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Abstract

Does targeted advertising help politicians improve electoral outcomes? This

paper argues that the answer is yes but only for elections where winning requires

convincing voters with opposing preferences – targeted advertising swings these

elections. While cheap talk is not sufficient, commitment is not necessary: a

politician can achieve his most preferred electoral outcome if his messages are

verifiable; he lies by omitting information instead. In equilibrium, each targeted

message is biased toward the voter’s bliss point and just informative enough to

be persuasive. Increased voter polarization improves the odds of swinging elec-

tions with targeted advertising because more extreme voters are persuadable

by less informative messages. Targeted advertising is detrimental to democracy

because it elects politicians who definitely lose when voters possess the same,

complete or incomplete, information. Publicizing all ads transmitted during

electoral campaigns is an effective policy tool against it.
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1. Introduction

Targeted advertising, broadly defined as sending private messages tailored to certain

groups of voters, was part of many successful electoral campaigns. In 1960, the

John F. Kennedy presidential campaign distributed two million copies of “the blue

bomb,” a pamphlet advertising his support of civil rights, through African American

churches. In 2004, the George W. Bush presidential campaign used direct mail to

advertise his opposition to gay marriage and support for “traditional family values”

to evangelical Christians. In 2016, the Leave campaign in the UK Brexit referendum

and the Trump campaign in the U.S. presidential election both used the services of

Cambridge Analytica, a data mining firm, who would target thousands of different

ads to different audiences for months prior to the elections. While these examples

suggest a correlation between targeted advertising and razor-thin electoral success,

not much is known about exactly how telling different things to different voters helps

politicians win elections. This paper proposes a simple theoretical model of targeted

advertising in elections that fills that gap.

The model is based on three stylized facts about electoral campaigns. First,

voters have incomplete information and update their beliefs in response to campaign

messages (Kendall, Nannicini, and Trebbi, 2015; Spenkuch and Toniatti, 2018; Le

Pennec and Pons, 2023). Second, politicians use the strategy of ambiguity and avoid

making precise statements about their positions on issues (Page, 1978; Druckman,

Kifer, and Parkin, 2009; Fowler et al., 2021). Third, campaigns tailor messages to

specific groups of voters (Hillygus and Shields, 2014).

I find that targeted advertising is only effective (in that it increases the odds

of winning over public advertising) in a special class of elections. In those elections,

winning requires convincing voters with diametrically opposing preferences so they are

unwinnable with public advertising. That is, when targeted advertising is effective,

it does not merely improve the odds of winning; it swings elections. I predict that

the politician tells different lies of omission to different groups of voters; his messages

contain just enough evidence to convince voters that he is better than the alternative.

The first building block is a standard one-dimensional model of voting. The

space of policy outcomes is [−1, 1] and there is a unit mass of voters. Each voter has

quadratic spatial preferences: she is risk-averse and prefers policy outcomes closest to
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her bliss point. There are two candidates: the status quo and the challenger. Unlike

in the Downsian model of electoral competition, they do not choose policy outcomes—

they are endowed with them. The candidates are asymmetric: the status quo policy

outcome is known and normalized to zero, while the challenger’s policy outcome is

a lottery. The assumptions that the status quo is known and not a strategic player

vastly simplify exposition and can be loosened in a number of ways (as long as the

challenger is the only one doing targeted advertising). Conceptually, the goal of the

office-motivated challenger is convincing a decisive coalition of voters that he is better

than the status quo. His “policy outcome” is the payoff-relevant (to voters) state of

the world and could represent his policy, its implementation or welfare consequences.

The second building block of the model is communication with verifiable informa-

tion. To model targeted advertising, I assume that the challenger knows the voters’

bliss points and can send a private message to each bliss point. To model public

disclosure, I assume that the challenger’s message is observed by all voters. Messages

are statements about policy outcomes that contain a grain of truth (Milgrom and

Roberts, 1986). Specifically, the challenger knows his policy outcome x ∈ [−1, 1] and

can send any subset of [−1, 1] that contains x. Conceptually, this communication

protocol allows lies of omission but not commission: a message [−1/2, 0] restricts

the support of the voter’s belief to that interval but it is only partially informative

because the challenger’s policy outcome could be anywhere in that interval. This

protocol provides a reasonable middle ground between the possibilities identified by

Persson and Tabellini (2002) who famously write (p. 483), “It is thus somewhat

schizophrenic to study either extreme: where promises have no meaning or where

they are all that matter.”

My first result (Theorem 1) identifies elections that are unwinnable with public

disclosure for any social choice rule. These are elections in which no decisive coalition

consists of left or right voters. Beyond public disclosure, the status quo obviously

cannot lose if every decisive coalition includes a status quo voter. My second result

(Theorem 2) states that those are the only elections unwinnable with targeted adver-

tising. In other words, there is a non-empty set of elections that are winnable with

targeted advertising but unwinnable otherwise. These are elections with no left or

right decisive coalitions that have a decisive coalition of left and right voters. In these

elections, the challenger wins if and only if he convinces voters with diametrically op-
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posing preferences. For example, under simple majority, these are elections in which

the status quo is the median voter’s bliss point but status quo voters are not a major-

ity. The median voter theorem (Shepsle, 1972) predicts that the status quo beats the

challenger when the voters hold a common belief about his policy outcome. Targeted

advertising allows the challenger to bypass this prediction as voters’ posterior beliefs

do not have to be the same when he advertises privately.

To characterize equilibrium messages, I focus on a simple class of baseline elec-

tions wherein each voter’s bliss point is L < 0, 0 or R > 0. To make this election

unwinnable without targeted advertising, suppose that the minimal decisive coalition

includes left and right voters. Proposition 2 characterizes the equilibrium in which

the challenger’s odds of winning with targeted advertising are the highest. Proposi-

tion 3 explores the changes in that equilibrium as R increases (right voters become

more extreme), which makes the electorate more polarized.

What messages maximize the challenger’s odds of winning with targeted adver-

tising? Consider the following strategy of the challenger: to the left voters, he sends

the message [−0.4, 0.2] whenever his policy outcome is in [−0.4, 0.2], and the message

[−1, 1] otherwise. Similarly, to the right voters, the challenger sends the message

[−0.4, 0.8] whenever his policy outcome is in [−0.4, 0.8] and [−1, 1] otherwise. When

a left voter receives message [−0.4, 0.2], she is indifferent between the two candidates;

assume she breaks ties in favor of the challenger.1 In other words, if she receives the

message [−0.4, 0.2] and knows that every challenger with policy outcome in [−0.4, 0.2]

sends that message with probability one, she is just convinced enough to vote for the

challenger. By similar reasoning, a right voter is convinced after message [−0.4, 0.8].

These strategies lead to the following electoral outcome. Left voters approve if and

only if x ∈ [−0.4, 0.2] and right voters approve if and only if x ∈ [−0.4, 0.8]. The

challenger wins the election if and only if his policy outcome is in the intersection,

between −0.4 and 0.2. His ex-ante odds of winning are 30%. Figure 1 illustrates the

challenger’s strategy and the electoral outcome.

To analyze comparative statics as right voters become more extreme, suppose

1The voter’s posterior belief after that message is uniform on [−0.4, 0.2]. Her expected utility is∫ 0.2

−0.4
− (x+0.2)2

0.6 dx = 0.04 if she votes for the challenger and −0.22 = 0.04 if she votes for the status
quo.
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Figure 1. Targeted messages that convince left voters (in blue) and right voters (in
red). The challenger wins the election whenever his policy lies in the intersection of

the convincing messages (in black).

the right voters’ bliss point increases from R = 0.4 to R′ = 0.5. Following the

same logic as above, we find that the convincing messages are [−0.4, 0.2] for left

voters and [−0.5, 1] for right voters. The challenger wins when his policy outcome

is between −0.4 and 0.2, exactly as before. However, the challenger can do even

better. Specifically, notice that when his policy outcome is between −0.5 and −0.4,

the strategy described above convinces right but not left voters. However, left voters

actually prefer policy outcomes in [−0.5, 0.4] to those in [0.1, 0.2] as they are closer

to their bliss point. Hence, we can recalculate the message that convinces left voters

(making them indifferent between the challenger and the status quo), forcing it to

start at −0.5. The resulting left message is [−0.5, 0.179]. Figure 2 illustrates the

electoral outcome after the right voters become more extreme.

−1 −0.4 −0.2 0 0.2 0.5 1−0.5

L
R′

Figure 2. More extreme right voters are persuadable by policy outcomes further to
the left. As a result, the set of winning policy outcomes (in black) is larger and

shifts to the left.

In the new equilibrium, the set of unanimously approved policies is [−0.5, 0.179]

and the challenger’s odds of winning are 33.96%. That is, when right voters become

more extreme, the challenger’s odds of winning increase and the set of winning policies

of the challenger shifts to the left. Essentially, when a voter becomes more extreme,

her dissatisfaction with the status quo grows, making her more persuadable.

An important implication of the model is that the inability to lie by commission

(which is assumed impossible) allows politicians to reap the benefits of lying by omis-

sion. In fact, if the challenger cannot verify his messages and instead communicates
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via cheap talk, his odds of winning would be highest with public disclosure.2 There-

fore, my analysis suggests that politicians benefit from providing (selective) evidence

or certain true/easily verifiable statements in their targeted ads. The challenger-

preferred equilibrium described in Proposition 2 is also a commitment outcome of the

Bayesian persuasion game (Kamenica and Gentzkow, 2011) although the challenger

does not have ex-ante commitment power. The reason is that the challenger wants

to convince left and right voters as often as possible so he does not wish to deviate

once he learns his policy outcome. Therefore, the challenger’s ability to verify his

statements is as good for him as ex-ante commitment power.3

My findings suggest a novel explanation for why politicians use the strategy of

ambiguity — because advertising different intervals of policy outcomes allows them

to convince different voters without lying (by commission) to any of them. Previ-

ous explanations include voters’ risk-seeking behavior (Shepsle, 1972); candidates’

preference for ambiguity (Aragonès and Neeman, 2000); future elections (Meirowitz,

2005; Alesina and Holden, 2008); resolution of uncertainty after the election (Kartik,

Van Weelden, and Wolton, 2017). Notably, two previous papers find that ambiguity

enables politicians to persuade voters with opposite preferences. In Callander and

Wilson (2008), voters have context-dependent preferences, and in Tolvanen (2021),

the voters’ preferences are correlated with the state of the world. I reach a similar

conclusion in setting with expressive voters who have standard quadratic preferences.

My analysis suggests that targeted advertising is bad for democracy because it

elects politicians who lose when voters possess the same information. It works for

two key reasons: expressive voting and lack of information spillovers. If voters have

instrumental concerns, conditioning on the event of being pivotal provides them with

additional information that negates the effects of targeted advertising. Therefore,

targeted advertising is more likely to be effective in large elections wherein voters are

more likely to be expressive. The most effective policy to make targeted advertising

2Cheap talk senders typically prefer public to private communication because public communication
reduces the number of deviations available to the sender in each state of the world (Farrell and
Gibbons, 1989, Koessler, 2008, Goltsman and Pavlov, 2011, Bar-Isaac and Deb, 2014).

3As such, this paper contributes to the Bayesian persuasion literature that shows that senders typi-
cally prefer private to public communication (Arieli and Babichenko, 2019, Bardhi and Guo, 2018,
Chan et al., 2019, Heese and Lauermann, 2021).
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obsolete is to publicize all the ads transmitted during electoral campaigns. While

voters may still make mistakes due to incomplete (but public) information, having a

common belief is sufficient for them to collectively make the right choice.

2. Model

There is a challenger (he/him) and a unit mass of voters (she/her). The space of

policy outcomes is X := [−1, 1]. Each voter is characterized by her bliss point v ∈ X;

I refer to a voter with bliss point v ∈ X as “voter v” when there is no possibility of

confusion. The election is a pair (V ,D), where V ⊆ X is the set of voters’ bliss points

(the electorate) and D ⊆ 2V ∖∅ is the set of decisive coalitions (associated with the

social choice rule which I do not model explicitly). I assume that D is monotonic

(D ∈ D and D ⊂ D′ ⊆ V imply D′ ∈ D) and proper (D ∈ D implies V ∖ D /∈ D).

These assumptions are satisfied for any preference aggregation rule (Austen-Smith

and Banks, 2000). I further assume that V ∈ D. The game proceeds as follows.

1. The challenger learns his policy outcome x ∈ X drawn from a common prior

distribution µ0 ∈ ∆X that has a full support and no atoms.4

2. The challenger sends messages to voters. Each message is a Borel subset of X (a

statement about his policy outcome) that contains a grain of truth, x ∈ m. This

communication protocol (introduced by Milgrom and Roberts, 1986) allows the

challenger to lie by omission and send messages that contain policy outcomes

other than x. However, it does not allow the challenger to lie by commission

and send messages that do not include x. I consider two versions of the game:

• public disclosure (PD): the challenger chooses a public message m that

is the same for all v ∈ V ;
• targeted advertising (TA): the challenger chooses a collection of private

messages {mv}v∈V ; voters with bliss point v ∈ V observe message mv only.

3. Each voter decides whether to approve the challenger’s policy outcome or reject

it in favor of the status quo. I normalize the status quo (policy outcome) to 0.

4For a compact metrizable space Y , I let ∆Y denote the set of all Borel probability measures over
Y , endowed with the weak* topology. I say that γ ∈ ∆Y is degenerate if γ(y) = 1 for some y ∈ Y ,
denoted by γ = δ{y}, and non-degenerate otherwise. For W ⊆ X such that µ0(W ) > 0, I let

µ0(· | W ) ∈ ∆X be the prior distribution conditional on W , µ0(x | W ) := µ0(x)·1(x∈W )
µ0(W ) .
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4. Payoffs are realized. The challenger is office-motivated: his payoff is 1 if a

decisive coalition of voters approves and 0 otherwise. Voters are expressive, and

their payoff depends on which option they vote for and not on the outcome of

the election.5 I assume that voters have quadratic spatial preferences over policy

outcomes. Specifically, when the challenger’s policy outcome is x ∈ X, voter

v’s payoff is uv(approve, x) = −(v − x)2 and uv(reject, x) = −(v − 0)2. I define

voter v’s net payoff from approval as αv(x) := uv(approve, x) − uv(reject, x) =

−x2 + 2vx so that v’s best response is to approve x ∈ X whenever αv(x) ≥ 0.

I let voter v’s approval set be the set Av := {x ∈ X | αv(x) ≥ 0} of policy

outcomes that she prefers to approve under complete information.6 Figure 3

illustrates the preferences of voter v < 0.

−1 10

v

αv(x)

v’s approval set Av

Figure 3. The policy outcome space X = [−1, 1], the status quo policy outcome 0,
a voter’s bliss point v < 0, her net payoff from approval αv(x), and her approval set
Av. Under complete information, this voter prefers to approve policy outcomes left,

but not too far left, of the status quo.

I refer to voters with bliss point v < 0 as left voters ; voters v = 0 as status quo

voters ; voters v > 0 as right voters. For any two voters on the same side of the status

quo, I say that the one with a bliss point closer to the status quo is less extreme:

Definition 1. A left voter w is more extreme than a left voter v if w > v > 0. A

right voter w is more extreme than a right voter v if 0 < v < w.

5Expressive voters derive utility from expressing support (based on ethics, identity, or ideology)
for one of the candidates, independent of any effect of the voting act on the electoral outcome.
See Brennan and Lomasky (1993) and Hamlin and Jennings (2011) for theory, and Felsenthal and
Brichta (1985), Kan and Yang (2001), Artabe and Gardeazabal (2014) for empirical evidence of
expressive voting behavior.

6Given a subset W ⊆ X of the policy outcome space, I let W c := X ∖ W be its complement and
⌊W ⌋ := minW and ⌈W ⌉ := maxW its smallest and largest elements, respectively.
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I focus on perfect Bayesian equilibria of this game. In equilibrium, (i) the chal-

lenger sends messages that maximize his payoff, (ii) each voter approves the chal-

lenger’s policy whenever her expected net payoff from approval is non-negative under

her posterior belief, and (iii) each voter calculates her posterior using Bayes’ rule. I

restrict attention to equilibria in which all voters with bliss point v ∈ X act the same.

For ease of exposition, I also assume that status quo voters always vote for the status

quo.7 I refer to the challenger’s equilibrium ex-ante utility as his odds of winning.

3. Preliminaries

First, observe that voters on opposite sides of the status quo never approve at the

same time if they have the same belief about the challenger’s policy outcome.

Lemma 1. Suppose that voters hold a common belief µ ∈ ∆X ∖ δ{0}. If a left voter

prefers to approve, then all right voters prefer to reject, and vice versa:

Eµ[αv(x)] ≥ 0 =⇒ Eµ[αw(x)] < 0, ∀v, w ∈ X such that vw < 0.

Proof. First, for any degenerate belief except δ{0}, if a left voter approves under

belief δ{x}, then x < 0, and all right voters reject. Second, by Jensen’s inequality

for the strictly concave function αv(x) and the non-degenerate belief µ, αv(Eµ[x]) >
Eµ[αv(x)]. If voter v ̸= 0 approves under µ, the right-hand side, which is her expected

net payoff from approval, is non-negative. Now, αv(x) = −x2+2vx = −x(x−2v) > 0

if and only if x ∈ (⌊Av⌋, ⌈Av⌉). Consequently, if v approves under µ, then Eµ[x] ∈
(⌊Av⌋, ⌈Av⌉), meaning that she expects the challenger’s policy outcome to be on

the same side of the status quo as her bliss point. However, the challenger’s policy

outcome cannot be both left and right at the same time, hence the result.

Secondly, observe that more extreme voters are more likely to approve because

they are less satisfied with the status quo.

7A status quo voter’s net payoff from approval α0(x) = −x2 is strictly negative unless the challenger’s
policy outcome coincides with the status quo. The only belief under which this voter weakly prefers
to approve is δ{0}. While there exist equilibria in which status quo voters approve if and only if
x = 0, the prior measure of that event (or the odds of convincing these voters to approve) is zero
since µ0 is atomless.
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Lemma 2. If voter v ̸= 0 prefers to approve under belief µ ∈ ∆X, then a more

extreme voter w also prefers to approve under belief µ:

Eµ[αv(x)] ≥ 0 =⇒ Eµ[αw(x)] > 0, ∀v, w ∈ X such that vw > 0 and |v| < |w|.

Proof. Observe that Eµ[αw(x)] = Eµ[αv(x)]+2(w−v)Eµ[x]. Suppose that v approves
so that Eµ[αv(x)] ≥ 0. Then, if 0 < v < w (v and w are right voters), we have

w − v > 0 and Eµ[x] ≥ 0; if w < v < 0 (v and w are left voters), then w − v < 0 and

Eµ[x] ≤ 0. Either way, Eµ[αv(x)] ≥ 0 implies Eµ[αw(x)] > 0 so w also approves.

Next, we introduce the obedience constraint that determines a voter’s best re-

sponse when she learns that the challenger’s policy outcome is in a certain set.

Lemma 3. If voter v ̸= 0 learns that x ∈ Mv ⊆ X, where µ0(Mv) > 0, and no other

information, then she prefers to approve if and only∫
Mv

αv(x)dµ0(x) ≥ 0. (obedience)

Proof. The voter’s belief given her information is µ0(· | Mv). She prefers to approve

if and only if
∫
αv(x)dµ0(x |Mv) ≥ 0 ⇐⇒

∫
Mv

αv(x)dµ0(x) ≥ 0.

A natural question to ask is what is the largest (in terms of prior measure) set

Mv that voter v ̸= 0 prefers to approve when she learns that x ∈ Mv and no other

information? The following auxiliary problem formalizes the answer to that question:

Iv(l, r) := arg max
Mv⊆[l,r]

∫
Mv

dµ0(x) subject to

∫
Mv

αv(x)dµ0(x) ≥ 0, (AUX)

where −1 ≤ l ≤ ⌊Av⌋ < ⌈Av⌉ ≤ r ≤ 1. The parametrization with l and r allows us

to look for the largest Mv that includes v’s approval set (which she always prefers to

approve) and policy outcomes in a certain range outside of it. For example, if we are

interested in the largest set of right policy outcomes that a left voter v < 0 prefers to

approve, then we let l = ⌊Av⌋ and r = 1.
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The solution to the auxiliary problem is an interval characterized by a cutoff value

for the voter’s net payoff from approval (Alonso and Câmara, 2016). In words, voter

v approves every policy outcome with a not too negative net payoff from approval

(i.e., every x ∈ X for which αv(x) ≥ −c∗v). The cutoff value c∗v > 0 is obtained from

the binding constraint. The set {x ∈ [l, r] | αv(x) ≥ −c∗v} is an interval: it is the

upper contour set of the strictly concave function αv(x). Lemma 4 characterizes the

solution of the auxiliary problem; the formal proof can be found in the appendix.

Lemma 4. The solution to Problem (AUX) for v ̸= 0 with −1 ≤ l ≤ ⌊Av⌋ < ⌈Av⌉ ≤
r ≤ 1 is almost surely an interval.8 Furthermore,

• if
r∫
l

αv(x)dµ0(x) ≥ 0, then Iv(l, r) = [l, r];

• otherwise, Iv(l, r) = {x ∈ [l, r] | αv(x) ≥ −c∗v(l, r)}, where c∗v(l, r) > 0 is

obtained from
∫

Iv(l,r)

αv(x)dµ0(x) = 0.

4. Analysis

Public Disclosure

In the public disclosure game, the voters’ common prior belief is updated to a common

posterior. Therefore, the voters face a collective choice problem between a safe option

(the status quo) and a lottery over the challenger’s policy outcomes (represented by

their common posterior belief µ ∈ ∆X). The first result describes which elections are

“unwinnable” for the challenger with public disclosure.

Theorem 1. The challenger’s odds of winning are zero in every equilibrium of the

public disclosure game if and only if there is no left or right decisive coalition.

Proof. We prove necessity by contraposition. Suppose that there exists a decisive

coalition D ∈ D of voters on the same side of the status quo. Then, there exists a full

disclosure equilibrium in which the challenger sends message {x} for each x ∈ X and

voters approve whenever x is in their approval set. The challenger’s odds of winning

are positive because µ0

( ⋂
v∈D

Av

)
> 0 for the decisive coalition of left or right voters.

8Almost surely with respect to the prior measure µ0.
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We prove sufficiency directly. Two cases are possible: either every decisive coali-

tion includes a status quo voter or there exists a decisive coalition D ∈ D that consists

of left and right voters. In either case, the challenger convinces a decisive coalition

only if the public belief is δ{0}, or whenever x = 0, which has zero prior measure.

Under simple majority, we get a particularly simple characterization of elections

that are unwinnable with public disclosure.

Corollary 1. Under simple majority, the challenger’s odds of winning are zero in

every equilibrium of the public disclosure game if and only if the status quo is the

median voter’s bliss point.

The proof is obvious: if there is no left or right decisive coalition, then the status

quo is the median voter’s bliss point. Note that Corollary 1 is a special case of median

voter theorems for collective choice problems under uncertainty. The result holds more

generally for single-peaked and strictly concave net payoff from approval αv (Shepsle,

1972) and when the voters’ utility function uv satisfies the single-crossing expecta-

tional differences property (Kartik, Lee, and Rappoport, 2023). Quadratic spatial

preferences assumed in this paper are a special case of both of these approaches.

Targeted Advertising

The reason why some elections are unwinnable for the challenger with public disclo-

sure is that the status quo beats any lottery over the challenger’s policy outcomes.

Targeted advertising allows the challenger to induce different beliefs among different

voters and win some of these elections. The next result describes which elections are

“unwinnable” for the challenger with targeted advertising.

Theorem 2. The challenger’s odds of winning are zero in every equilibrium of the

targeted advertising game if and only if every decisive coalition includes a status quo

voter.

For sufficiency, recall that status quo voters always reject. I prove necessity by

contraposition. Two cases are possible: (1) there is a left or right decisive coalition

and (2) there are no left or right decisive coalitions but there is a decisive coalition

DLR ∈ D of left and right voters. In case (1), the full disclosure equilibrium described
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in the proof of Theorem 1 is an equilibrium of the targeted advertising game. For

case (2), recall from Lemma 3 that left (right) voters are willing to approve some

right (left) policy outcomes as long as their expected net payoff from approval is

non-negative. Hence, we can construct an equilibrium in which the challenger gets

left and right voters to approve intervals of policy outcomes sufficiently close to the

status quo. I formalize this argument in the appendix.

Theorems (1) and (2) describe how the challenger advertises his policy outcome

depending on the composition of the electorate. If every decisive coalition includes a

status quo voter, he loses with public and private advertising. If there is a decisive

coalition of left (or right) voters, he wins by advertising publicly and tailoring his

messages to the decisive group. If no decisive coalition includes only left (or only

right) voters but some decisive coalition does not include status quo voters, then the

challenger can win with targeted but not public advertising. In particular, targeted

advertising allows the challenger to beat the status quo policy outcome that much of

the political economy literature deems unbeatable.

5. Baseline Election

While Theorems (1) and (2) characterize which elections are winnable with public

disclosure and targeted advertising, they do not make a unique prediction of how

the challenger wins these elections. Specifically, the proofs of both theorems involve

providing an example of an equilibrium in which the challenger’s odds of winning are

positive. The reason is that the model admits multiple equilibria and there are two

sources of multiplicity. Firstly, there may be multiple decisive coalitions. Secondly,

the verifiable disclosure game has a range of equilibrium outcomes even if there is

only one receiver (Titova, 2023). To move forward in the analysis, I consider a class

of baseline elections in which the minimal decisive coalition is unique. Furthermore,

I focus on the challenger-preferred equilibrium in order to provide the upper bound

on his odds of winning across all equilibria.

Definition 2. A baseline election has an electorate {L, 0, R}, where −1 ≤ L < 0 <

R ≤ 1.

In the baseline election, all left voters have the same bliss point L < 0 and all right

voters have the same bliss point R > 0. This assumption limits the number of possible
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decisive coalitions and allows us to focus on the messages to be sent to left (right)

voters, all of whom have the same bliss point. A baseline electorate {L, 0, R} can be

viewed as an approximation of a general electorate V by letting L = max
v∈V, v<0

v and

R = max
v∈V, v>0

v be the least extreme left and right voters in V , respectively. Whenever

the challenger convinces L and R, he also convinces their more extreme counterparts

by Lemma 2.

Now, let us establish the upper bound on the challenger’s odds of winning for a

baseline election that is winnable with public disclosure. From Theorem 1, such an

election must have a left or right decisive coalition (that is, {L} ∈ D or {R} ∈ D),

and from the properties of D, the minimal decisive coalition is unique.9 Without

loss of generality assume that the unique minimal decisive coalition is {L}. In these

elections, targeted advertising is as good as public disclosure. To maximize his odds of

winning, the challenger finds the largest subset of [−1, 1] that L is willing to approve.

That is, he solves Problem (AUX) for voter L and parameters l = −1 and r = 1. He

then publicly reveals whether his policy outcome is in that interval or not.

Proposition 1. Consider a baseline election ({L, 0, R},D) such that {L} ∈ D.

Then, the challenger’s highest odds of winning across all equilibria of the public dis-

closure and targeted advertising games are µ0(IL(−1, 1)). He achieves these odds by

publicly revealing to all voters whether his policy outcome is in IL(−1, 1) or not.

The formal proof of this result is in the appendix but I outline the intuition below.

The challenger wins if and only if he convinces left voters. Therefore, the ability to

send different messages to different voters does not benefit him. Now, suppose that

he sends message M = IL(−1, 1) when x ∈ IL(−1, 1) and message M c otherwise,

effectively revealing whether his policy outcome is in IL(−1, 1) or not. When voters

hear M , they learn whether x ∈ IL(−1, 1) and nothing else and left voters prefer to

approve because the set IL(−1, 1) by definition satisfies their obedience constraint.

On the path, the decisive coalition approves policy outcomes in IL(−1, 1) so the

challenger’s odds of winning are µ0(IL(−1, 1)). Figure 4 illustrates this outcome.10

9If, for example, {L} ∈ D, then {L, 0} ∈ D (by monotonicity) and {R} = V ∖ {L, 0} /∈ D (by
properness). Similarly, {0} /∈ D.

10Figure 4 presents the numerical solution IL(−1, 1) = [−0.82, 0.22] for L = −0.3 and uniform prior.
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−1 1

−c∗L(−1, 1)

αL(x)

L

⌊AL⌋ 0

IL(−1, 1)

Figure 4. To maximize his odds of convincing the decisive coalition {L}, the
challenger reveals whether his policy outcome is in IL(−1, 1). Under uniform prior,
c∗L is obtained from equating the solid area to the dashed area so that voter L is
indifferent between approval and rejection when she learns that x ∈ IL(−1, 1).

To see why the challenger’s equilibrium odds of winning cannot be higher than

µ0(IL(−1, 1)), recall that by construction, IL(−1, 1) is the largest (in terms of prior

measure) set that satisfies L’s obedience constraint. Therefore, µ0(IL(−1, 1)) is the

challenger’s odds of winning when he has commitment power (as in Kamenica and

Gentzkow, 2011 and Alonso and Câmara, 2016) and the upper bound on that object

across all communication protocols.

How Targeted Advertising Swings Elections

For the remainder of this section, let us focus on a baseline election that is unwinnable

with public disclosure but winnable with targeted advertising. From Theorems 1 and

2, the unique minimal decisive coalition is {L,R}, meaning that the challenger wins

whenever he convinces left and right voters.

Consider a pair of sets of policy outcomes (ML,MR) ⊆ X2 and suppose that

the challenger’s strategy is to reveal to voter v ∈ {L,R} whether x ∈ Mv.
11 When

voter v receives message Mv, she learns whether x ∈ Mv and nothing else so her

best response is determined by her obedience constraint. We build towards a direct

equilibrium, in which voter v approves after message Mv and rejects after M c
v . Then,

Mv is both the set of policy outcomes approved by v and the message that convinces

11Formally, the challenger’s strategy is to send the collection of messages (mL,mR) with probability
one depending on x, where (mL,mR) equals (ML,MR) if x ∈ ML∩MR; (ML,M

c
R) if x ∈ ML∩M c

R;
(M c

L,MR) if x ∈ M c
L ∩MR; (M

c
L,M

c
R) if x ∈ M c

L ∩M c
R.
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her to approve. The challenger wins whenever his policy outcome is in ML ∩MR and

his odds of winning are µ0(ML ∩MR). In the challenger-preferred direct equilibrium,

his odds of winning are maximized:

max
(ML,MR)⊆X2

∫
ML∩MR

dµ0(x) subject to

∫
Mv

αv(x)dµ0(x) ≥ 0 and

∫
Mc

v

αv(x)dµ0(x) < 0, ∀v ∈ {L,R}.
(1)

As it turns out, Problem (1) describes not only the challenger-preferred direct

equilibrium outcome but also the commitment outcome (of the Bayesian persuasion

setting of Kamenica and Gentzkow, 2011 wherein the challenger commits to what

information each voter gets ahead of learning his policy outcome) and thus maximizes

his odds of winning across all communication protocols. The sender (the challenger)

normally does weakly better in Bayesian persuasion because he is committed not to

deviate after learning the state of the world (his policy outcome). However, when his

objective is to convince left and right voters as often as possible, these deviations are

never profitable.12 We find the solution (ML,MR) to Problem (1) next. The first

step is calculating the most biased message that convinces each voter to approve.

Definition 3. The largest asymmetric interval of approved policy outcomes Iv of

voter v is

• if v = R > 0, then IR = [aR, ⌈AR⌉] := IR(−1, ⌈AR⌉) is the solution of Problem

(AUX) for R with l = −1 and r = ⌈AR⌉;
• if v = L < 0, then IL = [⌊AL⌋, bL] := IL(⌊AL⌋, 1) is the solution of Problem

(AUX) for L with l = ⌊AL⌋ and r = 1.

For example, IL includes L’s approval set [⌊AL⌋, 0] plus as many right policy

outcomes (0, bL] as her obedience constraint allows. Figure 5 illustrates this interval.
13

One might guess that sending each voter her most biased message, that is, letting

12I formalize this argument in the Proof of Proposition 2 in the appendix.

13Figure 5 presents IL = [−0.6, 0.3] for L = −0.3 and uniform prior. Notably, when µ0 is uniform,
then for L ≥ −0.5 we have bL = −L and for R ≤ 0.5 we have aR = −R.
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−1 1

bL

L

αL(x)

⌊AL⌋ 0

IL(⌊AL⌋, 1)

Figure 5. [⌊AL⌋, bL] is the most biased to the right set of policy outcomes that a
left voter is willing to approve in a direct equilibrium. Under uniform prior, bL is

obtained from equating the solid area to the dashed area and equals −L if L ≥ −0.5.

ML = [⌊AL⌋, bL] and MR = [aR, ⌊AR⌋], maximizes the challenger’s odds of winning.

It is indeed optimal if ML ∩MR = [aR, bL] which is when aR ≥ ⌊AL⌋ and bL ≤ ⌈AR⌉.
It is easy to see that the challenger’s odds of winning cannot be improved upon

µ0([aR, bL]): every policy outcome outside of [aR, bL] is further away from at least one

voter’s bliss point, which makes them more “costly” in terms of that voter’s obedience

constraint. Figure 6 illustrates this challenger-preferred equilibrium outcome for L =

−0.2, R = 0.25 and uniform prior.

−1 1
0

policy outcomes approved by {L,R}

L⌊AL⌋ bL

R ⌈AR⌉aR

Figure 6. The electoral outcome when the challenger reveals to left voters whether
his policy is in [⌊AL⌋, bL] and to right voters whether his policy outcome is in

[aR, ⌈AR⌉]. The decisive coalition approves policy outcomes in [aR, bL].

Next, consider the case when aR < ⌊AL⌋ and bL ≤ ⌈AR⌉. Now, it is easy to

see that sending the most biased message to each voter no longer maximizes the

challenger’s odds of winning. Indeed, R is now willing to approve L’s entire approval

set plus policy outcomes left of ⌊AL⌋, which left voters prefer to policy outcomes

close to bL. Hence, ML should start at aR and span as far right as possible. Formally,

in this case, ML = IL(aR, 1) so that the challenger wins whenever x ∈ IL(aR, 1).
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Figure 7 illustrates this outcome for L = −0.2, R = 0.45 and uniform prior.

−1 1
0

L⌊AL⌋

R ⌈AR⌉aR

policy outcomes approved by {L,R}

Figure 7. To maximize the odds of convincing the decisive coalition {L,R} when
aR < ⌊AL⌋, the challenger gets left voters to approve the largest subset of [aR, 1].

Two cases remain. First, it could be that aR ≥ ⌊AL⌋ and bL > ⌈AR⌉. This

case is symmetric to the one above. Finally, it is impossible to have aR < ⌊AL⌋ and

bL > ⌈AR⌉.14 The formal result below describes a challenger-preferred equilibrium of

a baseline election that is unwinnable with public disclosure but becomes winnable

with targeted advertising.

Proposition 2. Consider a baseline election ({L, 0, R},D) such that {L,R} ∈ D but

{L}, {R} /∈ D. Then, the challenger’s highest odds of winning across all equilibria of

the targeted advertising game are µ0(ML ∩MR) > 0, where

1. ML = [⌊AL⌋, bL], MR = [aR, ⌈AR⌉], ML ∩MR = [aR, bL] if aR ≥ ⌊AL⌋ and

bL ≤ ⌈AR⌉;
2. ML = IL(aR, 1), MR = [aR, ⌈AR⌉], ML ∩MR = ML if aR < ⌊AL⌋ and bL ≤

⌈AR⌉;
3. ML = [⌊AL⌋, bL], MR = IR(−1, bL), ML ∩ MR = MR if aR ≥ ⌊AL⌋ and

bL > ⌈AR⌉.

He achieves these odds of winning by revealing to voter v ∈ {L,R} whether his

policy outcome is in M v.

The formal proof of this result is in the appendix and involves three steps. At

Step 1, I confirm that the described ML and MR solve Problem (1). At Step 2, I

characterize the direct equilibrium which involves describing voters’ skeptical off-path

14If bL > ⌈AR⌉ and aR < ⌊AL⌋, then left and right voters prefer to approve under belief
µ0(· | [⌊AL⌋, ⌈AR⌉]), which contradicts Lemma 1.
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beliefs and showing that no players have profitable deviations. At Step 3, I establish

that µ0(ML ∩MR) is the upper bound on the challenger’s odds of winning across all

communication protocols.

Comparative Statics

The previous result suggests that the shape of the equilibrium set of winning policy

outcomes depends on the locations of the voters’ bliss points and we explore that

relationship next. First, observe that more extreme voters are willing to approve

wider ranges of policy outcomes.

Lemma 5. Suppose that w is a more extreme voter than v. Then, Iw ⊇ Iv and

• if v and w are right voters, then ⌊Iw⌋ = aw < av = ⌊Iv⌋ unless av = −1;

• if v and w are left voters, then ⌈Iw⌉ = bw > bv = ⌈Iv⌉ unless bv = 1.

The intuition behind the proof of Lemma 5 is illustrated in Figure 8 for right

voters. For the sake of argument, suppose that we have one right voter who becomes

more extreme, meaning that her bliss point increases from R > 0 to E > R. Then,

two effects occur. On the one hand, her approval set expands, and the expected value

of her net payoff from approval over her approval set strictly increases. On the other

hand, due to the voter’s aversion to risk, her net payoff from approval to the left

of her approval set strictly decreases. These two effects work in opposite directions,

meaning that aR decreases if the former effect dominates and increases if the latter

does. It turns out that quadratic utility is not concave enough for the latter effect

ever to dominate.

Next, let us explore how the challenger-preferred equilibrium outcome changes

as right voters become more extreme.15 Note that making right voters more extreme

makes the electorate more polarized (Esteban and Ray, 1994). Proposition 3 states

that the challenger’s odds of winning increase and the set of winning policy outcomes

shifts to the left.

Proposition 3. Consider the targeted advertising game with a baseline election

({L, 0, R},D) such that {L,R} ∈ D but {L}, {R} /∈ D. Let (ML,MR) be the

15Specifically, we compare the challenger-preferred equilibria of baseline elections with electorates
{L, 0, R} and {L, 0, E}, both of which satisfy the requirements of Proposition 2 and R < E.
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αR(x)

−1 1R ⌈AR⌉aR

αE(x)

E ⌈AE⌉aE

0

Figure 8. A right voter becomes more persuadable as her bliss point increases from
R to E: her largest asymmetric interval of approved policy outcomes [aR, ⌈AR⌉]

expands and its left boundary aR strictly decreases.

challenger-preferred equilibrium intervals of approved policy outcomes described in

Proposition 2. Suppose that bL ≤ ⌈AR⌉. Then, as R increases,

• the challenger’s odds of winning µ0(ML ∩MR) increase;

• the set of winning policy outcomesML∩MR shifts to the left, that is, ⌊ML∩MR⌋
and ⌈ML ∩MR⌉ decrease.

−1 1

L

R1L

R2L

R3L

R4

Figure 9. Challenger-preferred equilibrium outcome as right voters become more
extreme (top to bottom). Right voters approve ranges of policy outcomes (in red)
that span further left, and the set of winning policy outcomes (in black) shifts left.

Figure 9 illustrates the equilibrium outcomes of four baseline elections, holding

the left voters’ bliss point L fixed and increasing the right voters’ bliss point from
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R1 to R4 (top to bottom).16 From Lemma 5, as right voters become more extreme,

their largest asymmetric interval of approved policy outcomes expands, and that has

two consequences. First, these voters are now more persuadable, which means that

the challenger’s odds of winning go up. Second, more extreme right voters approve

policy outcomes further to the left. As a result, the left boundary of the equilibrium

set of winning policy outcomes shifts to the left, as well. Interestingly, the right

endpoint of the equilibrium set of winning policy outcomes, which is determined by

left voters, may strictly decrease, as well. That happens when right voters are or

become persuadable by policy outcomes left of ⌊AL⌋ (e.g., a change from R2 to R3 or

R3 or R4 in Figure 9).

Voter Welfare

Next, we explore voter welfare in the challenger-preferred equilibrium of the targeted

advertising game as right voters become more extreme. Suppose that ML and MR

are such that obedience constraints bind for each v ∈ {L,R}. Define voter v’s welfare
as her expected utility:

Wv(ML,MR) :=

∫
Mv

uv(approve, x)dµ0(x) +

∫
M

c
v

uv(reject, x)dµ0(x)

=

∫
Mv

αv(x)dµ0(x)− v2 = −v2.

In words, v’s welfare in the challenger-preferred equilibrium is just her payoff

from rejection since the challenger’s policy outcome is expected to be as good as the

status quo when the obedience constraint binds. We immediately conclude that as R

increases, right voters’ welfare decreases and left voters’ welfare does not change.

To summarize comparative statics, when the electorate becomes more polarized,

the challenger is better off while the voters who become more extreme are worse off.

This is a novel formulation of the familiar result of Romer and Rosenthal (1978) and

16Figure 9 presents the numerical solution for the uniform prior, with bliss point L = −0.15 for left
voters and successive bliss points R1 = 0.15, R2 = 0.25, R3 = 0.35, and R4 = 0.50 (top to bottom)
for the right voters. The sets of winning policy outcomes (in black) are [−0.15, 0.15], [−0.25, 0.15],
[−0.35, 0.1436], and [−0.4098, 0.1098], respectively.
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subsequent literature on veto bargaining who find that the proposer is better off and

the voter is worse off when the voter’s bliss point moves away from the status quo.

In that literature, these insights follow from the proposer’s increased power of agenda

control. In this paper, they follow from the challenger’s increased power of persuasion.

6. Discussion and Conclusion

Instrumental Voting

Expressive voting is a key assumption of the model and I explore its implications

below. Let us modify the voters’ payoff to include both an expressive and an in-

strumental component: ũv(approve, x, xw) = −β · (v − x)2 − (1 − β) · (v − xw)
2 and

ũv(reject, x, xw) = −β · v2 − (1 − β) · (v − xw)
2, where β ∈ [0, 1] is the weight of

the expressive component and xw is the winning policy outcome that equals x if the

challenger wins and 0 otherwise.

Now, if there is a unit mass of voters, the event that each individual voter is

pivotal is zero and the analysis of the paper remains unchanged for any β > 0.

Specifically, voter v’s best response is determined by her net payoff from approval

α̃v(x) := β(−v2 + 2vx) but whether it is above or below zero does not depend on

β. Hence, the challenger benefits from targeted advertising in large elections even if

voters care about the winning policy outcomes and not just who they vote for.

Next, focus on a small election with two voters, L < 0 and R > 0, such that the

challenger wins if and only if both of them approve. If these voters have expressive

utility (β = 1), then Proposition 2 still applies, and the challenger can win this elec-

tion with positive probability with targeted advertising. If, instead, the voters have

instrumental utility (β = 0), then they learn additional information from condition-

ing on the event of being pivotal. To see this, suppose that the challenger uses the

same direct strategy as when voters are expressive. Specifically, he sends message

M v to voter v ∈ {L,R} when x ∈M v and message M
c

v otherwise. Assuming that R

approves after MR and rejects after M
c

R, voter L approves after hearing ML if and
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only if ∫
ML∩MR

−(v − x)2dµ0(x)

|ML ∩MR|︸ ︷︷ ︸
L and R approve

+

∫
ML∩M

c
R

−v2dµ0(x)

|ML ∩M c

R|︸ ︷︷ ︸
L approves, R rejects

≥

∫
ML

−v2dµ0(x)

|ML|︸ ︷︷ ︸
L rejects

,

which can be rearranged as

∫
ML∩MR

=αv(x)︷ ︸︸ ︷
(−(v − x)2 + v2) dµ0(x)

|ML ∩MR|
≥ v2


>0︷ ︸︸ ︷

µ0(ML ∩MR)

|ML ∩MR|
+
µ0(ML ∩M c

R)

|ML ∩M c

R|
− µ0(ML)

|ML|

 .

Therefore, a necessary condition for L to approve after ML is that her

(expressive) net payoff from approval is strictly positive in the event that she is

pivotal, i.e. Eµ0(· |ML∩MR)[αL(x)] > 0. Similarly, R approves after MR only if

Eµ0(· |ML∩MR)[αR(x)] > 0. By Lemma 1, both of these inequalities cannot hold at

the same time, so this is no longer an equilibrium strategy for the challenger.

Using the same argument, we can show that the challenger cannot convince two

instrumental voters L and R at the same time using targeted advertising. Simply

put, each voter is pivotal in the same event (when the other voter approves), and

therefore they hold a common belief in that event. However, at most one of them

wants to approve under a common belief because they prefer policy outcomes on the

opposite sides of the status quo. This result is reminiscent of the no-trade theorem of

Milgrom and Stokey (1982) — risk-averse voters are not willing to “trade” the Pareto

optimal status quo for any other policy outcome. Each voter learns she would be

worse off from trading simply from conditioning on the willingness of her counterpart

with opposing preferences to trade.

Given this, we can conclude that targeted advertising is only effective when voters

do not condition on the event of being pivotal, perhaps because that event is really

unlikely (in elections with a large number of voters) or because they do not know the

preferences of other voters.
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Non-strategic Status Quo

The model involves no strategic status quo candidate (incumbent) and the status quo

policy outcome is a known point normalized to zero. Below I explore the implications

of loosening that assumption.

First, suppose that the status quo is a lottery ν0 ∈ ∆[−1, 1] (independent of µ0)

and the incumbent is still non-strategic. Then, voter v’s expected payoff of rejection

is
∫
−(v − y)2dν0(y) (instead of −v2). Therefore, when comparing a common belief

µ over the challenger’s policy outcomes to ν0, voter v approves whenever −
∫
(v −

x)2dµ(x) ≥ −
∫
(v − y)2dν0(y). While there is no such thing as “left” and “right”

voters anymore (those were defined relative to 0), we can still define voters v and w as

having “diametrically opposing preferences” if −
∫
(v−x)2dµ(x) ≥ −

∫
(v− y)2dν0(y)

implies −
∫
(w−x)2dµ(x) < −

∫
(w−y)2dν0(y) for all µ ∈ ∆X, meaning that at most

one of these voters prefers to approve given the choice between ν0 and any µ. Then,

an election is unwinnable for the challenger under public disclosure if every decisive

coalition requires convincing such voters. With targeted advertising, the challenger

induces different posteriors among different voters and is still able to convince voters

with diametrically opposing preferences with a positive probability.

Next, suppose that the incumbent is strategic and can change ν0 to a common

belief ν about the status quo policy outcome, perhaps by publicly advertising it.

Assuming that the challenger has time to react, he still benefits from targeted adver-

tising for the same reason as in the above paragraph. In fact, even if the incumbent

could choose the status quo policy outcome, the challenger can win as long as not

every decisive coalition includes the status quo voter.

Making the incumbent a strategic player would significantly complicate the model

and likely lead to the full unraveling of information if the candidates are symmetric —

for example, if the two of them use targeted advertising to advertise their own policy

outcomes or both their policy outcomes (Janssen and Teteryatnikova, 2017, Schipper

and Woo, 2019). Therefore, the general message of this paper is that having access to

a better targeted advertising technology and/or better voter data allows politicians

to win otherwise unwinnable elections.
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Private Messages

Another key assumption of the model is that there are no information spillovers,

meaning that the challenger’s targeted ads stay private. If left and right voters

observed each others’ messages, they would learn the same information, and that

would make targeted advertising as good as public disclosure. Therefore, informing

voters of all ads transmitted during an electoral campaign is a useful tool to mitigate

the effectiveness of targeted advertising. In fact, 1433 targeted ads of the Vote Leave

campaign were released in the aftermath of the 2016 Brexit referendum except it was

done after the vote was finalized.17
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Appendix: Omitted Proofs

Proof of Lemma 4

If
r∫
l

αv(x)dµ0(x) ≥ 0, then Iv(l, r) = [l, r] maximizes the objective. Next, suppose that

r∫
l

αv(x)dµ0(x) < 0. Then, the constraint binds; otherwise, we could strictly increase

the objective while still satisfying that constraint. Next, suppose by contradiction

that W ⊆ [l, r] is a solution that is not a.s. characterized by a cutoff value of v’s net

payoff from approval. Then, there exist two sets Y, Z ⊆ [l, r] such that µ0(Y ) = µ0(Z),

Z ⊆ W , Y ∩W = ∅ and ∀y ∈ Y and z ∈ Z, αv(y) < αv(z). Observe that∫
Y

αv(x)dµ0(x) < max
y∈Y

αv(y)µ0(Y ) < min
z∈Z

αv(z)µ0(Z) <

∫
Z

αv(x)dµ0(x).

Let W̃ := (W ∖ Y ) ∪ Z. Observe that
∫
W

αv(x)dµ0(x) = 0 implies that∫̃
W

αv(x)dµ0(x) > 0, meaning that the constraint is loose for W̃ . Consequently, W̃

is not a solution and the maximized objective value must be strictly greater than

µ0(W̃ ). Since µ0(W ) = µ0(W̃ ), W is not a solution either, a contradiction.

Proof of Theorem 2

In case (2) of the necessity proof, let L := max
v∈DLR, v<0

v and R := max
v∈DLR, v>0

v be

the least extreme left and right voters of the mixed decisive coalitions DLR, respec-

tively. Next, let ML := [⌊AL⌋, ε] and MR := [−ε, ⌈AR⌉] for ε > 0 that satisfies
ε∫

⌊AL⌋
αL(x)dµ0(x) ≥ 0,

⌊AR⌋∫
−ε

αR(x)dµ0(x) ≥ 0, and [−ε, ε] ⊆ [⌊AL⌋, ⌈AR⌉].18 Let the

challenger’s strategy be to send to all left (right) voters message ML (MR) when

x ∈ ML (x ∈ MR) and message M c
L (M c

R) otherwise. When v ∈ V hears an off-path

message, let her posterior belief be supported on policy outcomes outside of her ap-

18Such ε exists because the function ϕL(z) :=
z∫

⌊AL⌋
αL(x)dµ0(x) is continuous and strictly decreasing

in z for z ≥ 0 and ϕL(0) > 0. A similar argument applies to ϕR(z) :=
z∫

⌊AR⌋
αR(x)dµ0(x).
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proval set, whenever possible. Now, the challenger wins (by convincing every voter

in DLR) whenever his policy outcome is in ML ∩MR = [−ε, ε] and his odds of win-

ning µ0([−ε, ε]) are positive since ε > 0. If his policy outcome is outside of that set,

he loses but does not have profitable deviations. Indeed, if, say, x < −ε, then any

message he may send will not convince the skeptical right voters to approve, but he

needs their approval as every decisive coalition without a status quo voter includes a

right voter. A similar argument applies to the case when x > ε. We have thus found

an equilibrium in which the challenger’s odds of winning are positive.

Proof of Proposition 1

First, I construct an equilibrium of the PD and TA game in which the challenger’s

odds of winning are µ0(IL(−1, 1)). Let the challenger send message ML := IL(−1, 1)

if x ∈ ML and message M c
L := X ∖ML otherwise. Off the path, let the left voters’

posteriors be supported on policy outcomes outside of AL, whenever possible. Now,

the challenger wins if x ∈ ML because ML satisfies L’s obedience constraint. At the

same time, L rejects after message M c
L because AL ⊆ ML (From Lemma 4) so that

L’s net payoff from approval is strictly negative for all x ∈ M c
L. What voters other

than L do on is irrelevant since a coalition is decisive if and only if it includes L.

Notice that the challenger does not have profitable deviations. If x ∈ ML, then he

wins the election and gets the highest possible payoff. If x /∈ ML, then x /∈ AL, so

any deviation leads to a rejection by the skeptical left voters. Hence, the described

strategies and beliefs form an equilibrium.

To see why the challenger’s odds of winning cannot be higher than µ0(IL(−1, 1))

in any other equilibrium, let us modify the game and allow the challenger to commit

to what information each voter gets ahead of learning his policy outcome (as in

Kamenica and Gentzkow, 2011). Then, the optimal commitment outcome is that the

challenger wins whenever x ∈ W , where W solves Problem (AUX) with l = −1 and

r = 1 and his odds of winning are µ0(IL(−1, 1)) (see, e.g. Alonso and Câmara, 2016).
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Proof of Proposition 2

Step 1: Show that a solution to Problem (1)

max
(ML,MR)⊆X2

∫
ML∩MR

dµ0(x) subject to

∫
Mv

αv(x)dµ0(x) ≥ 0 and

∫
Mc

v

αv(x)dµ0(x) < 0, ∀v ∈ {L,R}

is given by

1. ML = [⌊AL⌋, bL] and MR = [aR, ⌈AR⌉] if aR ≥ ⌊AL⌋ and bL ≤ ⌈AR⌉;
2. ML = IL(aR, 1) and MR = [aR, ⌈AR⌉] if aR < ⌊AL⌋ and bL ≤ ⌈AR⌉;
3. ML = [⌊AL⌋, bL] and MR = IR(−1, bL) if aR ≥ ⌊AL⌋ and bL > ⌈AR⌉.

With a slight abuse of notation, let (ML,MR) be a solution to Problem (1) and

refer to µ0(ML∩MR) as the objective value. If a pair (ML,MR) is a solution, then the

pair (ML∪AL,MR∪AR) is also a solution as it reaches a weakly higher objective value

while weakly loosening all constraints. Note that considering a solution (ML,MR)

such that Av ⊆ Mv for each v allows us to ignore the less-than-zero constraints:

they are automatically satisfied since αv(x) < 0 for all x /∈ Acv. Similarly, if a pair

(ML,MR) is a solution and ML includes Z ⊆ X which is not a subset of ML ∩MR or

AL, then the pair (ML∖Z,MR) obtains the same objective value while loosening L’s

constraint, and is also a solution. Therefore, we will focus on a solution (ML,MR)

such that Mv = (ML ∩MR)∪Av for each v ∈ {L,R}. The remaining constraints are∫
MR

αR(x)dµ0(x) ≥ 0 (for R) and
∫
ML

αL(x)dµ0(x) ≥ 0 (for L). Next, we show that

the set (ML ∩MR) ∩ [−1, 0] is almost surely an interval [a, 0] for some a ≤ 0.

Claim 1. Let (ML,MR) be a solution to Problem (1) such that Mv = (ML∩MR)∪Av
for each v ∈ {L,R}. Then, for any two sets Y, Z ⊂ [−1, 0] such that ⌈Y ⌉ ≤ ⌊Z⌋,

Y ⊆ML ∩MR =⇒ Z ⊆ML ∩MR.

Proof. Suppose, by contradiction, that sets Y and Z are as described in the claim,

yet Y ⊆ML ∩MR and Z ⊈ML ∩MR. WLOG suppose that µ0(Y ) = µ0(Z) > 0 and

Z ∩ (ML ∩MR) = ∅. First, observe that since ⌈Y ⌉ ≤ ⌊Z⌋, µ0(Y ) = µ0(Z) and αR(x)
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is strictly increasing for x ≤ 0, we have∫
Y

αR(x)dµ0(x) < αR(⌈Y ⌉)µ0(Y ) ≤ αR(⌊Z⌋)µ0(Z) <

∫
Z

αR(x)dµ0(x).

Similarly, noting that µ0(Y ∩ AcL) ≥ µ0(Z ∩ AcL) (since Y is left of Z and hence

is more likely to be outside of AL = [⌊AL⌋, 0]) and αL(x) is strictly increasing for

x ∈ [−1, 0] ∩ AcL, we have∫
Y ∩Ac

L

αL(x)dµ0(x) ≤ αL(⌈Y ⌉)µ0(Y ∩ AcL) ≤ αL(⌊Z⌋)µ0(Z ∩ AcL) ≤
∫

Z∩Ac
L

αL(x)dµ0(x).

Note that the inequality
∫

Y ∩Ac
L

αL(x)dµ0(x) ≤
∫

Z∩Ac
L

αL(x)dµ0(x) is strict unless µ0(Y ∩

AcL) = 0 ⇐⇒ µ0(Y ∩ AL) = µ0(Y ) (Y is almost surely a subset of AL).

Next, let M̃L := (ML∖(Y ∩AcL))∪(Z∖AcL) and M̃R := (MR∖Y )∪Z. We will show

that (M̃L, M̃R) cannot be a solution to Problem (1) because the value of the objective

can be strictly higher than µ0(M̃L ∩ M̃R). Since µ0(M̃L ∩ M̃R) = µ0(ML ∩MR), that

would imply that (ML,MR) is not a solution, either.

From the inequalities we derived above, we have for R:∫
MR

αR(x)dµ0(x) ≥ 0 =⇒
∫
M̃R

αR(x)dµ0(x) > 0,

meaning that R’s constraint for M̃R is loose. For L,∫
ML

αL(x)dµ0(x) ≥ 0 =⇒
∫
M̃L

αL(x)dµ0(x) =

∫
M̃L

αL(x)dµ0(x) ≥ 0,

the last inequality being strict unless Y is a.s. a subset of AL.

Now, observe that there exists Ỹ ⊆ Y such that µ0(Ỹ ) > 0 and Ŵv := M̃v ∪ Ỹ
satisfies each v’s constraint. Indeed, R’s constraint is loose for M̃R. For L, her

constraint is either loose or Y is a.s. a subset of AL. Either way, we can find a

positively-measured Ỹ ⊆ Y so that ŴL satisfies L’s constraint. The objective value
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for (M̃L, ŴR) is µ0(ŴL ∩ ŴR) = µ0(ML ∩MR) + µ0(Ỹ )︸ ︷︷ ︸
>0

, so (ML,MR) cannot be a

solution, a contradiction.

Analogously to Claim 1, we can show that the set (ML ∩ MR) ∩ [0, 1] is also

almost surely an interval [0, b] for some b ≥ 0. Consequently, there exists a solution

(ML,MR) to Problem (1) such that ML ∩MR = [a, b] for some a ≤ 0 and b ≥ 0.

Finally, we consider cases.

• aR ≥ ⌊AL⌋ and bL ≤ ⌈AR⌉. In this case, the proposed solution to Problem (1) is

ML = [⌊AL⌋, bL],MR = [aR, ⌈AR⌉] withML∩MR = [aR, bL]. By contradiction,

suppose that the pair (ML,MR) does not solve Problem (1). Then, there exists

a solution (ML,MR) such that ML ∩MR = [a, b] for some a ≤ 0 and b ≥ 0.

Furthermore, µ0([a, b]) > µ0([aR, bL]), implying that a < aR or b > bL.

Now, if a < aR, thenMR = [a, ⌈AR⌉] satisfies R’s constraint and µ0([a, ⌈AR⌉]) >
µ0([aR, ⌈AR⌉]), which contradicts the definition of [aR, ⌈AR⌉] =: IR(−1, ⌈AR⌉)
being a solution to Problem (AUX) for R with l = −1 and r = ⌈AR⌉. Similarly,

if b > bL, we obtain a contradiction to the definition of [⌊AL⌋, bL] := IL(⌊AL⌋, 1)
being a solution to Problem (AUX) for L and l = ⌊AL⌋ and r = 1. Hence,

(ML,MR) is a solution to Problem (1) for the considered values of aR and bL.

• aR < ⌊AL⌋ and bL ≤ ⌈AR⌉. In this case, the proposed solution is ML =

IL(aR, 1), MR = [aR, ⌈AR⌉] = IR(−1, ⌈AR⌉) with ML ∩MR =ML. In particu-

lar, by the definition of IL(aR, 1),

ML ∩MR = arg max
W⊆[aR,1]

∫
W

dµ0(x) subject to

∫
W

αL(x)dµ0(x) ≥ 0.

Therefore, if the pair (ML,MR) does not solve Problem (1), then there exists a

solution (ML,MR) such that ML ∩MR = [a, b] and a < aR, b ≥ 0. However, we

previously showed that a < aR contradicts the definition of [aR, ⌈AR⌉] being a

solution to Problem (AUX) for R with l = −1 and r = ⌈AR⌉.
• aR ≥ ⌊AL⌋ and bL > ⌈AR⌉. This case is analogous to the one above.

This completes Step 1.

Step 2: Describe the direct equilibrium characterized by (ML,MR).
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1. The challenger’s strategy is σ : X → ∆
(
{ML,M

c

L} × {MR,M
c

R}
)
is to send

the collection of messages (mL,mR) with probability one depending on x, where

(mL,mR) equals (ML,MR) if x ∈ ML ∩ MR; (ML,M
c

R) if x ∈ ML ∩ M
c

R;

(M
c

L,MR) if x ∈M
c

L ∩MR; (M
c

L,M
c

R) if x ∈M
c

L ∩M c

R.

2. On the path, v’s posterior is µ0(· | m) for m ∈ {M v,M
c

v} (calculated using the

Bayes rule). Off the path, v’s posterior following message m /∈ {M v,M
c

v} is

supported on Acv ∩m whenever that set is non-empty.

3. On the path, v approves after message M v and rejects after M
c

v because these

sets satisfy the constraints of Problem (1). Off the path, voter v approves after

message m /∈ {M v,M
c

v} only if m ⊆ Av due to the assumed skeptical beliefs.

Observe that the challenger has no profitable deviations. Indeed, if x ∈ML∩MR,

then he wins the election and receives the highest possible payoff. If x /∈ ML ∩MR,

then x /∈ M v =⇒ x /∈ Av for some v ∈ {L,R}. Any deviation by the challenger

with such policy outcome would lead the skeptical voter v to reject. This completes

the equilibrium characterization.

Step 3: Establish that the upper bound on the challenger’s odds of winning across

all communication protocols is µ0(ML ∩MR), where ML and MR.

The upper bound on the challenger’s ex-ante utility is reached in a setting wherein

he has ex-ante commitment power (Kamenica and Gentzkow, 2011). Intuitively, the

equilibrium definition of the game considered in this paper requires the challenger to

maximize his expected utility for each x ∈ X, whereas there is no such restriction

when he has commitment power. Next, let us solve the information design problem.19

First, the challenger chooses and commits to an experiment, which is a measurable

map ψ : X → ∆{0, 1}2. Next, the challenger’s policy outcome x is realized according

to µ0 and the signals sL ∈ {0, 1} and sR ∈ {0, 1} are sent to voters with bliss

points L and R (resp.) with probability ψ((sL, sR) | x). Then, voter v ∈ {L,R}
privately observes her signal sv, forms a posterior belief µv(· | sv) ∈ ∆X using the

Bayes rule and approves after sv = 1 and rejects after sv = 0. Let ψv(sv | x) :=∑
s−v∈{0,1}

ψ((sv, s−v) | x) be the marginal probability that v receives signal sv. For v

19In what follows, we employ the revelation principle Bergemann and Morris (2016) that allows us to
restrict attention to action recommendations that are obeyed.
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to approve after signal sv = 1, her net payoff from approval must be non-negative:∫
αv(x)dµv(x | 1) ≥ 0 ⇐⇒

∫
αv(x)ψv(1 | x)dµ0(x) ≥ 0.

Similarly, for v to reject after signal sv = 0, her expected net payoff from approval

must be negative,
∫
αv(x)ψv(0 | x)dµ0(x) < 0. We look for an optimal experiment

that maximizes the challenger’s odds of winning and solves

max
ψ

∫
ψ((1, 1) | x)dµ0(x) subject to∫

αv(x)ψv(1 | x)dµ0(x) ≥ 0 and

∫
αv(x)ψv(0 | x)dµ0(x) < 0, ∀v ∈ {L,R}.

Now, this is a linear problem with linear constraints so the solution is an extreme

point of the constraint set. Since X is rich and µ0 is atomless, the extreme points

are deterministic. For the optimal deterministic experiment ψ∗ : X → {0, 1}2, let
Mv := {x ∈ X | ψ∗

v(1 | x) = 1} for each v ∈ {L,R} be the set of policy outcomes

that v is recommended to approve. Then, ψ∗ now solves Problem (1).

Proof of Lemma 5

Recall from the definition of Iv and Lemma 4 that for any right voter v > 0,
⌈Av⌉∫
av

αv(x)dµ0(x) = 0 unless av = −1. We prove this lemma for two right voters

v and w such that 0 < v < w ≤ 1. The case of left voters is symmetric.

First, observe that xv :=
⌈Av⌉∫
av

xdµ0(x) > 0. Indeed, by Jensen’s inequality for the

strictly concave function αv, we have αv(xv) >
⌈Av⌉∫
av

αv(x)dµ0(x) ≥ 0 and αv(xv) > 0

⇐⇒ xv ∈ (0, ⌈Av⌉).

Next, if we evaluate w’s obedience constraint for [av, ⌈Aw⌉], we get

⌈Aw⌉∫
av

αw(x)dµ0(x) =

⌈Av⌉∫
av

αv(x)dµ0(x)

︸ ︷︷ ︸
≥0( v’s obedience)

+2(w − v)xv︸ ︷︷ ︸
>0

+

⌈Aw⌉∫
⌈Av⌉

αw(x)︸ ︷︷ ︸
≥0 for all x∈Aw

dµ0(x) > 0,
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which means that w’s obedience constraint is loose for [av, ⌈Aw⌉]. Now, several

cases are possible. First, if
⌈Av⌉∫
−1

αv(x)dµ0(x) ≥ 0, then av = aw = −1. Second, if

⌈Av⌉∫
−1

αv(x)dµ0(x) < 0 and
⌈Aw⌉∫
−1

αw(x)dµ0(x) ≥ 0, then aw = −1 < av. Finally, if

⌈Av⌉∫
−1

αv(x)dµ0(x) < 0 and
⌈Aw⌉∫
−1

αw(x)dµ0(x) < 0, then aw solves
⌈Aw⌉∫
aw

αw(x)dµ0(x) =

⌈Aw⌉∫
av

αw(x)dµ0(x) +
av∫
aw

αw(x)︸ ︷︷ ︸
<0 for all x<0

dµ0(x) = 0, which is possible if and only if aw < av.

Proof of Proposition 3

Let {L, 0, E} be the baseline electorate with the more extreme right voter E > R.

Denote by (M̃L, M̃E) the challenger-preferred equilibrium sets of policy outcomes

approved by left and right voters, respectively. Note that bL ≤ ⌈AR⌉ and R < E

imply that bL ≤ ⌈AE⌉, so (ML,MR) and (M̃L, M̃E) are both described by Cases 1

or 2 or Proposition 2. Therefore, MR = [aR, ⌈AR⌉] = IR and M̃E = [aE, ⌈AE⌉] = IE

and, by Lemma 5, aE ≤ aR. Three cases are possible:

1. ⌊AL⌋ ≤ aE < aR. Then, ML ∩MR = [aR, bL] and M̃L ∩ M̃E = [aE, bL]. The

claim of the proposition holds because aE < aR;

2. aE < ⌊AL⌋ ≤ aR. Then, ML ∩MR = [aR, bL] ⊂ IL(⌊AL⌋, 1) and M̃L ∩ M̃E =

IL(aE, 1). Clearly, IL(⌊AL⌋, 1) is left of IL(aE, 1) and has lower prior measure

as both are solutions to Problem (AUX) with l = ⌊AL⌋, r = 1 and l = aR, r = 1

(resp.) and the latter parametrization allows for policy outcomes left of ⌊AL⌋.
3. aE ≤ aR < ⌊AL⌋. Then, ML ∩MR = IL(aR, 1), M̃L ∩ M̃E = IL(aE, 1), and the

former set is left of the latter set and has a lower prior measure for the same

reason as in Case 2.
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