(7), if such an alternative exists;
otherwise, let y° = 7. Similarly, let y/ denote the alternative weakly less than Z such
that w;(y}) is equal to the voter’s reservation payoff. By Proposition 3 of Duggan
(2014), voter preferences over lotteries are order restricted, and it follows that for any
x, we have u;(x) > (1 — 0)u;(q) + dv; () if and only if y7* < z < y» ™+, Thus, the
set of alternatives that pass if proposed is an interval containing (yi*, y"~™!) and
contained in [y}, y?~™*!. In particular, this is a convex set, and thus the agenda
setter has a unique optimal proposal in equilibrium, so that 7 is degenerate on some
alternative x.

For each voter i, we then have v;(7) = u;(z), so that u;(x) weakly exceeds voter
i’s reservation value if and only if u;(x) > w;(q). Since the equilibrium is no-delay, =
passes with probability one, and thus the coalition of voters i such that u;(z) > w;(q)
is decisive, i.e., x € A%. If x = 2°, then it is the static equilibrium. Otherwise, if
x # 19 then we can assume without loss of generality that y" ™! < 29 so that
r =y < 3% Since x € A%, we conclude that ug(z) < ug(z®), where z° is the
unique no-delay static equilibrium from Proposition 1, and thus z < 2° < 2°. Now,
suppose toward a contradiction that x < z°, define 2’ = (1 —§)x® + dx, and note that
up(z") > up(z). Let C' € D be a decisive coalition such that x° € Af,, and note that
for all © € C, strict concavity of u; implies

wi(x') > (1= 8)ui(x®) + duy(x).
Then for all i € C, from u;(x*) > u;(q), we conclude that
ui(z') > (1 —=90)u(q) + du(z),

but then every member of C' accepts 2’ if proposed, so that a(z’) = 1, contradicting
sequential rationality of w. Therefore, x = x°, as required. O

PROOF OF PROPOSITION 3: In equilibrium, a voter i accepts a proposal x if and
only if it meets or exceeds the reservation value r;(7) = (1 — §)u;(q) + dv;(7). Let
&(m) = u; '(r;(m)) be the present value of rejection for voter 4, i.e., the amount of the
dollar needed to buy i’s vote. Going to a subsequence if needed, assume that &;(7w) —
z; for each voter i, and assume without loss of generality that & (7)) < -+ < &, (7).
This implies 7; < --- < 7T,. Suppose toward a contradiction that
Erllax x; =T, > 0.

For each voter i with T; = T, let p;(7m) denote the probability that the agenda setter
makes a proposal that voter i accepts. Then v;(7) = p;(m)r;(7). As 6 — 1, we have

limv;(7) = limr;(7) = lim w;(§;(7)) = w;(T;) > 0.

Therefore, we have limv;(7) = (lim p;(7))(lim v;(7)) > 0, and this implies p;(7) — 1.
Thus, for 0 close to one, there is positive probability that the agenda setter proposes
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to all of the most expensive voters, and these voters have positive present value of
rejection. Let x € supp(m) be such that for each voter ¢ with T; = T,, we have
x; > &(m) > 0. If every voter accepts z, i.e., x; > &;(m) for all j, then the agenda
setter can deviate to Z by retaining the amount x,, > 0 of the dollar offered to voter
n; since m < n, the deviation is still accepted. Otherwise, we have z; < &;(m) for
some voter j with T; < @,. For ¢ close to one, the agenda setter can deviate to & by
transferring &;(m) — z; units of the dollar from voter n to voter j and retaining the
residual, z,, — &;(m), which is positive by x, —§&;(7) > &, (m) — () > 0. We conclude
that 7,, = 0, which implies that v;(m) — 0 for every voter i, and thus © — 2°. O

PROOF OF PROPOSITION 4: In an equilibrium of the form described in the proposi-
tion, the continuation value of voter 2 is

1 1
vy(b,c) = —5[(a +b)2 4] — 5[(a —b)? + 7
= >+ +,

and voter 1’s is the same. In equilibrium, the proposal (b, ¢) gives voter 2 exactly her
reservation value, i.e.,

ug(b,c) = (1 —9)uz(q) + 0va(b, ). (2)

Moreover, sequential rationality of the proposal (b, ¢) implies that it lies on the con-
tract curve for the agenda setter and voter 2, so there exists 4 € [0, 1] such that

(b;c) = £(0,1)+ (1 - p)(a,0). (3)

Then (2) and (3) give us three equations in three unknowns, b, ¢, and . Clearly, the
optimality equations immediately imply that b = (1 — $)a and ¢ = 3, and thus the
problem reduces to solving

—(Ba)* = B = (1= 0)us(q) +d(a® +[(1 = B)a]* + B7).

After manipulating, the quadratic formula yields the solution for £ in (1), which lies
strictly between zero and one. Thus, the unique proposal to voter 2 in a symmetric
stationary bargaining equilibrium is 22 = £(0,1) + (1 — 8)(a,0), and the unique
proposal to voter 1 is the symmetric alternative z! = 5(0,1) + (1 — 8)(—a, 0), with 3
given above. Finally, L’Hopital’s rule implies that § — 1 as § — 1, as required. O

A.3 Proofs of theorems

PROOF OF THEOREM 3: Let 0 = (7, ) be a stationary bargaining equilibrium that
is not gridlocked, and suppose toward a contradiction that 7 is not no-delay, so there
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exists y € supp(m) such that a(y) < 1. The explicit formula for voter i’s continuation
value, given profile o, is straightforward to derive: it is

Jla(2)ui(z) + (L — o(2))(1 — 6)ui(q)]m(d2)
1—6 [(1—a(2)m(dz) ’

and similarly for the agenda setter. Since the discount factor ¢ is common across
voters, we may write each v;(0) as the expectation of u; with respect to a single prob-
ability measure, say v, that is independent of i. Specifically, for any Borel measurable
Y, we specify that

(4)

vi(o) =

Jyle(z) + I (q)(1 = 6)(1 — a(2))]m(d2)

v(Y) 1-06 [(1—a(z)r(dz) ’

where Iy (+) is the indicator function for Y. Letting p denote the unit mass on ¢, now
define the probability measure v = (1—§)p+dv, so that the expectation [ u;(z)y(dz)
is just (1 — 0)u;(q) + dv;(0). Following Banks and Duggan (2006), we refer to v as
the continuation distribution corresponding to o. Letting

o) = [ =)

denote the mean of the continuation distribution, concavity of u; implies that

ui(z(7)) = /uz-(Z)v(dZ) = (1= 9d)uilg) + dvi(a)

for every voter 1.

Since o is not gridlocked, it follows that 7 is not degenerate on ¢, and thus there
exists z € supp(7) that attains the agenda setter’s equilibrium payoff and such that
a(z) < 1. The agenda setter’s expected payoff from proposing x is equal to her
continuation value, i.e.,

w(o) = al@)u(e) + (1 - a(x))[(1 = do)uo(q) + dovo(0)], (5)

and thus we observe that vy(o) is a convex combination of ug(x) and ug(q). We
claim that the equilibrium payoff of the agenda setter equals the stage utility from
the status quo: vy(0) = up(q). This follows directly from (5) if x is rejected with
probability one, i.e., a(x) = 0. To prove the claim, we consider the case a(z) > 0.
By (5), then wvy(o) is actually a strict convex combination of ug(z) and ug(q). We
have already argued that vy(o) > uo(q), and we conclude that ug(q) < vg(o) < ug(z).
We claim that, in fact, the opposite inequalities also hold. The argument proceeds in
two cases. In the remainder of the proof, we define the utility vector u so that for all

i e NU{0},
w; = (1—0)ui(q)+ dvi(o).
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By the above remarks, concavity implies z(v) € Ry ().

Case 1: = # z(7). Note that since a(x) > 0, there is a decisive coalition C* € D
that accepts x with positive probability. Thus, we have € R« (@), which implies
|Ree ()] > |{x,z(y)}| > 1. Using Lemma 1, LSWP* yields an alternative 2’ € Pg= (@)
arbitrarily close to x, and stage dominance implies that for all i € C*, we have
a;(z") = 1. Thus, the agenda setter’s expected payoff from proposing =’ is ug(z’).
Since 2’ may be chosen arbitrarily close to x, sequential rationality of 7w implies that
the agenda setter’s continuation value is at least equal to the stage utility from =,
i.e., vo(0) > ug(x). Since vo(0) is a strict convex combination of ug(q) and ug(x), we
conclude that uy(q) = vo(o) = up(x).

Case 2: x = x(7y). Since o is not gridlocked, and in particular 7 is not degenerate,
there is an alternative y # () such that a(y) > 0. Then there is a decisive coalition
CY € D that accepts y with positive probability. Using concavity, we then have
2,y € Rew(@t), so that |Rov(@)] > 1. By Lemma 1, LSWP* yields an alternative
y € Py (@) arbitrarily close to z, and stage dominance implies that for all i € CY, we
have «;(y’) = 1. Since 3’ may be chosen arbitrarily close to z, sequential rationality
implies vy(0) > up(x). Once again, we conclude that ug(q) = vo(o) = ug(x).

The above arguments establish the claim that vo(0) = ug(g). Finally, since o is not
gridlocked, there exists z € supp(m) that attains the agenda setter’s equilibrium payoff
such that z # z(y) and a(z) > 0. Since z attains the agenda setter’s equilibrium
payoff, we have uo(2) = uo(q) = @p. In addition, the above claim and concavity of ug
imply that

uop(z(7)) = (1 —do)uo(q) + dovo(o)
= (1= 10)up(q) + dve(o)
- ﬂo.

Since a(z) > 0, there is a decisive coalition C* € D that accepts z with positive
probability. We then have z,2(y) € Rceugoy(@), so that |Re=uqey(@)| > 1. Then
LSWP* yields an alternative 2’ € Pg:yyy(@). In particular, stage dominance implies
that for all ¢ € C*, we have a;(2') = 1, and wuo(2') > 4y = up(z), contradicting
sequential rationality. O

PROOF OF THEOREM 4: Assume d = 1 or D is oligarchical, and let 7 be a no-delay
stationary bargaining equilibrium. Existence follows from Theorem 1. If X C R,
then by Lemma 1 in Cho and Duggan (2003), the social acceptance set A(rm) is an
interval. If D is oligarchic, letting C' = (D, then the social acceptance set is just
Ac(m), which is again convex. Then concavity and LSWP imply that the agenda
setter has a unique maximizer over Ax(7), so in both cases 7 is degenerate on some
alternative y € X. We claim that y is a candidate static equilibrium. Indeed, let
C € D be the coalition of voters who accept y in equilibrium, so that for all i € C,

ui (y) > (1=0)ui(qg) +dvi(m) = (1—20)ui(q) + dui(y),
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which implies u; (y) > u; (q). Thus, y € A% C A® which implies uy(y) < u§. By
Lemma 2, we have uy(y) = uf, and we conclude that y is a static equilibrium. O

PROOF OF THEOREM 6: Assume ¢ > 0, let 7 be a no-delay stationary bargaining
equilibrium, and let x® be a static equilibrium such that 7 is not degenerate on z°.
Suppose toward a contradiction that the agenda setter’s payoff from 7 is no greater
than her static equilibrium payoff, i.e., for all x € supp(7), we have ug(z) < uf. Let
C* € D be such that for all i € C%, we have u;(2*) > u;(g). Let T = [ zm(z) be the
mean of 7, and define ¥ = (1 — 0) 2* + 6. Note that for all i € C*, concavity of w;
and u;(x®) > u;(q) imply

> (1= 0)uy(x®) + dvy(m) (7)
> (1= 6)ui(q) + bv(m), (8)

and therefore & € Acs(m) C A(m). Moreover, for all x € supp(w), we have

uo(x) = uo(T) (9)
> (1 —=0)uo(z®) + duo(T) (10)
> (1 —=96)ug(x®) + dup(x) (11)
> (), (12)

where the first inequality follows from the fact that x maximizes the agenda setter’s
stage utility over the social acceptance set; the second follows from concavity; the
third follows from the fact that the agenda setter is indifferent across alternatives in
the support of 7; and the fourth follows from u§ > ug(x).

We deduce a contradiction in three cases. First, assume (i) holds. We consider
two subcases. First, assume 7 is non-degenerate. By inequalities (9)—(12), we have
uo(x) = uo(T) for all x € supp(7), contradicting strict concavity of ug. Second, assume
7 is degenerate. Then 7 is degenerate on T, and we have T # x® by assumption. But
(9)—(12) imply uo(Z) = (1 — §)uo(z®) + due(T), and with 6 > 0, this again contradicts
strict concavity of uy.

Next, assume (ii) holds. Note that Z # 1, for otherwise, we would have i° = 7 €
A(7), and sequential rationality of m would imply that 7 is degenerate on 2°. Then
ud > up(2°) would imply that z® = 29 contradicting the assumption that 7 is not
degenerate on z°. Now, using (6)—(8), we can partition C* into two groups:

I = {ieC®|u(®)=(1-0uiq) + dvs(m)}
J = {ie”|u(@) > (1—-0)uiq)+ dvi(m)}.
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For all i € I, with (6)—(8), we in fact have

ui(z) = (1 —=0)ui(z®) + 0u;(T)
= (1= )u(a®) + dv;(m)
= (1 —0)u;(q) + dv;(m).

In particular, since 6 > 0, we have u;(Z) = v;(m). Since w; is strictly concave, this
implies that 7 is degenerate, in which case it is degenerate on T # z°. But with
d > 0, the equality u;(Z) = (1 — §)u;(x*) + 0u;(T) again contradicts strict concavity.
We conclude that I = ), and C* = J. Defining 2z = (1 — )% + a2, we can choose
a > 0 small enough that for all i € C*, we have u;(z) > (1 — §)u;(q) + dv; (7). Thus,
z € A(r). But then for all x € supp(7), concavity of ug, T # 2°, and (9)—(12) imply

up(z) > wup(Z) = wup(x),
contradicting sequential rationality of .

Last, assume (iii) holds. For every voter i € N, let u; = min.cx u;(z) be the
lowest possible payoff for voter 7. Note that 7 is not degenerate on , for otherwise,
we would have Z = T = 2°, a contradiction. Thus, we can choose = € supp(m)\{Z},
and since 7 is no-delay, the coalition C* = {i € N | u;(xz) > (1 — 0)u;(q) + dv;(m)}
is decisive. Next, we claim that for every i € C*\C®, we have u;(Z) = u;(z) = ;.
Indeed, suppose toward a contradiction that for some i € C*\ C®, we have u;(Z) > wu;.
Then minimal transferability yields 2’ € X such that wuy(z’) > uo(Z) and for all
Jj € N\ {i}, we have u;(z") > u;(Z). By (6)-(8), we have € A¢s(m), and by (9)—-
(12), we have ug(Z) = up(x). We conclude that ug(z’) > ug(x) and for all j € C?,
uj(x’) > (1 — d)u;(q) + dv;(m). By stage dominance, it follows that a;(z') = 1
for all 7 € C?®, but then the agenda setter can increase her payoff by proposing 2,
contradicting sequential rationality of w. Thus, u;(Z) = u;. Now, since 6 > 0 and
u, = w(Z) > (1—=0)u(x®) + dv;(m),

1)

it follows that v;(m) = u;, and in particular u;(x) = w,;. This establishes the claim.

Next, we claim that & € Ac= (7). To show this, consider any i € C*. If i ¢ C*, then
uwi () = w, = ui(z) > (1—0)ui(q) + dvi(m).

If i € C®, then (6)—(8) imply € A;(n), as claimed. Define the utility vector @ such
that @y = uo(Z) = up(x) and for all i € N, we have

w = (1—20)u(q) + dv;(m).

We have shown that |chu{0}(ﬁ)| > [{z,z}| > 1, and using Lemma 1, LSWP* yields
z" € Powyugoy(@). Thus, ug(z”) > uo(x) and x € Ac=(m), contradicting sequential
rationality of . a
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PRrROOF OF THEOREM 7: By Corollaries 1 and 2, it suffices to show that there exists
0 € [0, 1] such that for every § < ¢, there is a pure strategy equilibrium, and for every
0 > ¢, there is no pure strategy equilibrium. By Corollary 3, if there are multiple
static equilibria, then 0 = 0 serves as the cutoff. Then it remains to consider the case
in which there is a unique static equilibrium z*. Let 7 € A(X) be the unit mass
on z*. We write 7 € B°(7*) if 7 is a stationary bargaining equilibrium proposal
strategy for §, and 7* ¢ B°(n®) if not. Let C* € D be such that for all i € C*, we
have u;(x*) > u;(q). Then for all i € C* and all § > 0, we have

ui(z®) > (1 =90)ui(q) + dui(x®),

and thus z° € A°(7®). Therefore, 7% ¢ B°(r*) if and only if there exists y € A%(7*)
such that ug(y) > ug.

We claim that if 7° ¢ B°(7*), then for every &' > 6, we have 7° ¢ B (7*). Indeed,
let y € X and CY € D be such that for all + € CY,

ui(y) = (1=0)ui(q) + dui(m*),
and

s

uo(y) > wuy.

~5 o 1 - 5/ + 1 _ ]. - 5/ s
T \1=s )Y 1—5)"
Note that &' € (4,1) implies that =% € (0, 1). By concavity, for all i € C,
, 1-4 1=
(79 > . _ (S
w@) = (125 )+ (1- 155 Jute)
1-v

> (325) 10 -t + ou )+ (1- 725 Jute)
= (1 —=0)u(q) + 6vi(7®),

For every &' > 9, let

and

() > (i:(;/)uo(y)%—(1—111(;/)%(:)38) -

Therefore, 7° ¢ BY (), as claimed.

Let D = {5 € (0,1) | 7 ¢ B°(7*)}. If D # 0, let § = inf D; otherwise, let § = 1.
By definition of § and the previous claim, for every § > §, we have 7° ¢ B?(7*), and
for every § < §, we have 7* € B°(r*). By Theorem 2, the correspondence of no-delay
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stationary bargaining equilibrium proposal strategies is upper hemi-continuous in the
voters’ discount factor, and thus 7% € B(7*), as required. a

PROOF OF THEOREM 8: For the first part of the theorem, let 7° be a weak* con-
vergent sequence of equilibrium proposal strategies as 6 — 1, and let 7* denote the
limit of this subsequence. Let T = f zm* (dz) be the mean of 7*, and suppose toward
a contradiction that there is a subsequence y° € supp (7r5) such that 3% — § # 7.
Furthermore, we can choose 3° so that for each d, there is a decisive coalition C? € D
such that for each i € C?, we have

w(y’) > (1-8)uilg) +6 / i) (d2),

and since N is finite, we can go to a subsequence along which this coalition is fixed,
i.e., C% = C. Taking limits, for each i € C, we have

ui(g) > /uz(z)ﬁ*(dz)

Moreover, uy(y°) = [ ug(2)7°(dz) and thus

w(@ = [l @),

Define the utility vector @ so that for all € NU{0}, we have @; = [ u;(z)7*(dz). We
then have y € RCU{O}(ﬁ) by the above continuity argument, and concavity implies
T € RCU{O} (@). Using Lemma 1, LSWP* yields an alternative 2’ arbitrarily close to
g such that ug(z") > ug(g) and for all i € C, we have u;(x’) > u;(7). Thus, when ¢ is
close to one, we have for all 1 € C,

ui(z') > (1—=90)u(q) +5/ui(z)7r5(dz),

which implies 2’ € Ag(7°) C A(7?), and we have

ug(z’) > /uo(z)ﬂ'é(dz),

contradicting sequential rationality of 7. We conclude that 7% converges strongly to
a degenerate proposal.

For the second part of the theorem, suppose toward a contradiction that there
exist y € X and C € D such that y # x*, we have ug(y) > uo(2*), and for all i € C,
we have u;(y) > u;(2*). By LSWP, there exists 2’ € X such that ug(z’) > ug(z*) and
for all i € C, u;(2) > w;(x*). Since 7° converges to z*, we have v;(7°) — w;(z*) for
all © € C', and then for § close enough to one, we have

wi(@') > (1= 0)ui(q) + dvy(°)
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for all i € C, which implies 2/ € A(w°). Moreover, for § close enough to one, we
have ug(2') > ug(x) for all z € supp(n?), contradicting sequential rationality of 7%,
as required. O

PrOOF OF THEOREM 9: Consider a limit proposal z* # #°, and suppose toward a
contradiction that there is some alternative y € H + x such that y > z*. Let C € D
be a decisive coalition such that for all i € C, we have u;(y) > u;(z*). For € € (0, 1),
define 7 = y+¢(2°—y) € X, and using continuity of u;, choose € > 0 small enough that
for all i € C', we have u;(Z) > w;(x). For a € (0,1), define 2’ = (1 — a)z* + az € X,
and note that for all ¢ € C, concavity implies w;(z’) > w;(xz*). Moreover, define
p=12 —a2"=(1—-a)z*+af —z* = (T — z*). Then the derivative of uy at z* in
direction p is

) (T —a7)
) (y+e(@ —y) —a)
= a(Vug(z") - (y — %)) + acVug(z") - (2° — y)

(
= aeVug(z*) - (2" — 2" + 2" —y)
(

Vug(z*)-p = aVug(z”
= aVug(z”

= aeVup(r*) - (2" — 2¥)

> 0.

where the last two equalities use Vug(z*)(y —2*) = 0, and the strict inequality follows
from concavity of ug. Thus, for small enough «, we have ug(x’) > ug(x*) and for all
i€ C,u(x') > u;(z*), contradicting Theorem 8, as required. O

PROOF OF THEOREM 10: Consider a limit proposal 2* # 2°, and suppose toward a
contradiction that there is some C' € D such that for all i € C', we have u;(z*) > u; (q).
By Theorem 8, it follows that for § close to one: for all y € supp(n?) and all i € C,
ui(y) > ui(q). Let @ = [ zm°(dz) be the mean of 7°, and note that #° — x*. For all
1 € C, concavity of u; implies

w@) > / w2 (d2) > wilg),

which implies
w () > (1 —6)uiq) + 5/ui(z)7ré (dz),

for § close to one. Furthermore, x* # 2° implies that for J close to one, we have
7° # 29, Given such 4, define 7 = (1 — €) 7° + €2° for € € (0,1). By concavity of uy,
we have ug(Z) > uo(T ‘5), and we can choose € > 0 small enough such that 7 € Ac(7°),
contradicting Theorem 8, as required. a

PROOF OF THEOREM 11: Consider a limit proposal z* # 2°, and suppose toward a
contradiction that there exists r € H(2*) N L(x*) such that C = {i € N | r- Vu,;(x) >
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0} € D. We claim that 0 ¢ conv({Vug(z*)} U{Vfi(x*) | £ € K(z*)}), for suppose
otherwise; then there exist coefficients 5y and g, ¢ € K(x*), such that

0 = BoVuo(z®)+ > BV fi(a").

LeK (%)

Since X is regular, it follows that 5y # 0, but then defining A\, = —f3,/5y, we can
write

Vug(z*) = Y MNVfi(aY).

leK (x*)

Because g is concave and satisfies the first order condition, it solves the maximization
problem
maXyecpd Ug (y)
st. fl(y)>0,0=1,...,m,

but this would imply z* = 2° Thus, zero is not in the convex hull of {Vu(z*)} U
{Vfiz*) | ¢ € K(z*)}. By the separating hyperplane theorem, there is a vector
s € R such that s - Vug(z*) > 0 and for all £ € K(z*), s- Vf(z*) > 0. Defining
t =7r+es, fromr € H(z*)N L(z*), we have

t-Vug(z*) = s-Vuyg(z*) > 0
and for all ¢ € K(x*),
t-Vfiz*) = s-Vfiz*) > 0.
In addition, for € > 0 small enough, we have for all i € C,
t-Vu;(x) = r-Vu(x)+e(s-u(x)) > 0.

Now define 2’ = 2* + nt for n > 0 small. Then we have ug(z') > uo(z*) and for
all ¢ € K(x%), f4(«') > 0. By continuity, we have for all ¢ ¢ K(z*), fi(2') > 0 as
well, implying ' € X. Finally, we have u;(x’) > u;(z*) for all : € C, contradicting
Theorem 8. a

PROOF OF THEOREM 12: Suppose toward a contradiction that there is at most one
voter whose gradient is collinear with the agenda setter’s. Let H be the hyperplane
through the origin orthogonal to Vug(z). For each voter h, let p;, = proj, Vuy(x) be
the projection of the voter’s gradient onto H. By assumption, we have p, = 0 for at
most one voter. Let N = {h € N | p, # 0}, so that w = [N| >n—1. Let r € H
be any vector such that for all b € N, we have Vuy(z) - r # 0, and without loss of
generality, assume

N, = {he N |Vuy(z)-r>0} > {heN|Vuy(z)-r<O0}.
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Since
{h € N | Vup(x)-r >0} +|{h € N|Vup(z) - r<0} = n > n—1,

this implies 3
2|Nr| Z n_1>

which implies |N,| > n=1. Since n is assumed even, this in fact implies IN,| > 5, S0
that Nr € D. Since the derivative of u; at x in direction r is positive for all i € Nr,
we can choose € > 0 small enough that y = z 4+ er € X and for all i € N,, we have
u;(y) > w;(z). But then Vug(x) - (y —z) = er, sothat y € X N (H + z), and y > =,
a contradiction. a

PROOF OF THEOREM 17: Let M be the set of all (n + 1) x d matrices, denoted
M, with rows indexed 0, 1,...,n. We employ the following notational convention for
subsets of M throughout the proof: given any groups G, ...,Gy € NU{0} and any
natural numbers rq, ..., 7, let My, ., . [G1;Ge; . .., ; Gi] denote the set of matrices
such that for all £ = 1,... k, the rows of M corresponding to members of GG, have
rank r, in R?. To ease notation, we may omit braces around the elements of G, in
the sequel.

First, assume (i). Given distinct voters 4,5 € N, let My 1[0;0i;05] be the set of
(n+1)xd matrices M such that: row zero has at least one non-zero entry; row zero and
row ¢ have rank one; and row zero and row j have rank one. Because row zero is non-
zero, this means that row ¢ is a scalar multiple of row zero, as is row j. Thus, the set
M 11]0; 07; 05] is a manifold of dimension d+1+41+(n+1-3)d = (n+1)d+2—2d, and
it has codimension (n+1)d—(n+1)d—2+2d = 2d—2. Moreover, it is straightforward
to verify that M, 11[0; 0i; 05] is semialgebraic. Indeed, let A = {(z,, 8) € R? | 2 #
0}, and define the polynomial function ¢: R2 — ROV by ¢(z, a, B) = (2, az, B2).
Since M 1.1[0;0i;05] is the image of the semialgebraic set A under ¢, result (2.1)
of Gibson et al. (1976) implies that M ;1[0;0¢;04] is semialgebraic, as claimed.
Furthermore, result (2.3) of Gibson et al. (1976) implies that the closure M% =
clos(M; 11[0; 0i; 05]) is also semialgebraic. By result (2.7) of Gibson et al. (1976), it
follows that M/ is in fact a Whitney stratified subset of R (cf. p.11 of the latter
reference), and by their result (1.2), the product int(X) x R"*! x M* is a Whitney
stratified subset of RA++1+(n+1)d,

This structure allows us to apply a generalized version of the jet transversality
theorem. Given any f € C?(int(X), R"*1), the 1-jet of f is the mapping j'f: R4 —
Rd+(n+1)+(n+1)d Jefined by

7 @) = (2, f(x),d f(z)).

By Theorem 7.5.11 of Jongen, Jonkers, and Twilt (2000), the set of twice continuously
differentiable mappings f: int(X) — 2" such that j'f intersects int(X) x R x
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M transversally, i.e.,
Fhl = {f € Unn(xy | 7' f M int(X) x R x M”}

is open and dense in the Whitney topology on Ui x).'? By transversality, for all
f € Fbi it follows that the set

{r €int(X) | 5 f(z) € int(X) x R x M, 11[0;04;04]}

is a manifold with codimension 2d — 2, and thus it has dimension d —2d+2 = 2 —d.
More succinctly, we can write F*/ as the set of mappings f € Uing(x) such that d*f
is transversal to M%J, and we conclude that for all f € F*/, the set

{z € int(X) | d"f(x) € My1.4[0;06;05]}

is a manifold with codimension 2d — 2, and thus it has dimension d —2d + 2 = 2 — d;
in the sequel, we will move to the first derivative directly to save space. Since d > 3
by assumption (i), we conclude that for all f € F/ this set is empty; in particular,
there does not exist z € int(X) such that d' f(z) € My 1[0; 0i; 07].

Since Uiny(x) is a Baire space with the Whitney topology, it follows that the in-
tersection F) = ﬂijeN:#j F*I is also open and dense in Uine(x)- And since L?int(x) is
open in Uin(x), it follows that the set

Ja)

Foy = Foy NUmx)

is open and dense in L?int( x) with the relative Whitney topology. For all u € Z;{int( X)
Theorem 12 implies that if © € CCiyx)(u), then there exist voters 4,5 € N such
that d'u(z) € M 1.1[0;0i;04], which implies u ¢ F*J. Contrapositively, if u € Fp),
then there does not exist € CCiyyx)(u), i.e., CCiyx)(u) = 0. This means that
J%(i) C L?i?lt( X) establishing the first genericity result.

For the second genericity result, we apply the standard jet transversality theorem
(Hirsch, 1976, Theorems 2.8 and 2.9) to the space of twice continuously differentiable
mappings f: R — RN"*! to conclude that

G = {feC*R,RY) | d'f A Mya0;0i;05]}

is a residual subset of C?(R94, R"+1) with the Whitney topology, i.e., it contains the
countable intersection of sets that are open and dense. Since C?*(R4,R") is a Baire
space with the Whitney topology, it follows that the intersection Gy = ﬂij ENikj G

12Theorem 7.5.11 of Jongen, Jonkers, and Twilt (2000) is written in terms of mappings defined on
the entire Euclidean space R¢; the result can be directly extended to mappings with convex, open
domain.

51



is also residual in this space. Define é to consist of the restriction to X of each
function f € G;) such that f is differentiably concave on X, i.e.,

Gy = {flx|feGn}nix.

We claim that é(i) is dense in Uy with the relative topology of C2-uniform convergence.
Indeed, consider any g € Uy and any € > 0. The set H = {f € C2(R4,R") | flx €
Ux NB.(g)} is open in the Whitney topology. Since Gy is dense, there is a mapping
f € G NH. Then the restriction f|x belongs to Q(i) and to the ball B.(g), and we
conclude that Q(i) is dense in Z;{X, as claimed.

Next, we construct a countably infinite collection of open sets {V,,} the intersec-
tion of which consists of the differentiably concave vector utility functions that admit
no interior constrained core alternatives. Choose an interior alternative T € int(X),
and for each natural number m, define K,, by shrinking X down to T as follows:

Ko = (1-2)x+ o
m m

As m increases, the convex and compact sets K, increase to fill the interior of X,
and we have int(X) = |J,-_, K,,,. For each m, define

V,, = {uelUx|CCx(u)NK, =0},

and note that Z;{% = o_; V. It is straightforward to show that each V,, is open
in the relative topology of C?-uniform convergence, and thus it remains to show that
each set is dense.

We claim that for each m, é(i) C V,,. To see this, consider any u € é(i), SO
that there exists f € G with v = f|x. Note that f € G implies that for all
distinct voters i,j € N, the set {zx € R? | d' f(x) N My 1.[0;0i;05]} is a manifold of
dimension 2—d, and thus assumption (i) implies that the set is empty. If there were an
alternative © € CCx(u) N K,,, then Theorem 12 would yield voters i, j € N such that
d' f(z) = d'u(x) € My 11[0;04; 0], which is impossible. Therefore, CCx (u)NK,, = 0,
i.e., u € V,,. This implies é(i) C V., as claimed. Since é(i) is dense, it follows that V),
is dense, as well as open. We conclude that L?g)( is the intersection of sets that are open
and dense in Uy with the relative topology of C2-uniform convergence. Therefore,
Z;{% is residual, establishing the second genericity result, as required.

Second, assume (ii). The structure of the argument parallels that above, but with
different accounting details, which we explicate here. For distinct voters i, j,k € N,
define the following class of matrices:

o M 122[0;0k; 0¢; 0ij] is the set of matrices such that: row zero has at least one
non-zero entry; row zero and row k have rank one; row zero and row ¢ are
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linearly independent; and rows zero, i, and j have rank two. Since row zero is
non-zero, row k is a scalar multiple of row zero, and since rows zero and i are
linearly independent, row j is a linear combination of row zero and row i. The
set is a manifold with dimension d +1+d+2+ (n+1—-4)d=(n—1)d+3
and codimension 2d — 3.

By results of Gibson et al. (1976), clos(M 122[0; 0k; 0¢; 0ij]) are semialgebraic, and
thus the union

MR = MBI clos(M 1 .9,2[0; 0k; 04; 0ij])
is semialgebraic and, in fact, int(X) x R x M®3* is a Whitney stratified set.

By Theorem 7.5.11 of Jongen, Jonkers, and Twilt (2000), the set F9* of mappings
f € C*(int(X), R"™1) such that j!f intersects int(X) x R"H x MH5* transversally
is open and dense in the Whitney topology on Uiy (x). By transversality, for all
f € F* the set

{z € int(X) | d' f(x) € My1.22]0;0k;0i; 0]}

s L9y

is a manifold with codimension 2d — 3, and thus it has dimension 3 — d. Since
d > 4 by assumption (ii), we conclude that for all f € F®* this set is empty; in
particular, using M* C M®* there does not exist x € int(X) such that d'f(z) €
M1,171[0; O]{Z, Oj] U M171,272[0; O]{Z, Oi; OZj]

Again, the intersection F;;) = ﬂIgszzg F1is open and dense, and it follows that
Fiiy = Fiiy N Uing(x) is open and dense in Uiy x) with the relative Whitney topology.
For all u € L?int( x), Theorem 13 implies that if x € C'Ciye(x)(u), then either there exist
voters j,k € N such that d'u(z) € M;y11[0;07;0k], or there exist 4,j,k € N such
that d'u(z) € My 1.22[0;0k; 0i; 0ij], both cases implying u ¢ ﬁ(ii). Contrapositively,
if u e ﬁ(ii), then there does not exist © € CCinyx)(u), i-e., CCiyx)(u) = 0. This
means that ﬁ(ii) C Z;{i%t( X) establishing the first genericity result.

The second result follows the lines above, defining subsets Gi/* C C?(R¢, R*+1)
and defining G;) as the intersection over them, so that G is residual. We then let

n

Ggi) be the differentiably concave restrictions of functions in G;). This set is dense

ind ', and thus each V), is open and dense, and we obtain that Z;{% is residual in U X,
as required.

Third, assume (iii). Again, the only difference is a matter of accounting. For
distinct voters h, i, j, k € N, define the following two classes of matrices, in addition
to those defined above:

o My 52[0h;0j;0hi;05k| is the set of matrices such that: row zero and row h
are linearly independent; row zero and row j are linearly independent; row
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zero, row h, and row ¢ have rank two; and row zero, row j, and row k have
rank two. Since row zero and row h are linearly independent, this implies that
row ¢ is a linear combination of rows zero and row h, and similarly, row k
is a linear combination of row zero and row j. Thus, the set is a manifold
with dimension d +d+2+d+ 2+ (n —4)d = (n — 1)d + 4 and codimension
(n+1)d—(n—1)d—4=2d—4.

o M 133[0;0k; 0hi; 0hij] is the set of matrices such that: row zero has at least
one non-zero entry; row zero and row k have rank one; row zero, row h, and
row ¢ have rank three; and row zero, row h, row 7, and row j have rank three.
Since row zero is non-zero, row k is a scalar multiple of row zero, and row j is a
linear combination of rows zero, h, and 7. The set is a manifold with dimension
d+1+d+d+3+(n—4)d = (n—1)d+4 and codimension (n+1)d—(n—1)d—4 =
2d — 4.

Again, results of Gibson et al. (1976), imply that the closures of the above man-
ifolds, clos(Ma222[0h;05;0hi;05k]) and clos(M; 1 33[0; 0k; Ohi; Ohij]), are semialge-
braic, and thus the union

MR = MEIF Y clos( Mo, 9.9[0h; 0; 0hi; 05k]) U clos(My 1 33[0; 0k; Ohi; Ohij))

is semialgebraic and, in fact, int(X) x " x MM43F is a Whitney stratified set.

By Theorem 7.5.11 of Jongen, Jonkers, and Twilt (2000), the set F™#3* of map-
pings f € Uiny(x) such that j* f intersects int(X) x R x M™% transversally is open
and dense in the Whitney topology on Uiy (x). By transversality, for all f € F hiigik
the sets

{:E € int(X) | d' f(z) € Ma2[0h;05; Ohi; Ojk]}

and

{:): €int(X) | d' f(z) € My 133[0; Ok;()hz';()hz'j]}

are manifolds with codimension 2d — 4, and thus they have dimension 4 — d. Since
d > 5 by assumption (iii), we conclude that for all f € F™"F these sets are empty;
in particular, using Mk C M43k there does not exist x € int(X) such that

M1,171[0; Ok‘; 0]] U M1,172,2 [O; Ok‘; O'é; OZ]]U

1
d f(z) € Ma.5.9.5[0h; 05; 0hi; 05k] U My 1.3,3[0; OK; Ohi; Ohij).

It follows that the intersection

Faipy = ﬂ FL.

ICN:|I|=4
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is open and dense, and thus ﬁ(iii) = Faip N Z;{int( x) is open and dense in L?int( x) with
the relative Whitney topology.

For all v € L?int(x), Theorem 14 implies that if @ € CCiy(x)(u), then either (i)
there exist voters h,i,j,k € N such that d'u(x) € Maya22[0h;05;0hi;05k], or (ii)
there exist h,i,j,k € N such that d'u(x) € My 1 1[0;0k; 05] U M 1.22[0; 0k; 0i; 0i5] U
M 133[0;0k; 0hi; Ohij], both cases implying u ¢ ﬁ(iii). Contrapositively, if u € ﬁ(iii),
then there does not exist € CCin(x)(u), i.e., CCiyxy(u) = 0. This means that
ﬁ(iii) C Z;{i%t( X)s establishing the first genericity result. The second result follows along
the lines above.

Fourth, assume (iv). Given a group G C N U {0} with |G| = r, let M(G) denote
the matrices with row rank r such that rows ¢ € GG are linearly independent. This
implies that each row j ¢ G is a linear combination of rows ¢ € GG. Thus, the set
M(G) is a manifold of dimension rd+ (n+1—r)r and codimension (n+1)d—rd—(n+
1—r)r = (n+1—r)(d—r). It is straightforward to show that M(G) is semialgebraic,
and it follows that the class M[r] = (Jg, gz, M(G) of matrices with row rank r is
semialgebraic. Then result (2.3) of Gibson et al. (1976) implies that the closure
M" = clos(M]r]) is also semialgebraic, and in fact, int(X) x R** x M" is a Whitney
stratified set. By Theorem 7.5.11 of Jongen, Jonkers, and Twilt (2000), the set F" of
mappings f € Uug(x) such that j' f intersects int(X) x R" T x M" transversally is open
and dense in the Whitney topology on Uy (x). By transversality, for allr =1,...,m
and all f € F", the set

{l‘ € int(X) | d'f(z) € M[r]}

is contained in a union of manifolds, each with codimension greater than or equal
to (n +1 —m)(d — m). Note that (n +1 —m)(d — m) > d holds if and only if
d > m + -~ which holds by assumption (iv). Thus, we conclude that for all
r=1,...,m and all f € F", the above set is empty; in particular, there do not exist
r € int(X) and r = 1,...,m such that d' f(z) € M|r]. Tt follows that the intersection
Favy = ﬂrm: . F" is open and dense, and thus ﬁ(iv) = Fiiv) N Z;{int( x) is open and dense
in Z;{int( x) with the relative Whitney topology. For all u € L?int( x), Theorem 15 implies
that if © € CCi(x)(u), then d'u(z) € M[r] for some r = 1,2,...,m. Contraposi-
tively, if u € ﬁ(iv), then there does not exist € CCiyyx)(u), i.e., CCingx)(u) = 0.
This means that ﬁ(iv) C Z;{int( x), establishing the first genericity result. The second
result follows along the lines above. a

PROOF OF THEOREM 18: The proof builds off the proof of Theorem 17. We extend

notation for matrices as follows: given groups Gy, ..., Gy € NU{0}, natural numbers
...k, vector z € R4, and aset L C K, let ML . [2|Gy;.. ., ; Gy] denote the set
of matrices such that: for all j =1,...,k, the rows corresponding to members of G;

together with the gradients V f“(x), ¢ € L, have rank r; + |L|.
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We consider the case of n even, inclusive majority rule in some detail and give
further remarks to indicate the lines of argument for other voting rules. Given L with
|L| <d—d*=d—2and x € F(L), we define the class M{, ,[2|0;0i; 05] of matrices
such that: row zero together with the gradients V f*(z), ¢ € L, have rank 1 + |L|;
rows zero and i together with the gradients V f*(z), ¢ € L, have rank 1 + |L|; and
rows zero and j together with the gradients V f*(z), ¢ € L, have rank 1+ |L|. Define
the set

Wi = {(z,y,M) |z € F(L),y € R**', M € M7, ,[]0; 0; 051},
a manifold of dimension

dim(V[/i@) = (d-|L)+n+1)+d+1+|L)+ (1 +|L])+(n+1-23)d
= d+n+1+(n+1)d—2d+|L|+2

and codimension
codim(W/) = d+n+1+4 (n+1)d—dim(W") = 2d—|L| —2.

Given any f € C?(R? R™1), recall that the 1-jet of f is the mapping j'f: R? —
Rd+(n+1)+(n+1)d Jefined by

j @) = (2, f(x),d f(z)).

. . L . 1 L .
By the jet transversality theorem, the set 77 of mappings such that j*f m W is a

residual subset of C2(R?, ®") with the Whitney topology, as is the intersection F*
of these sets over pairs of voters. Let G* = {f|x | f € F*} NUy be the set of
differentiably concave restrictions to X of functions in F%, a set that is dense in Usx
with the relative topology of C2-uniform convergence.

Let Y = U;/.;c;. F(L') be the union of lower-dimensional faces adjacent to F'(L).
For each natural number m, let K,, = X \ B1(Y) be the alternatives that are at
least a distance % from Y, so that K,, is compact. Define the set

Vi = fuely | TCx(u)N F(L) N K, = 0}

of vector utility functions such that if there is a tangent core point belonging to F'(L),
then such alternatives are within a distance of % of the “corners” of F'(L). Note that
Uk = N°_, V,n. Furthermore, each V,, is open in the relative topology of C*-uniform
convergence. For denseness, we show that Gt C Q)L( Indeed, consider any u € G,
so there exists f € FL with u = f|X. From f € FL, it follows that for all distinct
voters 7,7 € N, the set

{zeR|j () e WE)

is a manifold with codimension 2d —|L| — 2. Since |L| < d —2, we have 2d —|L| —2 >
d, so the above set is empty. If there were an alternative x € TCx(u) N F(L) N
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K,,, then Theorem 16 would yield voters i,7 € N such that d'f(x ) = 1u( ) €
M{1[2]0; 04; 05], which is impossible. Therefore, TCx(u) N F(L) N i
uw € V,,. We conclude that U L. as the intersection of sets that are open and dense, is
residual in Uy with the relative topology of C2-uniform convergence.

e.,

For n odd, majority rule, we focus here on the set MY ,[x|0; 0k; 0z5] of matrices
such that: row zero together with gradients V f*(z), £ € L, have rank 1 + |L|; rows
zero and k together with gradients V f*(z), ¢ € L, have rank 1 + |L|; and rows zero,
i, and j together with gradients V f*(x), ¢ € L, have rank 2 + |L|. The manifold
ng = {(z,y. M) |z € F(L),y € R M€M112[‘T|O§0k§02ﬂ}

(2

has dimension

dim(Wr,) = (d—|L)+n+1)+(d+1+]|L])+ 2+I|L])+ (n+1—3)d
= d+n+1+(n+1)d—2d+|L|+3

and codimension codim(W},) =d+n+1+ (n+ 1)d — dim(W") = 2d —[L| — 3.
This exceeds d by assumption |L| < d — d*, and the above arguments can be applied.

For n even, exclusive majority rule, let M7, ,[x[0; 0h4; 0jk] be the matrices such
that: row zero together with gradients V f*(z), e L, have rank 1+ |L|; rows zero,
h, and i together with gradients V f(x), ¢ € L, have rank 2 + |L|; and rows zero, 7,
and k together with gradients V f¢(x), ¢ € L, have rank 2 + |L|. The manifold

WhLz]k = {(z,y, M) |z e F(L),y e R""" M € M122[$‘0§ Ohi; 05k]}

has dimension dim(WZLJ‘Z) =d+n+1+(n+1)d—2d+|L| + 3 and codimension
codim(W}/) = 2d — |L| — 4. Also, let M 5[2|0; 0k; 0hij] be the matrices such that:
row zero together with gradients V f*(z), ¢ € L, have rank 1 + |L|; rows zero and
k together with gradients V f*(z), £ € L, have rank 1 + |L|; rows zero, h, i, and j

together with gradients V f(x), ¢ € L, have rank 3 + |L|. The manifold
WhLzb]k = {(z,y, M) |z e F(L),y e R""" M € M113[‘T‘0; 0k; Ohij]}

also has dimension dim(W}, ) = d+n+1+ (n+1)d —2d +|L| + 3 and codimension
codim(W};) = 2d — |L| — 4. This exceeds d by assumption |L| < d —d*, and the above
arguments can be applied.

Finally, for a general non-collegial voting rule, let MZ%[z|r] be the matrices M
such that the rows of M together with the gradients V f*(x), ¢ € L, have rank r +|L|.
When r = m, the main case of interest here, the manifold

Wy = {(w,y,M) |z € F(L),y e X" M € M"[z|m]}
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has dimension

dim(Wy) = (d—|L))+ (n+1)+md+ (n+1—m)(m+ |L|)

and codimension

codim(W/) = d+n+1+ (n+1)d — dim(W")
= (n+1-m)(d—m—|L|).

This exceeds d if and only if
d > m+|Ll+———,
n J—

consistent with the case L = ) in Theorem 17, or equivalently, if and only if |L| <
d — d*, which holds by assumption. O

A.4 Detailed example of convergence

Assume n = 2 and m = 1, so that the support of either voter 1 or voter 2 is sufficient
to for a proposal to pass. Assume that the contract curves for {0,1} and {0, 2} inter-
sect at T; assume that in an open set GG containing Z, this intersection is unique; and
assume that both voters strictly prefer the status quo to Z, consistent with Theorem
10, and that the agenda setter has the opposite preference. We will show that there is
a sequence of stationary bargaining equilibria in non-degenerate proposal strategies
that converges to  as the voters become patient, and this will be demonstrated in
a somewhat constructive way. Let y denote an alternative on the contract curve for
{0,1}, and given y, let z denote the alternative on the contract curve for {0,2} that
makes the agenda setter indifferent, i.e., uy(y) = ug(z). Assume without loss of gener-
ality that the agenda setter weakly prefers voter 1’s ideal point, i.e., ug(21) > ug(2?),
so when y = 2!, the agenda setter is indifferent between y and some alternative 2 on
the contract curve for {0,2}. For simplicity, assume that voter 2 weakly prefers Z to g,
which can be interpreted as saying the status quo is not too bad for the agenda setter.

We know that in an equilibrium with non-trivial mixing, the agenda setter mixes
with some probability, say n > 0, on an alternative y and remaining probability,
1 —n >0, on z such that: y is on the contract curve for {0,1}, z is on the contract
curve for {0,2}, and ug(y) = wo(z). In addition, these proposals must make the
corresponding voters indifferent between acceptance and rejection. For voter 1, this
means

ui(y) = (1 =0)ur(q) + d[nua(y) + (1 = n)ua(2)];

and solving for 7, we obtain

(1= 8)mle) — m)
= T T ) — )

58



For voter 2, this means

uz(z) = (1 —=0)ua(q) + dlnua(y) + (1 —n)ua(2)],
so that 7 also satisfies

, _ A=) — ()
d(uz(2) —ua(y))

This analysis implies that the indifference condition holds for both voters when y
(and thus z # y) is chosen so that

(1 —0)(u(g) —wly) | (1= 0)(ualq) = us(2))

5(u1(y) - Ul(Z)) 5(u2(z) — Ul(y)) = 1
or equivalently,
ui(q) —ui(y) | ua(q) —wa(z) 4
ui(y) — ui(2) * u(z) —wi(y)  1-0 (13)

Given 0 € (0, 1), there is a choice of y (and thus z # y) that solves the above equation.
Indeed, as y — Z, our assumption that the contract curves intersect uniquely at x
implies that z — Z, and thus, the left-hand side of the equation diverges to infinity;
and as y — T7, we have z — 2, and thus the left-hand side converges to a negative
quantity. We conclude that there is a mixed strategy equilibrium in which the agenda
setter mixes between appropriately chosen y and z.

Now, let 6 — 1, so that for given y and z, the right-hand side of (13) becomes
arbitrarily large. In equilibrium, the left-hand side becomes commensurately large,
and thus we have |y — z| — 0, which implies y — Z and z — &, demonstrating the
power of the agenda setter as voters become patient. In case & # 29, this finding
is consistent with the result of Theorem 9. Furthermore, it shows that in a simple
environment, the property of being a constrained core point with respect to the
agenda setter’s gradient is sufficient for an alternative to be the limit of equilibrium
proposal strategies as the voters become patient. Thus, general necessary conditions
in addition to those of Theorem 9 are not immediately forthcoming.
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