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Abstract

In an abstract model of division problems, we study division rules that are not
manipulable through a reallocation of individual characteristic vectors within a
coalition (e.g. reallocation of claims in bankruptcy problems). A coalition can be
formed under a given communication network, a (non-directed) graph, if members
of this coalition are connected on the graph. We offer a characterization of non-
manipulable division rules without any assumption on the graph structure. When
the graph is complete, this result reduces to the results established by previous
authors. We also consider other special cases such as trees and graphs without a
“bridge”. The family of reallocation-proof rules can get larger or smaller depend-
ing on the graph structure. Our abstract model can have various special examples
such as bankruptcy, surplus sharing, cost sharing, income redistribution, social
choice with transferable utility, etc.
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1 Introduction

Division problems often take the following abstract form. There are a finite
number of agents. Each agent is characterized by a vector in R, where K is the
set of characteristics. An amount of resource, a real number, has to be divided
among these agents. A systematic method of division can be described by a
division rule associating with each division problem a vector of individual shares,
or awards.

A number of earlier authors have studied division rules that are robust to
coalitional manipulation through a reallocation of characteristic vectors (reallo-
cation of claims among a group of investors in the context of bankruptcy; real-
location of contributions in the context of surplus sharing, etc.). O’Neill (1982),
Moulin (1985a, 1987), Chun (1988), Moulin and Shenker (1992), de Frutos (1999),
Ching and Kakker (2001), and Ju (2003) consider specialized models dealing with
bankruptcy (or taxation), surplus sharing, social choice with transferable utility,
and cost allocation. Ju, Miyagawa, and Sakai (2003) consider the same abstract
model as ours. One common and crucial assumption in these works is that agents
can form a coalition without any restriction. In this paper, we consider more real-
istic scenario, in which coalition formation is subject to communication network.

A communication network is described by a (non-directed) graph. A coalition
can be formed under a graph if members of this coalition are connected. A division
rule satisfies reallocation-proofness if no coalition can increase the total award by
a reallocation of characteristic vectors among its members. Our main result is a
characterization of reallocation-proof division rules. It is established without any
assumption on the graph. When the graph is complete (any two nodes are directly
linked), this result reduces to the results established by previous authors. We
also consider other special cases such as trees and rigid graphs (graphs without
a “bridge”). The family of reallocation-proof rules can get larger or smaller
depending on the graph structure.

The rest of the paper is organized as follows. In Section 2, we define our
model, communication network, axioms, and some important rules in this paper.
In Section 3, we state and prove preliminary results. In Section 4, we state our
main result. Some proofs are in Appendices A-C.



2 Definitions

2.1 Model

There is a finite set N = {1,2,...,n} of agents. Each agent i € N is characterized
by a vector ¢; = (¢ik)ker € Rf , where K denotes the set of issues. We refer to ¢;
as i’s characteristic vector. A profile of characteristic vectors of agents is denoted
by ¢ = (¢;)ien € RY*¥ and the sum of these vectors is denoted by

¢ = (Cr)rer = (Z cin)rek € RY.
iEN

A problem is a pair (¢, E) € RY*® x R, ., where ¢ € RY*¥ is a profile of
characteristic vectors and £ € R, is an amount to be divided. For simplicity,
we only consider problems such that ¢, > 0 for each k € K. A domain is a non-
empty set of problems and is denoted by D. A division rule, or briefly, a rule over
a domain D is a function f associating with each problem (¢, E') € D a vector of
awards f(c, E) € RY. A domain D is rich if, for each problem (¢, E) € D and
each profile ¢ € RY*X such that @ = ¢, we have (¢, E) € D. That is, D is rich if
it is closed under reallocations of characteristic vectors. We restrict our attention
to rich domains. For each problem (¢, E) € D, let

D, E)={(d,E) e RN xRy, : & =¢}.

Then richness says that, for each (¢, F) € D, we have D(¢, E) C D. Examples
of rich domains are the set of bankruptcy problems in O’Neill (1982), the set of
surplus sharing problems in Moulin (1987), the set of social choice problems with
transferable utilities in Moulin (1985), the set of cost sharing problems in Moulin
and Shenker (1992), etc.

We also use the following additional notation. For each S C N and each
c € R

Cs = (Csk)ker = (Z cir)rex € RE.
ieS

Similarly, for each S C N and each z € RY,

Tg = E Z;.

€S

Given z,y € RM, x > y means that z,, > ¥, for each m; z > y means that z > y
and = # y; and > y means that z,, > y,, for each m.



2.2 Communication Network and Coalition Structure

Before defining “coalitional manipulation”, we first need to explain possible coali-
tion formations. We assume that agents form a coalition through communication
on a network. The communication network is fixed throughout the paper. It is
described by a (non-directed) graph consisting of a set of nodes N and a set of
edges D = {{i,j} : i,j € N and i # j}. Let G = (N, D). For simplicity, we
sometimes denote an edge {i,j} € D by ij. Two nodes, ¢ and j, are adjacent if
17 is an edge.

A complete graph is a graph G = (N, D) such that for each i,j € N with
1 # j,15 € D. A path is a sequence of edges which are successively intersecting.
A path is denoted simply by listing nodes that the path follows. A line is a path
that never passes a node more than once. For each h,7,7 € N, we say ¢ is between
h and j if every path including h and j includes also i. A cycle is a path that
passes more than two nodes and that passes one and only one node twice. With
a slight abuse of terminology, we say that a graph is a cycle when the graph itself
is a cycle. Similarly, we say that a graph is a line. A total line is a line containing
all nodes in N. A total cycle is a cycle containing all nodes in V.

Foreach S C N,let Gs = (S,Ds = {ij € D :i,j € S}) be the subgraph on S.
We say a subgraph Gy is connected if for any two nodes 7, j € S, there is a path
in Gg from 7 to j. Note that when S = () or a singleton, G'g is connected trivially.
We say that S is connected when G is connected. Coalition S is admissible if
S is connected. Let C (G) be the set of admissible coalitions, called, the coalition
structure on G. For example, when G is a complete graph, C (G) equals the set of
all subsets of N, that is, 2"V, which is called the unrestricted coalition structure.

Throughout the paper, we assume that G is connected. However, our results
are easily extended to the general case.!

A tree is a connected graph in which every two nodes have one and only one
path from one to another. A node i in a tree is an end node if 7 is not between
any two other nodes, that is, for all h, j € N\{i}, i is not between h and j. If G is
a tree, by choosing any node i* € N as a root, we can define the directed tree with
root i*, denoted by G (i*). In the directed tree G (i*), for each i € N, let s (i) be
the set of successors of i, including i itself, and s° (i) the set of successors of i, not
including 7. Let p (i) be the set of predecessors, including i itself, and p° (i) the set
of predecessors of 7, not including i. Let sm (i) be the set of immediate successors

'Note that any (possibly disconnected) graph is partitioned into the unique family of max-
imal connected subgraphs. Our results can be applied for each of these maximal connected
subgraphs.



of i and pm (i) the immediate predecessor of i. Clearly, j € sm (i) if and only if
i € pm(j). Tt should be noted that all these functions, s (-), s°(-),sm (-), p(-),
p° (+), and pm (), depend on the choice of the root i*.

An edge ij € D is called a connection edge (also called an “isthmus” or a
“bridge” in Wilson 1979) if deleting ij from D results in a disconnected graph,
that is, (N, D\{ij}) is not connected. A graph G is rigid if it has no connection
edge.? Thus a rigid graph remains connected after deleting any one of its edges.
We next define graphs in which no single node plays a critical role in keeping the
graph connected. A node i € N is called a connection node if deleting ¢ from
G results in a disconnected subgraph of G, that is, Gy\(;) is not connected. A
graph G is rigid* if it is connected and it has no connection node.? Thus a rigid*
graph stays connected after a deletion of any single node.

2.3 Axioms

Our main objective is to study rules that are robust to coalitional manipulations
through reallocations of characteristic vectors. Since coalition formation is con-
strained by a graph, such a robustness can be formalized by the requirement that
the total amount allocated to each admissible coalition S € C (G) should not be
affected by any reallocation of ¢;’s within S. Formally:

Reallocation-Proofness. For each (¢, E) € DV, each S € C(G), and each
d € R if &g = ¢g,

S ems B) = S file, B). 1)
i€s i€s

This axiom has been introduced by Moulin (1985a) and Chun (1988) in the
contexts of social choice with transferable utilities and claims problems, respec-
tively (they call this axiom “no advantageous reallocation”).

In the context of claims problems and their variants, the axiom means that
no group of agents can change their aggregate share by reallocating claims within
the group. If the left-hand side of (1) is larger than the right-hand side, then
group S with claim profile (¢;);cs can gain by reallocating their claims to ¢ (and
making appropriate side-payments). If the reverse inequality holds, then group S
with claims (¢});es can gain.

2Thus a graph is rigid if and only if its degree of “edge connectivity” (see p. 29 of Wilson 1979
for the definition) is equal to 1.

3Thus a graph is rigid* if and only if its degree of “connectivity” (see p. 29 of Wilson 1979
for the definition) is equal to 1.



We also consider a weaker condition, by focusing on coalitions by pairs.

Pairwise Reallocation-Proofness. For each (¢, F) € DV, each ij € D (so
{i,j} € C(G)) and each ¢}, c; € RY*,if ¢ + ¢, = ¢; + ¢,

i) 5
fi(cga C;‘7CN\{i,j}> E) + fj(C;7 C;'a CN\{i,j}7 E) = fi(ca E) + fj (C> E) :

The next axiom is a useful implication of reallocation-proofness (see Lemma 2).
It says that any admissible coalition cannot change, through a reallocation of char-
acteristic vectors, the shares of others, without affecting its own aggregate share.
This axiom is similar, in spirit, to “non-bossiness” in economic environments
introduced by Satterthwaite and Sonnenschein (1981).

Non-Bossiness. For each (¢, E) € DV, each S € C(G), and each ¢ € RY*K | if
Cs = Cs, g = emss and Do fi (¢ E) = 3 oicq fi (e, E),

fN\S(C,aE> :fN\S(CaE>' (2)
The next axiom is the pairwise version of non-bossiness.

Pairwise Non-Bossiness. For each (c, F) € DV, each ij € D, and each ¢/, d; €
RiXK, if ¢+ = citcjand fi(c], ¢, engigy, B)+ filch & enggy, B) = fi(e, E)+
fj (Ca E)a

Iy (6 ey B) = gy (6 E).

For example, in the context of bankruptcy problems, there is a large family
of non-bossy rules, known as “parametric rules”.

In some of our results, we characterize rules satisfying some combinations of
the following axioms as well as reallocation-proofness.

The next axiom says that awards should add up to the amount to divide:

Efficiency. For each (¢, F) € D, >,y fi(c, E) = E.

Note that on the compact set D(¢, E'), each agent’s characteristic vector is
both bounded above and below. Then, it is appealing to require that each agent
should not get unlimited reward or unlimited loss on the set D (¢, E'). The next
axiom states an even weaker condition that at least one agent’s award should be
bounded above or below on D (¢, E).

One-Sided Boundedness. For each (¢, E) € D, there exists i € N such that
fi(+, E) is bounded from either above or below over D(¢, E).

This axiom is implied by each of the following two axioms. The first one

requires awards to be non-negative:



Non-Negativity. For each (¢, E) € D and each i € N, fi(c, E) > 0.

Another axiom that implies one-sided boundedness is no transfer paradox
(Moulin 1985a). It says that no agent can increase its award by transferring part
of its characteristic vector to other agents:

No Transfer Paradox. For each (¢, F) € D, each ¢ € ]Rf *K eachi,j € N
with i # j, and each ¢ € [0,¢;] C RE

filci—t,cj+t,crijy, E) < filei, ¢, ey, E).

The next axiom says that no amount should be awarded to agents with the
zero characteristic vector:

No Award for Null. For each (¢, E) € D and each i € N, if ¢; = 0, then
fi(C, E) =0.

2.4 Examples of Division Rules

For the case when characteristic vectors are single-dimensional (i.e., |K| = 1),
one of the simplest and best-known rules is proportional rule, which divides the
total amount proportionally to characteristic vectors.

Definition 1 (Proportional Rule, |K| = 1). For each (¢, E) € D and each
i€ Ny
f i(ca E ) = C_fE :
c
Ju, Miyagawa, and Sakai (2003) extend the definition of proportional rule
to the case of multi-dimensional characteristics, |K| > 2. A weight function is

a function mapping each (¢, E) € RE, x Ry, into a weight vector in A=t
W: Rf+ X R++ — A|K|71.

Definition 2 (Proportional Rules, |K| > 1). A rule f is a proportional rule
if there exists a weight function W such that, for each (¢, E) € D and each i € N,

Z Clka C E

kGK

We use PV to denote the proportional rule associated with .

Note that P first applies the proportional rule to each single-dimensional
sub-problem (c*, F), where ¢ = (ci;)icn, and then takes the weighted average

4Let [O,Ci] = [O,Cil] X X [O,CiK].
®The right-hand side is well-defined since we rule out problems for which ¢ = 0.

6



of the solutions to the sub-problems using the vector of weights W (¢, F). The
weights depend on the problem being considered but depend only on (¢, E). Pro-
portional rules are efficient since ), . Wi(¢, £) = 1. Proportional rules also
satisfy all other axioms defined in Section 2.3. It is evident that, if |K| = 1,
Definition 2 reduces to Definition 1.

We now define generalized proportional rules, introduced by Ju, Miyagawa,
and Sakai (2003). These rules are characterized by two functions A: RY, xR, —
RY and W: RE, xR, — R, and i’s award is given by the sum of the following
two terms. The first term is A;(¢, F/), which is independent of i’s characteristic
vector but may treat i differently from others. The second term is proportional
to i’s characteristic vector and treats agents symmetrically. On the other hand,
the second term may treat issues asymmetrically, and the degree of importance
attached to each issue k € K is given by Wy(¢, E'). Formally,

Definition 3 (Generalized Proportional Rules). There exist two functions
A:RE, xRyy — RY and W: RE, x Ry, — R¥ such that, for each (¢, E) € D
and each i € N,

fi(e, E) = A&, E) + Y Ewi (e, B)E. (3)
ke k

Note that W is not required to be a weight function, i.e., neither Wy (¢, E) > 0
nor » . Wi(¢, E) = 1 is required. Proportional rules are special cases where
A; = 0 and W is a weight function. Since, given (¢, F), the second term of (3)
is linear in c¢;;, generalized proportional rules satisty reallocation-proofness and
one-sided boundedness. These rules do not necessarily satisfy other axioms in
Section 2.3. Necessary and sufficient conditions for (A, W) to satisfy each of

those axioms are stated in Proposition 2.

3 Preliminary Results

We first establish two useful lemmas. The first lemma shows that any reallocation
of characteristic vectors among agents in a connected coalition can be described
by successive reallocations among edges in this coalition.

Lemma 1. If S is connected and c,¢ € RY*X are such that ¢y = és and
c’N\S = cn\g, then ¢ can be reached from c through successive reallocations of
characteristic vectors among edges in S, that s, there exist a number r and

Si,o++ .S, € Dg and ', 2+ " € RY*® such that ¢ = ¢s,, c}v\sl = CN\$y s
ro__ A _ -m __ =m—1 m _ .m—1
¢ =d, and for eachm =2,--- r, c§ =cg = and NS = CN\S,m -

7



Proof. Let S and ¢, € ]Rf *K be given as above. We give the idea of the proof
and omit the formal proof that is tedious. Pick an agent, say 1, in S. For any
1 € 5, since S is connected, there is a path from 7 to 1, denoted by p;, and we
can move all ¢’s characteristics in ¢; to 1’s through this path. Then we end up
with ¢’ € RfXK such that ¢ = ég, cg\{l} =0, and c’](,\s = cy\s- Now we do the
reverse changes, that is, for each i € S, we use path p; to increase i’s vector from
0 to ¢ and decrease 1’s vector from ¢g to ¢s — ¢;. Throughout this procedure, we
always have non-negative characteristic vectors for all agents and the constant
sum of characteristic vectors of agents in S. At the end, we reach c%. Since there
is no change made in the characteristic vectors of agents in NV\.S, this is what we
wanted to show. 1

We now establish logical relation among reallocation-proofness, non-bossiness,
and their pairwise versions.

Lemma 2. Assume that G is a connected graph.

(i) Reallocation-proofness implies non-bossiness.

(ii) Reallocation-proofness is equivalent to the combination of pairwise reallocation-
proofness and pairwise non-bossiness.

Proof. To prove part (i), let f be a rule satisfying reallocation-proofness. Let
S C N be a connected coalition on G and S # N. Let (¢, E) € D and ¢ € RY*K
be such that ¢s = ¢ and cxs = cjy\g- Let @ = f(c, E) and 2’ = f(c, E). By
reallocation-proofness, Ts = Z's. Since G is a connected graph, there exists a
node i; € N\S that is adjacent to a node in S. Let S; = S U {i1}. Then 5 is
also connected and ¢;, = ¢j,. Hence ¢g, (= ¢s + ¢;;) = €, (= 5 + ¢},) and so by
reallocation-proofness, Ts+x;, = T+ ;. Since s = Iy, x;, = xj . Suppose by
induction that &k < |[N\S|and iy, --- ,ix € N\S are such that S, = SU{i1, -+ ,ix}
is connected, ¢s, = €, , and zg;, . ;) = xf{“%} If N\Sy = (), we are done. If
not, then since G is a connected graph, there exists a node i, € N\Sj that is
adjacent to a node in Si. Let Ski1 = Sk U {ig+1}. Then Siy; is connected and

since ¢g, = €, and ¢;,,, = ¢ = Cg,,,- Hence by reallocation-proofness,

;kﬂa Esk+1
TSy, = Ty, Since Tg, (= Tg + iy + -+ +xy,) = Tg (= T+, +-- +27,),
Tpy1 = Ty, Therefore, vy . .13 = x/{i1,~~,ik+1}' Since N is finite, the iteration
will end after a finite number of steps and, at the end, we obtain zy\g = x?v\ 5
By part (i), reallocation-proofness implies both pairwise reallocation-proofness
and pairwise non-bossiness. To prove the converse, let f be a rule satisfying pair-
wise reallocation-proofness and pairwise non-bossiness. Let S C N be connected.

Let (c, E), (¢, E) € D be such that ¢g = ¢y and cy\s = ¢y, 5. We only have to



show > e fi (¢, E) = Xics Ji (¢5 E) and fys (¢, B) = fas (¢, E).

By Lemma 1, there exist a number r, S, Sa,---, S, € Dg, and ¢!, c?,--- ,c" €
RﬁXK such that E}SI = 651, C}V\Sl = CN\S15 c = C/, and for each m = 27. N
cq = ég"j and c}r}\sm = c%\_slm. By richness of D, (¢!, E),--- ,(¢",E) € D. For

eachm=1--- r—1let 2" = f(¢", F). Let z = f(c,E) and 2’ = f(c, E).
Since ¢y, = Cg,, then by pairwise reallocation-proofness, Iy = Is,. By pairwise
non-bossiness, I}V\SI = xng. Since S; C S, then 7y = zg and x}\/\s = Tn\s-
Foreachm = 2,--- ,r, since cg = ég”j, then by pairwise reallocation-proofness,

g = i“g‘n:l and by pairwise non-bossiness, T s, = ac”N”‘\’ ! . Since S,, C S, then
=-m __ =m—1 m _ ,m—1 3 ~ & / —
Tg =Ty and o} g = 23\ g- This shows Ty = Tg and 2y, g = Tx\s- I

By Lemma 2, reallocation-proofness in all our results can be replaced with

the combination of pairwise reallocation-proofness and pairwise non-bossiness.

3.1 Complete Graph

Reallocation-proofness under the unrestricted coalition structure (that is, when
G is a complete graph) is studied by Ju, Miyagawa, and Sakai (2003). They offer
the following characterization results.

Proposition 1 (Ju, Miyagawa, and Sakai 2003). Assume that G is a com-
plete graph and |N| > 3.

(i) A rule f on a rich domain D satisfies reallocation-proofness if and only if
there exist two functions A: RE, x Ry, — RN and W: Ry x RE, xR, , — RK
such that, for each (¢, E) € D and each i € N,

f’i(ca E) = AZ(Ea E) + Z Wk(Cik,é, E)’

keK

and W (-, E) is additive.

(ii)) A rule on a rich domain D satisfies reallocation-proofness and one-sided
boundedness if and only if it is a generalized proportional rule.

(iii) A rule on a rich domain D satisfies pairwise reallocation-proofness, effi-
ciency, no award for null, and non-negativity (or no transfer paradox) if and
only if it is a proportional rule.

By virtue of part (i) of Proposition 1, within reallocation-proof rules, neces-
sary and sufficient conditions for other axioms can be stated as conditions for the
two functions A (-) and W (-) as follows:



Proposition 2 (Ju, Miyagawa, and Sakai 2003). Assume that G is a com-
plete graph. Let f be a reallocation-proof rule represented by A: RE, xR, — RY
and W: R, x RE, xR,y — R¥ as in part (i) of Proposition 1. Then f satisfies
(i) Efficiency if and only if for each (¢, E) € D,

> A@EE)+ Y Wi(er ¢ E)=E.

1EN keK

(ii) No award for nulls if and only if for each (¢, E) € D and each i € N,
A;(¢,E)=0.

(iii) Non-negativity if and only if f satisfies one-sided boundedness and, for each
(¢, E) € D,

A; (¢, E) >0 for each i € N,
min A; (¢, E) + Z min{0, Wy (., ¢ E)}E > 0.

JEN
keK

(iv) No transfer paradox if and only if for each (¢, E) € D and each k € K,
Wy (-, E) is non-decreasing.

In the next subsections, we will consider three types of “incomplete” graphs
which are crucial for establishing our theorem.

3.2 Tree

In this section, we consider the case when G is a tree.
The next result is a characterization of reallocation-proof rules when G is a
tree.

Proposition 3. Assume that G is a tree. Then a rule f on a rich domain

D satisfies reallocation-proofness if and only if f is represented by a function
H: RE x RE, xRy — RY such that for each (¢, E) € D and eachi € N,

Hi (Es(i)’ G E) - Z]Esm(i) Hj (Es(j)> c, E) ’ Zf Sm(Z) 7é ®a

Hl’ (Ci, E, E) , Zf sm (Z) @, (4)

Ji (CaE) = {

where s (+) and sm () are defined on a directed tree G (i*) with root i* € N.

Proof. Let G = (N, D) be a tree. Fix i* € N and consider the directed tree with
root i*, G (i*). Let f be a rule given by (4). By Lemma 2, to prove reallocation-
proofness, we only have to prove pairwise reallocation-proofness and pairwise

10



non-bossiness. Note that we can rewrite (4) equivalently as follows: for each
(¢, F) € D and each i € N,

Hi (Es(i)7 Cy E) - Z]Eso(i) fj (07 E) ) if So(i) ®7

H; (Ci, C, E) , if 0 (Z) — 0. (*)

fi (Ca E) = {
Thus, for each (¢, F) € D and each i € N, H; (és(i), c, E) is the total award for
agent ¢ and ¢’s successors, that is,

H; (Cya & B) = Y f; (¢, B). (3x)

Jes(i)

Note also that for each i € N and each j € sm (i),

fi (C, E) -+ fj (C, E) = Hz (5s(i)7 E, E) — Hj (68(]‘), 5, E) — Z Hj’ (Es(j’)y 5, E)

j'esm(i)\{sj}

+ | H (@6 6 E) = ) Hy (e, E)

hesm(yj)

Thus

fi (C, E) -+ fj (C, E) = Hz (ES(Z‘), E, E) — Z Hj’ (Es(j’)a E, E)
j'esm(i)\{s}

— Z Hy, (Esny, 6, E) - (1)

hesm(j)

The first term in () depends on (¢;, ¢;) only through ¢; + ¢; and ¢, and the
remaining two terms depend on (¢;, ¢;) only through ¢. Therefore, the coalition of
7 and j cannot change their total award by changing the sum of their characteristic
vectors.

To prove pairwise non-bossiness, let h € s(i)\{,j}. If h is an end node,
fn(c,E) = Hp(cp, ¢, E). Then fj, (¢, E) depends on (¢;, ¢;) only through ¢. Hence
fn (¢, E) is not affected by any reallocation of characteristic vectors of 7 and j.
Now moving backward and using induction argument and (x), we can show that
fn (¢, E) is not affected by any reallocation of characteristic vectors of i and j.
The same argument will show that for each h who is neither a successor nor a
predecessor of i, h’s award is not affected by any reallocation of characteristic
vectors among ¢ and j. Now consider A who is a predecessor of i. Then 7,7 €
s% (h). Assume that h is an immediate predecessor of i. By (x), h’s award depends
on (¢;, ¢j) only through ¢y, ¢, and Zkeso(h) fr (¢, E). By the previous argument,

11



none of these factors is affected by a reallocation of characteristic vectors among ¢
and j. Therefore, h’s award is not affected either. Arguing inductively, we obtain
the same conclusion for each predecessor of i. Therefore f satisfies pairwise non-
bossiness.

To prove the converse, let f be a rule satisfying reallocation-proofness. Then
by Lemma 2, it also satisfies non-bossiness. For each ¢ € N, define H as follows:
for each i € N and each (z,y, E) € RE x RE, xR, with z <y,

(x,y, E ZfJCE

j€s(i)

for some (¢, E) € D with ¢s;) =  and ¢ = y. For all other (z,y, E) € R xRE, x
R, ., set H; (z,y, ) arbitrarily. Then (x) follows directly from the definition of
H and we obtain (4). Therefore, we only have to show that H is well-defined.
Let ¢, ¢ € RY*X be such that Cs(i) = cs(z) =rzandéc=7 =y. Let v = f (¢, E),
v’ = f(c,E), and 2" = [f(Cs), Ay s)0 &) Since N\s (i) is connected, then by
reallocation-proofness and non-bossiness, ;) = x;’(i) (and Zn\s(i) = f’]’v\s(i)).
Since s (i) is also connected, then by reallocation-proofness and non-bossiness,
Thiy = oy (and @ ) = Ty p)). Therefore, Zyq) = Z7;), which is what we
need to show for the well-definedness of H. 1

Although the domain of H; is stated as RE x RE, x R, in Proposition 3,
only its subset {(z,y, E) € RE x R, x Ry, : for some (¢, E) € D, ¢y;) = x and
¢ = y} matters. What values H; takes outside this subset is not relevant to our
result and in (4). In what follows we will say that H or H; has a certain property,
when it has the property only over this subset.

Note that when f is a generalized proportional rule associated with (A, W),
then for each (¢, E) € D and each i € N,

CSZ —
ZA +Z - E)E.

jes(t) keK

Proposition 4. Assume that G is a tree. Let f be a reallocation-proof rule
represented by H: RE x RE, x Ry, — RY as in Proposition 3, where s (-) and
m (+) be defined on the directed tree G (i*) with root i* € N. Then f satisfies

1. Efficiency if and only if H;- (¢,¢, E) = E for each (¢, E) € D.

2.1. Assume that G (i*) has a node i # i* with at least two immediate successors
(that is, G is a non-linear tree). Then [ satisfies no award for null if and only if

H,=---= Hy = H° and for each (c,E) € D, Hy(-,¢, E) is additive.
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Hence, for each (¢,E) € D, Hy(0,¢,F) = 0 and Hy (-, ¢, E) can be decomposed
into K functions as follows

fi (C, E) = HO (CZ', E, E)
= Z Wk (Q’k, c, E) s
keK
where W, (cix, ¢, E) = Hy (cipug, ¢, E), denoting the k™ unit vector of RE by uy,
and so Wy, (-, ¢, E) is additive.
2.2. When G is a line, f satisfies no award for null if and only if for each
(¢, E) e RE, x R4y

H, = Hy=---= Hy = H,,
Hy (0,¢,E) =0.

3. Non-negativity if and only if for each i € N, each x,y € RE, each E € Ry,

and each (a;) e RYIK with 0 <37 @ <2 < y.

jesm(i)

Hz(x7y7E) Z Z H a]’y7 Zfsm()#(&

j€sm(7)

4. No transfer paradox if and only if H; (-, ¢, E) is non-decreasing for each i € N
and each (¢, E) € D.

Thus, if [ satisfies no award for null, then non-negativity is equivalent to no
transfer paradox.

Proof. 1. This follows from s (i*) = N and the fact that for each (¢, F') and each

(RS N, Hz ( S(i)vca E) - 2363(1) f] (07 E)
2. Let f satisfy no award for null. Then for each (¢, E) € D with ¢; = 0,
fi(c, E) = 0. Then by (4), for each (¢, ) € D with ¢; =0,

. sg — ._8.7_7 .
]?z Z C( Z HJ (C(j)CE) (5)

jesm(s jesm(z)

Since this holds for each (¢, E) € D with ¢; = 0, then we obtain: for each i € N,

each (2;);c.ni) € R K and each (y, E) € RK, x R, if there is (¢, E) € D
such that ¢; = 0, ¢,(;) = x; for each j € sm (i), and ¢ = y, then
Hi (i'sm(z)yyaE) = Z Hj (xjay>E)' (*)
jesm(1)
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By no award for null and (%*) in the proof of Proposition 3, for each i € N and
each (¢, E) € D, if all successors of ¢ have the zero characteristic vector, then
they all receive nothing and so > .. . f; (¢, E) = 0. Hence, for each (y, F) €
RY, x RE,,

H; (0,y,E) =0. (%)
Let i € N and j € sm(i). Let (¢, E) € D be such that ¢; = 0 and for each
h € s(i)\{j}, c» = 0. Then by (5) and (xx), H; (¢;,¢, E) = H;(c;,¢, E). Since
this holds for each ¢; with 0 < ¢; < ¢, H; = H;. Using this and the tree structure
of G, we show H; = --- = HV. Let Hy be the common function. For each
(¢, E) € D, if there is a node ¢ € N\{i*} with at least two immediate successors,
we obtain additivity of Hy (-, ¢, F) from (%) (note that if (%) holds for i = i*,
then we can only obtain the limited additivity of Hy (-, ¢, E) saying that for each
z,o' € RE, if w +12' = ¢, Hy(z,¢,E) + Hy(2,¢,E) = Hy(x + 2/, ¢, E)). Using
additivity of Hy (-, ¢, E') and (4) in Proposition 3, we show f; (¢, E) = Hy (¢;, ¢, E).

The converse follows easily from the fact that Hy (0,¢, E) =0 and f; (¢, E) =
Hy (¢;, ¢, E) for each (¢, E) € D.

3. This part follows directly from (4).

4. Assume that f satisfies no transfer paradox. Let i be a terminal node, that
is, s (i) = 0. Then since f; (¢, E) = H; (¢;,¢, E), H; (-, ¢, F) is non-decreasing, for
each (¢, F) € D. Let j be such that for each i € s° (), s° (i) = 0. Then f; (¢, E) =
H; (Es(j), c, E) — Zi@mm H; (¢;,¢, E) and for each i € sm (j), H; (-, ¢, E) is non-
decreasing. Consider transferring ¢ € [0,¢;] from h € p°(j) to j. Then by
no transfer paradox, j’s award must not decrease. Thus H; (és(j) +1,c, E) —
Ziesm(j) H;(¢;,¢,E) > H, (Es(j),é, E) — Ziesm(j) H; (c;,¢, E). Hence, for each
(¢, E) € D and each t € [0,¢;], H, (Es(j) +1,¢, E) > H; (Es(j),é, E). This shows
that H; (-, ¢, ) is non-decreasing. Proceeding backward, we complete our proof.
The converse is shown easily.

Note that when G is a non-linear tree, adding no award for null, we obtain a
subfamily of rules that are characterized in part (i) of Proposition 1 and that have
A; () = 0 for each i € N. Thus, given no award for null, reallocation-proofness
on a tree is equivalent to reallocation-proofness on a complete graph. Therefore,
all earlier characterization results based on reallocation-proofness on a complete
graph and no award for null continue to hold on a tree.

Line

If G is a line, then given an end node i* € N and the directed line G (i*), any
node can have at most one immediate successor. Thus, the immediate successor

14



of 4, if any, can be denoted by sm (i) with a slight abuse of notation (recall that
sm (7) is the set of immediate successors). Then from Proposition 3, we obtain:

Corollary 1. Assume that G is a line. A rule f on a rich domain D satisfies
reallocation-proofness if and only if f is represented by a function H: RE xREX, x
R,, — RY such that for each (c,E) € D and eachi € N,

) if sm (i) = 0;

H; (ES( ) ,E (6)
Cs >E) Hsm(z) (és(sm(i))> C, E) ’ Zf sm (Z) 7é ®7

fi(c’E):{ H; (50

where, for an end node i* € N, s(-) and sm(-) are defined on the directed line

G (i*).

o O

1))
7))

Combining reallocation-proofness, efficiency, and no award for null, we obtain:

Corollary 2. Assume that G is a line. A rule f on a rich domain D satisfies
reallocation-proofness, efficiency, and no award for null if and only if f is repre-
sented by a function Hy: REX x RE, x Ry, — R such that for each (c¢,E) € D
and each i € N, Hy(0,¢,E) =0, Hy(¢,¢, E) = E, and

HO<C7J7E7 E)7 Zf sm (Z) = @

fi <C’ E) - { Hy (Es(i)7 c, E) — H (ES(sm(i))’ C, E) » if sm (Z) 7& @’

where, for an end node i* € N, s(-) and sm(-) are defined on the directed line

G (i*).

Proposition 4 (parts 2.1 and 2.2) shows that when no award for null is imposed,
there is a remarkable difference between the linear tree case and the non-linear
tree case. As shown in Corollary 2, in the case of linear tree, we have “hierarchical
division rules” satisfying reallocation-proofness and no award for null. These rules
are not necessarily a member of the family of rules characterized in Proposition 1.
Among these rules, only those rules characterized in Proposition 1 are left when
(G is a non-linear tree.

3.3 Rigid* Graph

In this section, we consider the case when G is rigid*.

In the next lemma, we show that when G is rigid*, reallocation-proofness un-
der C (G) is equivalent to reallocation-proofness under the unrestricted coalition
structure.
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Lemma 3. Given a connected graph G = (N, D), let f be a rule satisfying
reallocation-proofness. For each T C N, if no node in N\T is a connection
node, then for each (¢, E),(c, E) € D with ¢r = ¢ and cyvr = s

Zfz (C7E) = Zfl (C/7E)v

€T €T

o (e E) = fwor(d, E).

Therefore, if G is rigid*, then reallocation-proofness under C (G) is equivalent to
reallocation-proofness under the unrestricted coalition structure.

Proof. Let G = (N,D) be a connected graph. Let f be a rule satisfying
reallocation-proofness under C (G). Then by Lemma 2, f satisfies non-bossiness.
Let T'C N. Assume that no node in N\T is a connection node. Let (¢, E), (¢, E) €
D be such that ¢r = & and cjyvr = cyyp. Let 2 = f (¢, E) and 2’ = [ (¢, E).
We only have to show Zr = 77 and zy\p = x’N\T. Since N is connected, by
reallocation-proofness,

In =Ty (7)
For each i € N\T, since i is not a connection node, N\{i} is connected. Since
CN\{i} = E’N\ (i then by reallocation-proofness and non-bossiness, r; = x;. Hence
TN\ = x?V\T. Combining this with (7), we obtain Ty = Z7.. i

We will show later that rigidity* of GG is the necessary and sufficient condition
for the equivalence between reallocation-proofness under C (G) and reallocation-
proofness under the unrestricted coalition structure.

It follows from this lemma and Proposition 1 that:

Proposition 5. Assume that graph G = (N, D) is rigid* and |N| > 3.

(i) A rule f on a rich domain D satisfies reallocation-proofness if and only if f is
represented by two functions A: RE, xR, — RY and W:R, XRE, xR — RE
such that for each (¢, E) € D and each i € N,

file, B) = Ai(e, E) + > Wil ¢, B),
keK

and W (-, ¢, E) is additive.
(ii) A rule on a rich domain satisfies reallocation-proofness and one-sided bound-
edness if and only if it is a generalized proportional rule.
(iii) A rule on a rich domain satisfies reallocation-proofness, no award for null,
and non-negativity (or no transfer paradox) if and only if it is a proportional
rule.
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3.4 Rigid Graph

In this section, we consider the case when G is rigid.
In the next lemma, we show that each rigid graph is composed of maximal
rigid* subgraphs connected with each other by connection nodes.

Lemma 4. Assume that G = (N, D) is a rigid graph.

(i) The set of nodes N is uniquely divided into a finite number of subsets Ny,--- , N,
with UL Ny = N such that for eachl=1,--- ,L, [Nj| > 3 and Gy, is a mazimal
rigid* subgraph on G.

(ii) There is no cycle of successively intersecting sets among Ny, --- , Ny, that is,
there is mo r > 3 and no Ny,,--- ,N;, € {Ny,---,Np} such that N, N N, #
0,--- N, , NN, #0, and N}, = N,,..

r

The proof is in Appendix A.

By Lemma 4, N has the unique family of subsets Ny, - - - , N, such that for each
le{l,--- L}, |N}| > 3and Gy, is a maximal rigid* subgraph. In this case, we say
that rigid graph G is composed of mazximal rigid* subgraphs Gn,,--- ,Gn,. Let
N*(G)={Ny,---,Np} and R* (G) = {Gn,, - ,Gn, }. Foreachl e {1,--- | L},
let

C(N;) ={i € N, :i is a connection node on G}

be the set of connection nodes in N; on graph G. For each [ € {1,---, L} and
each i € Ny, let

S (i, N}) ={j € N\ [N/\{i}] : 7 is between j and any node in N}

be the set of nodes outside N;\{i} that can be connected with any node in
only through i. Note ¢ € S(i, N;). Note also that S(i, N;) is not a singleton if and
only if i € C(N;). For example, if G is composed of two rigid* subgraphs G,
and G, and the connection node is i, then S(i, Ny) = Ny, S(7, N2) = Ny, and
C(Ny) = C(N2) = {i}.

Proposition 6. Assume that a rigid graph G = (N, D) with |N| > 3 is composed
of L mazimal rigid* subgraphs Gn,,--- ,Gy,: that is, R* (G) = {Gpn,, -+ ,Gn, }-
Then a rule over a rich domain D satisfies reallocation-proofness if and only if
there exists a list of functions (A': RE, x Ry, — RM WL R, x RE, xRy, —
R¥)ieq1,.. .1y such that for each (¢, E) € D and each | € {1,---,L} and each
i €Ny, ifi € N\C (N,),

fi(¢e.E) = A{(e,E) + Y _ Wi(cin, ¢ E); (8)

keK
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and ifi € C(N;) and {Gx, , -+ ,Gn, } is the set of all rigid* subgraphs in R* (G)
other than Gy,, to which @ also belongs,

fi (C7 E) - Ai (67 E) + ZWIi (ES(i,N[)k7E7 E)
keK

DD

s=1 jeNi \{i}

— Z Z W,is E[NZS\C(NlS)]k + Z ES’(j,le)ka GE|, (9)

s=1 keK JEC(Ni {7}
where for each 1" € {1,--- | L}, Wt (-, ¢, F) is additive and

YAl E)+Y Wiene BE)=> Al (e E)+> W (&.¢.E).  (10)

iEN, keK ieNy keK

The proof is in Appendix B.

Remark 1. Note that when G is a rigid* graph, L = 1 and Proposition 6 reduces
to part (i) of Proposition 5.

4 Theorem

We now consider the most general case when G is a connected graph.
The next lemma says that every connected graph is uniquely decomposed into
a family of maximal rigid subgraphs.

Lemma 5. Assume that G = (N, D) is a connected graph.

(i) The set of nodes N is uniquely partitioned into a finite number of subsets
Ny, -+, Np such that for each l =1,--- L, [N)| =1 or |N;| > 3 and Gy, is a
maximal rigid subgraph on G.

(ii) There is no cycle of sets among Ni,---, Ny, which are successively con-
nected by connection edges; that is, there is no r > 3 and no Ny,---,N; €
{Ny,--+, Np} such that N;, = N, and for two sequences of nodes, iy € Ny, -+ ,i,_1 €
N,_1 and j5 € Ny, -+, jr € N,, we have i1js2,1273,*+ ,ir—1Jr € D.

The proof is in Appendix A.

By Lemma 5, N is partitioned into maximal rigid subgraphs and these sub-
graphs are located with a tree structure. Formally:
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Definition 4 (Tree of Maximal Rigid Subgraphs). Given a connected graph
G = (N, D), let N be partitioned into Ny, - - - , N, such that foreach [ =1,--- | L,
Gy, is a maximal rigid subgraph. We now define a graph G of which nodes are
composed of these subgraphs. Formally, let N' = {Ny,---, Ny} be the set of
nodes. For each [,I' € {1,--- L}, {IN;, Ny} is an edge of G if there is an edge
of the original graph G, which connects V; and Ny, that is, for some ¢ € N; and
i" € Ny, i’ € D. Denote the set of edges of G by £. Then G = (N, €) is a tree

because of part (ii) of Lemma 5.

Let R = {Gn,, -+ ,Gn, } be the set of maximal rigid subgraphs on G. Note
that for each [ = 1,---,L, |N;| = 1 or |N,;|] > 3. By Lemma 4, for each [ =
1,---,L, N;is again divided into a finite number L; € N of subsets, denoted
by Nu,---, N, such that for each m = 1,---,L;, Gy, is a maximal rigid*
subgraph on G, .

Next we define a family of rules that are similar to rules characterized in
Proposition 6 on each rigid subgraph Gy, € R with |V;| > 3 and that are similar
to rules characterized in Proposition 3 when we view the total award of each
group NV; € N as the award for node IN; on the tree G.

Pick an arbitrary N;« € N and let G (N;+) be the directed tree with root Np:.
Then we can define successors and predecessors on G(N;<). We use the same
notation as in Section 3.2 for the set of successors s(-), the set of immediate
successors sm (), the set of predecessors p (-), and immediate predecessor pm (-).
But note that variables of these functions are different because now the set of
nodes is NV, while it is V in Section 3.2. We also use notation s°(-) and p° (+) as
used in Section 3.2. For each [ € {1,---, L}, let

Us (Nl) = U Nl/

Nyes(Ny)

be the union of all Ny € N that succeeds N; on G(N;«). Similarly, let
Us® (Nl) = U Nl"
Ny€s®(Ny)
For each [ € {1,--- L} and each m € {1,--- , L;}, let

C (V)
C(Nl’ma GNl)

{j € N, : j is a connection node on G};

{j € N, : j is a connection node on Gy, }.
Let

C* (N;) = {i € C(N,) : for some Ny € sm(N;) and some j € N;, ij € D}
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be the set of all connection nodes ¢ € N; on GG, which belongs to a connection
edge connecting N, to an immediate successor of N; on G. Foreachl € {1,--- | L}
and each 1 € N, let

sm (Nyii) = {N € s°(N;) : for some j € Ny, ij € D},
SO (Nl, Z) = UNkESm(Nl;i)S (Nk) .

That is, sm(V;;4) is the set of immediate successors of IV}, connected with N,
through ¢, and s°(IV;;7) is the set of all successors of N; that succeeds i. Note
that if i ¢ C*(V;), sm(Ny;4) = s° (N;i) = (). Following the previous notational
convention, let

Us (N33 1) = Unpesm(Nisi) Unestv) N

For each 7 € N, let
S (i, Nim) = {7 € N\ [Nim\{¢}] : 7 is between j and each node in Ny, on Gy, }.

It should be noted that S (i, N,) is defined on the subgraph Gy, and i €
S (i, Nim), and that S (i, Ni,,,) is not a singleton if and only if ¢ € C' (N, Gn,)-

Let H: RExRE, xR, — R* be a function such that for each ! € {1,--- , L},
H, describes the total award of all agents in Us (1V;), as a function of the sum of
characteristic vectors of these agents, ¢, and E. We now define the family of rules
represented by such a function H and a list of functions

m=1

. L \*
((A’m: R < RE, x Ryy — RV W7 Ry x RE X RE, xRy - RF) >
where for each | € {1,--- L}, each m € {1,---,L;}, and each (¢,E) € D,
Wim (-, Cus(N,)» G, E) is additive.

Definition 5 (HAW-Family). A rule f isin the HAW-Family if f is represented
by a list of functions,

H:REXRE, xRyy — RN

(A™: RE X RE, xRy, — RVm W™ R, xRExRE, xR, — RF)L_)HE

as follows: for each (¢, E) € D, each | € {1,--- L}, each m € {1,--- | L;}, and
each 1 € Ny,
(i) if i € N\(C*(N,)UC (N, Gy,)),

fi (C> E) = Aim (EUS(NZ)7 E; E) + Z Wlim(cilm EUS(Nl)a E? E)? (11)
keK
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(i) if ¢ € C(Ni,Gn,) \C* (V1) and {G,, , -+ ,Gn,,, } is the set of all rigid”
subgraphs among {Gn,,, -+, Gy, }\{Gn,, }, to which 7 also belongs,

fi(e, B) = A" (usn), &, E) + 3 wim (€501, Nup ) Cus(y) & )
kek

-3 X A (s 6 E)

s=1jENm, \{i}

T ~ I . _ _ — —
o Z Z ka C[Nlms\c(Nlms ’GNZ)]k + Z Cs(j7Nlms)k’ CUS(Nl)7 ) E )

s=1kek JEC(Nimg,Gny)\{i}
(12)
(i) if § € C* (N)) N (N\C (Ni, Gy)),
fi (C> E) = Aim (EUS(N1)7 c, E) + Z W]im(cika éUS(Nl)? C, E)
keK
- Z Hl’ (EUS(NZI)7 c, E) ) (13)
U': Ny €sm(Ny;i)
(lV) ifi € C* (Nl) nc (Nl, GNZ)’
fi (C, E) = Aim (EUS(Nl)a E, E) + kz;( W]f;m (ES(i,Nlm)k?a éUS(N[)? E’ E)
S
-2 X AT (w6 EB)
s=1 JENm  \{i}
- Z z Wlf:ms E[Nlm \C(Nlm GN )]k + Z Es(ijlms)k’ EUS(NZ)’ E’ E
s=1keK s s FEC(Nim,Gry)\{i}
- Z Hl’ (EUS(NZ/)a C, E) ) (14)

U:Nyesm(Ny;i)
where for each | € {1,---, L}, each m,m’ € {1,---,L;}, and each (¢, E) € D,
Wlm ('7 EUS(Nz)a c, E) is additive,

Z A (Cusv)em) + Z W (Cus(viys Cos(vk: & B)

1E€ENm keK
= Z Aim/ (EUS(NZ),E,E) + Z W]ﬁml (EUS(Nl)ka EUS(Nl)kv 57 E) ) (15)
’iGNlm/ keK

and, s(-), sm(-), and C*(-) are defined on the directed graph G (N;«) with
root Ni- € N.

Now we are ready to state our main result.

Theorem 1. Assume that G is a connected graph and |[N| > 3. Then a rule over

a rich domain satisfies reallocation-proofness if and only if it is a member of the
HAW-family.
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The proof is in Appendix C.
By Lemma 2, we may replace reallocation-proofness in Theorem 1 with the

combination of pairwise reallocation-proofness and pairwise non-bossiness.

Corollary 3. Assume that G is a connected graph. Then a rule over a rich
domain satisfies pairwise reallocation-proofness and pairwise non-bossiness if and
only if it is a member of the HAW-family.

It follows from Theorem 1 and Propositions 1-6 that:

Corollary 4. Assume that G is a connected graph. Then the following two state-
ments are equivalent:

(i) Graph G is rigid";

(ii) Reallocation-proofness under C (G) is equivalent to reallocation-proofness un-
der the unrestricted coalition structure.

A Structure of Connected Graph

In this section, we prove Lemmas 4 and 5. We begin with some useful facts on
rigid graphs and rigid* graphs.

Fact 1. When there are at least three nodes, rigidity* implies rigidity.

Proof. Let G = (N, D) be rigid*. Assume |N| > 3. Suppose by contradiction
that G is not rigid. Let ij € D be a connection edge. Then G’ = (N, D\{ij}) is
disconnected. Then since |N| > 3, i or j has an adjacent node in N\{i,j} on G'.
Suppose that ¢ has an adjacent node h € N\{i,j} on G'. Then there is no path
from h to j on G'. Since the set of edges of Gz ;) is a subset of the set of edges
of G', that is, D\{ij}, then there is no path from % to j on G\ either. Thus
Gn\yiy is disconnected. This shows that ¢ is a connection node, contradicting
rigidity* of G. 1

Fact 2. When N ={i,j} and D = {ij}, G = (N, D) is rigid* but not rigid.

Fact 3. If G s rigid, M C N, and Gy s a maximal rigid* subgraph, then
|M| > 3.

Proof. Suppose |M| =1, say M = {i}. Then because G is connected, there is
J # 1 such that ij € D. Then Gy, j is rigid*, contradicting the maximal rigidity
of Gps. Suppose that |M| = 2, say, M = {i,j}. Let G' = (N, D\{ij}). Let M;
be the set of nodes connected with ¢ on G’ and M, the set of nodes connected
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with j on G’. Since G is rigid, then ij is not a connection edge. So M; N M; # (.
Let h € M; N M;. Let p (i, h) be a path in G, from i to h and p (h, j) a path in
Gy, from h to j. Let M’ be the set of nodes in the two paths. Clearly, M C M".
Then G has a total cycle and so it is a rigid* graph, contradicting the maximal
rigidity of G . B

Fact 4. Let G be rigid. Let M, M’ C N be such that Gy; and Gy are mazimal
rigid* subgraphs and M # M'. Then

(i) Either M N M'| =0 or 1.

(i) Ifi € M N M', i is a connection node on G.

(i) Ifte MNM', h € M, and b’ € M', every path from h to h' contains i, that
is, 1 is between h and h'.

Proof. Proof of (i). Suppose by contradiction that M N M’ contains at least two
nodes. For each ¢ € M\M’, since i is not a connection node in Gy, Gap gy is
connected. Since i ¢ M N M' # (), every j € M\{i} has a path to a node in
M N M', which has a path to any node in M’. Thus, G(yunry gy is connected.
So i is not a connection node in Gy . Similarly, we show that each i € M'\ M
is not a connection node in Gy pr. Now let ¢ € M N M’'. Since |[M N M'| > 2,
there is j € (M N M')\{i}. Since both G and Gy are rigid*, both Gy iy and
Gun gy are connected. Because j € (M N M')\{i}, any node in M\{i} has a
path, by way of j, to any node in M'\{i} on Gyunm\gi3- Hence Guaumri gy
is connected and ¢ is not a connection node. This holds for each ¢ € M N M'.
Evidently, each ¢ € (M\M')U(M"\ M) is not a connection node of G either.
Therefore, Gy;un does not have any connection node and Gy is rigid*. This
contradicts the maximal rigidity* of Gy.

Proof of (ii). Now let i € M N M’. If i is not a connection node, Gy is
connected. Pick h € M\{i} and b’ € M'\{i}. Then there is a path from h to A’
on G\ (;3- Now combining this path with M U M’, we obtain a rigid* subgraph,
contradicting the maximal rigidity* of G)y.

Proof of (iii). This follows easily from (ii). B

Clearly, if G has a total cycle, G is rigid*. There are, of course, rigid* graphs
that have no total cycle. No tree with at least three nodes is rigid*.
Now we are ready to prove Lemma 4.

Proof of Lemma 4. Let G = (N, D) be a rigid graph.

Proof of part (i): We first show that N is divided into a finite number of
subsets Ny,---, Ny with U2, N; = N such that for each [ = 1,--- | L, |N;| > 3
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and G, is a maximal rigid* subgraph on G. Pick a node ¢« € N. Find all
maximal rigid* subgraphs containing 7. Let Np,---, N,, be the sets of nodes of
these subgraphs. Then because of rigidity of G and Fact 3, |Ny|, -, |Ny| >
3. If Ul Ny = N, we are done. Otherwise, since G is connected, pick j €
N\ U, Ny and find all maximal rigid* subgraphs containing j. Denote the sets
of nodes of these subgraphs by Ny, 11, , Npan. Then |[Nyial, -+ [Npan| > 3.
If UU" N = N, we are done. Otherwise, iterate the same procedure. Since N
is finite, the iteration will end after a finite number of steps and, at the end, we
get a list of subsets of N, Ny, ---, N, with the desired properties.

To prove the uniqueness, let {Ny,---, Ny} and {N},---, Ny} be two fami-
lies of subsets of NV satisfying the stated properties. Pick a node i € N. Let
{N1,--+, N} be the subfamily of elements in {Ny,---, Ny}, which include i.
Let {Nj,---, N/ ,} be the subfamily of elements in {/N],--- , N/}, which include
1. For each element NV in the former subfamily, find j € N, that is adjacent to
i. Then there exists an element V;, in the latter family which include both i and
j (that is, ij is an edge of G N};/). Therefore, by Fact 4, N, = N,. This shows
{Ny, -+ Ny} € {N{,---,N/,}. Similarly, we can show the reverse inclusion.
Therefore, {Ny,--- ,Np} ={Ny,--- , Ny }.

Proof of part (ii): Suppose by contradiction that there exist N;,,---, N, €
{Ny, -+ ,Np} with » > 3 such that N, " N,, # 0,--- ,N,__, NN, # (), and
N;, = N,,. Then if we let M = N;, U---UN,,, G is rigid*. This contradicts the

maximal rigidity* of Gy, foreach k =1,--- ;7. &
We use the next fact to prove Lemma 5.

Fact 5. If Gy and Gy are maximal rigid subgraphs on G, then either M = M’
or M N M = 0.

Proof. Let M, M’ C N be given as above. Assume M # M’. Suppose to the
contrary M N M’ # (). Since Gj; has no connection edge disconnecting G, and
M N M’ # (), there is no connection edge in G disconnecting G'ysupr. Similarly,
there is no connection edge in G, disconnecting G- Therefore, Gpyunr has
no connection edge and so it is rigid. This contradicts maximal rigidity of G,
and Gy. 1

Fact 6. Assume that G = (N, D) is a connected graph and that N is partitioned
into a finite number of subsets Ny,- -+ , N such that for eachl =1,--- L, |[N;| =
1 or |N;| > 3 and Gy, is a mazimal rigid subgraph on G. Then

(i) For each I,I' =1,--- | L withl # U, there can be at most one edge ii' € D such
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that 1 € N; and i' € Nyp. If there is such an edge ii' € D, it is a connection edge.
(ii) For each l,I' =1,--- L with l £, ifi € N;, i’ € Ny, and i’ € D, then for
each j € N; and each j' € Ny, every path from j to j' contains ii', that is, both i
and i’ are between j and j'.

Proof. Proof of part (i): Let [,I' € {1,---, L} be such that [ # I'. Suppose to
the contrary that at least two edges ', jj' € D such that i, € N; and 7', j' € Np.
Then any of these edges connecting N; and Ny is not a connection edge on G y,un, -
Since neither G'y, nor Gy, has a connection edge, then no edge in Gy, or Gy, is
a connection edge on Gy,un, . Therefore, Gn,un, has no connection edge and so
it is rigid. This contradicts to maximal rigidity of Gy, and Gy, .

Now assume that 7’ € D is such that ¢ € N; and ¢/ € Ny. If 4 is not a
connection edge, then we can find a path from a node in N; to another node
in Ny, which does not include i7’. Now combining this path, N;, and Ny, we
can construct a larger rigid subgraph than Gy, and G,,, contradicting maximal
rigidity of Gy, and Gy, .

Proof of part (ii): The proof follows directly from the definition of connection
edge. 1

Now we are ready to prove Lemma 5.

Proof of Lemma 5. Let G = (N, D) be a connected graph.

Proof of part (i): Since any edge is not a rigid subgraph, then if M C N and
Gy is rigid, either [M| =1 or |M| > 3. The proof of the existence of a partition
of N satisfying the property stated in part (i) is similar to the proof of part (i)
in Lemma 4. The only difference is in showing that for any two subsets of N,
M # M’ if Gy and Gy are maximal rigid subgraphs on G, then M N M’ = {).
This is shown in Fact 5.

To prove the uniqueness, let {Ny,---, Np} and {N],--- , N/} be two parti-
tions of N satisfying the stated properties. Pick a node : € N. Without loss of
generality, let N; and N}, be the members of the two partitions, which include <.
Since N; N N}, # 0, then by Fact 5, N; = N},.. Since this holds for every i € N,
the two partitions must be identical.

Proof of part (ii): Suppose by contradiction that there exist r > 3, N, --- , N},
{Ny,---,Np}, i1 € Niy,-++ ,ip—1 € N,—_1, and jo € Ny, -+ ,j, € N, such that
N, = N, and iyjs,i2j3, - ,ir—1Jr € D. Note that for each s € {2,--- ,r — 2},

1sJs+1 connects NV, and N, and 4,17, connects N; and NN;,. Therefore, since

s4+17?
each member of {N;,,---, N, } is connected, then there is a path from i; to j»
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not containing #;j, € D. This means that deleting 7,7, does not disconnect G.
So i1j2 is not a connection edge, contradicting part (i) of Fact 6. &

B Proof of Proposition 6

In this section, we prove Proposition 6.

Proof of Proposition 6. Let G = (N,D), Ny,---,Np, and Gy,, -+ ,Gy, be
given as in the proposition. Let f be a rule represented by a list of functions
(AL RE, x Ry, — RM W Ry x RE, x Ry, — RX)E as in (8)-(10). By
Lemma 2, to show reallocation-proofness of f, we only have to show pairwise
reallocation-proofness and pairwise non-bossiness. Let 17 € D be an edge and
i,j € Ny for some [ =1,--- L. Ifi,j € N)\C (V}), it follows directly from (8)
and additivity of W' (-,¢, E) that the total award of i and j depends on ¢; and
c; only through ¢; + ¢; and ¢. Thus, ¢ and j cannot change their total award by
a reallocation of ¢; and ¢;. Now consider the case that i € C'(N;) or j € C(NN,)).
Assume that i € C'(IV}) and j € N\C (N,;) (the same argument applies when j is
also in C'(N;)). Let {Gn, ,---, G, } is the set of all rigid* subgraphs other than
Gn,, to which 7 also belongs. Let (¢, E) € D. By (8) and (9),

fi<c>E)+fj(caE) = Aé(é,E)—Z Z A;LS(E7E)

s=1 he N, \{i}

+ > Wi (st mn: & E)
keK

N Z Z Wlés CIN\C(N)E T Z CS(h,N;, )k G

=1 kek heC(N)\{i}
+AY(e, E) + Y " Wilcjr, ¢, E)
kEK
By additivity of W' (+,¢, E), this can be rewritten as follows:

T

[i(e. B)+ fi(c,B) = Al E)+A (GE)-> Y A @cE)

s=1 he N, \{i}

+ Z W} (cik + ¢k + CsN)\ ik & B)

keK
T
N Z Z Wlis CINN\C(N ke T Z Cs(h.Ni, ks € B
s=1 keK heC (N, )\ {3}
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Therefore, the total award of ¢ and j depends on ¢; and ¢; only through ¢; + ¢;
and ¢. This shows that f satisfies pairwise reallocation-proofness. Pairwise non-
bossiness follows from the fact that in (8) and (9), the characteristic vectors of
each link ij € D, ¢; and ¢;, affect the awards of others only through c; 4 ¢; and c.

To prove the converse, let f be a rule satisfying reallocation-proofness. Then
by Lemma 2, f satisfies non-bossiness. Consider N; and rigid* subgraph Gy, .
Let Dy, = {(d, E) € RYVX xRy, : for some (¢, E) € D, cyjomi) = dn\c()
and for each i € C'(N), €si,ny) = di}. Let g: Dy, — R be defined as follows:
for each (d, E) € Dy,

fi(e, E) if i € Ny\C(Ny),
g (d, E) = S fi(e,E) ifie C(Ny),
JES(i,N1)
where (¢, E) € D is such that cyy\cv) = dn\cvy) and for each i € C(Ny),
Cs@,n;) = d;. To show that g is well-defined, let c, c be such that CN\C(Ny) =
c’Nl\C(NI) = dn,\c(vy) and for each i € C(Ny), Csiny) = E’S(ile) = d;. For each
i € C(N1), if coalition S(i, N1) changes csi,n,) to Cy y,), then since S (i, N1)
is connected, by reallocation-proofness and non-bossiness, the total award of
S (i, N1) remains constant and the awards of all others also remain constant.
After making these changes for all agents in C(N;), we finally get ¢’. And for
each i € C'(Ny), the total award of S (i, V1) remains constant and the awards of

all agents in N;\C(V;) also remain constant. Therefore,

fi (C, E) = fz (C’, E), ifi e Nl\O(Nl),
> fileE)y= > [i(d,E),ifi€ C(N).

j€S(i,N1) j€S(i,N1)
This shows that ¢ is well-defined.

We now show that ¢ is a rule over Dy, satisfying pairwise reallocation-
proofness and pairwise non-bossiness under C (Gy,) and, therefore, satisfying
reallocation-proofness under C (Gy, ). Let i*, j* € N;\C(NV;) be such that i*j* €
Dy,. Then it follows from pairwise reallocation-proofness and pairwise non-
bossiness of f and the definition of ¢ that this pair {i*, 7*} cannot change their
total award or awards of others by any reallocation of characteristic vectors among
the pair. Now consider a pair {i*, j*} that is an edge in Dy, and i* € C(Vy). Let
(d,E),(d, E) € Dy, be such that d,\ (i j+} = diy,\ (v j-y and dj +dj = dj + ..
Let ¢ € D be such that cy,\o(n,) = dn\c(vy) and for each i € C(Ny), Csi,ny) = di.

Pk gk
Y

Without loss of generality, suppose j* ¢ C(N;) (a similar argument applies
when j* € C(N1)). Let ¢ be such that &. ) = di» and ¢}, = dj. and for
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each i ¢ S(i*,Ny) U {j*}, ¢ = ¢;. Then EiS'(z‘*,Nl) + = Cs(+,ny) + ¢+ and
N\ (5% V1)UL *}) = CN\(S(, MU+ - Since i7" is an edge, S(i*, N1) U {j*} is con-
nected. Thus by reallocation-proofness and non-bossiness of f,

Z fi(CI’E) = Z fi(C’E);

i€S(i* ,N1)U{j*} i€S5(1*,N1)U{j*}

fvvses vy (€ E) = favvsassugey (6 E).
Therefore,
Gix (d/v E) +gj* (d/,E) = G (d, E) + gj* (d7 E) ;
gni= 3 (S E) = gnis 4y (6, E).

This shows that ¢ satisfies pairwise reallocation-proofness and pairwise non-
bossiness under C (G, ).

Since G, is rigid* and |N;| > 3, then applying Proposition 5, we conclude
that there exist A': R, x Ry, — R and W R, X RE, x Ry; — R¥ such
that for each (d, F) € Dy, and each i € Ny,

gi(d, E) = A{(d,E) + Y W} (di. d, E),

keK

and W1 (-,d, E) is additive. Therefore, for each (¢, E) € D,

fi(e.E) = ANEE)+ Y Wi(ck e E)ifi € N\\C(Ny);

keK
Z filc, E) = Al (e +ZWk CS(i,Ny )k Cs E) if 1 € C(Ny).
j€S(3,N1) keK

Applying this argument for each rigid* subgraph Gn,, l = 1,---, L, we obtain a
L

list of functions (Al RE, x Ry — RN W Ry x RE, xR — R )l such
=1

that for each (¢, F) € Dandeach =1, --- L,

file, B) = Ale,E)+ Y Wi(ew,¢, E)ifie N\C(N); ()
keK

Y fileE) = Al(e,E)+ Y W (G E) ifieC(N), (%)
JES(i,N;) keK

and W' (-, ¢, E) is additive.
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Assume that {G Ny, G N, } is the set of all rigid* subgraphs other than
G\, to which i also belongs. Using (f) and (), we obtain

file, B) = AL, BE)+> Wi (esun & E)

keK
BN (Ass<c,E>+zvvlzs <E>)
s=1 JEN;\C (V) keK

_Z Z Z fj’ (C>E)'

s=1 jeC(Ni,)\{i} j'€S3:Ni,)

Again by (1) and additivity of W' (-, ¢, E),
fi <C7 E) - Ai (57 E) + Zwli (ES(i,Nl)k‘uéa E)

keK

=Y. > AEE =YY Wi (@mcwime E)
s=1 jeN; \C(Ny,) s=1 keK

> ) AEER) -> ) We |l > esgmnow G E
s=1 jeC(N;,)\{i} s=1 k€K JEC(Ni \{i}

Since Wi (-, ¢, F) is additive for each [, € {ly,---,l.},

fi(e.B) = A(eE)=>_ Y A¥cE)

s=1 jeN; \{i}

+ Z Wi (€@ & E)

keK
= > W ekt YL CsGNm & B
s=1 keK JEC (N )\{i}

Applying the same argument for [y,

fileB) = At(eB)— Y A@BE)-) > Ak
JENMi} s=2 jeNi\{i}
+ZW (CS(le ks C, E)
keK

=Y Wil e+ Y Esgm & B

keK JEC(N\{i}
=2 2 W [ avacm DL Gsamnnt B
s=2 kcK JEC (N )\{i}
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In order for f(-) to be well-defined, the right-hand sides of the two expressions
for f; (¢, E) should be equal. This equality is equivalent to

Z Aé (E, E)‘i‘ZW,ﬁ CIN\C(N)k T Z Es(jgNl)k,E,E

JEN\{7} keK JEC(Ny)
I /- I (= .
= Ail(C’E>+ Z Al +ZWI CNzl\CNll Z CS]NZ k’CE
JEN, \{7} keK JEC(Ny)

Since for each k € K,

CIN\C(N)IE T Z CS(j,N)k [Nll\c(Nll)]k + Z CS(j,Niy )k = Ch;
JEC(Ny) JEC(Ny)

we obtain (10). B

C Proof of Theorem 1

In this section, we prove Theorem 1.

Proof of Theorem 1. We skip the proof that every rule in HAW-family satisfies
reallocation-proofness, since it can be done using the same arguments as in the
proofs of Propositions 3 and 6.

Let G = (N, D) be a connected graph. Let N' = {Ny,--- , N} and R =
{Gn,, -+ ,Gn,}. By Lemma 5, foreach { = 1,--- L, |[N;| =1 or [N,| > 3. By
Lemma 4, for each [ = 1,---,L, N; is again divided into L; subsets, L; € N,
Ny, -+, Nig, such that UﬁleNlm = N; and for each m = 1,---,L;, Gy, is a
maximal rigid* subgraph on Gy,. Let G = (N, €) be the graph in Definition 4.
Pick I* € {1,---, L} and consider the directed tree G (/NV;+). Roughly speaking
the following proof is the combination of the arguments used in the proofs of
Propositions 3 and 6.

Let f be a rule satisfying reallocation-proofness. Then by Lemma 2, f satisfies
non-bossiness. Define a function H: RY x RE, x Ry, — R” such that for each
| € L and each (z,y,FE) € RE x RE, xR,

Hi(r,y.E)= ) fi(c.E),

1€Us(Ny)

for some (¢, E) € D with > icus(ny G = ¢ and ¢ = y. For all other (z,y, E),
define H; (x,y, E) arbitrarily. Since both Us (N;) and N\ U s (1V;) are connected
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in G, then by reallocation-proofness and non-bossiness, we can show that H (-)
is well-defined.

Letl € {1,---,L}. If |N;| is a singleton and so L; = 1, then let A" and W" be
such that for each (¢, E) € D, AN, B)+Y e Wil (cin, & E) = Hy (Cus(ny) & E) —
>Ny esm(ny) Hr(Cusw,), €, E), where i € N;. Then (13) holds and the remaining
three equations (11), (12), and (14) hold vacuously.

Now consider the case when |N;| > 3. Fix y € R, . Let Dy, (y) = {(d,E) €
RYF 5 Ry, : for some (¢, E) € D, ¢ =y, cnp\or(v) = Ao+ (), and for each
i € C*(N), ¢; + Cuso(nyiy = di}. Define g: Dy, (y) — RM as follows: for each
(d, E) € Dy, (y) and each i € NV,

fi(C7E)7 1f2§é0* (Nl)a
fi (C, E) + ZjGUso(Nl;i) fj (C, E) s ifi e C* (Nl) s

for some (¢, E) € D such that ¢ = y, cusn,) = d, cnp\er(v) = dnpox(ny), and
for each i € C*(V;), ¢; + Cuso(nyi) = di- We now show that g is well-defined.
Let (c,E) € D and ¢ € RY*® be such that ¢ = & = y, sy = sy =
CNN\CH () = CI]VI\C*(Nl) = dnc#(ny), and for each i € C*(N), ¢; + Cusoo(ny) =
¢ + € g0(nyi) = di- Since N\ Us (V) is connected, then by reallocation-proofness

g (d,E) = {

and non-bossiness, cy\us(n;) i irrelevant in this definition. So without loss of
generality, we may assume that cyusv,) = c’N\Us(Nl). For each i € C* (1V),
let T; = {i} U[Us® (N;;4)]. Then T; is connected. So by reallocation-proofness
and non-bossiness, if coalition T; changes cr, to ¢, then the total award of
T; and the awards of all others in N\T; do not change. After making these
changes for all i € C* (N;), we end up with ¢ and, throughout this process, the
total award of coalition T; = {i} U [Us® (N;;4)] for each i € C* (N;), and the
awards for all j € N;\C*(N,;) do not change. Therefore, for each i € N;\C*(V,),
fi(e, E) = fi(¢,E), and for each i € C*(N,), fi(c,E) + ZjEUSO(Nm) fi(c, E) =
fi (Clv E) + ZjEUS"(Nl;i) fj (0/7 E)

We now show that ¢ is a rule over Dy, (y) satisfying pairwise reallocation-
proofness and pairwise non-bossiness under C(Gy,) and, therefore, reallocation-
proofness under C(Gy,). Let i*, 7% € N,\C*(V;) be such that i*j* € Dy,. Then
it follows from pairwise reallocation-proofness and pairwise non-bossiness of f
and the definition of g that this pair {i*, j*} cannot change their total award or
awards of others by any reallocation of characteristic vectors among the pair.
Now consider a pair {i*,j*} that is an edge in Dy, and i* € C*(V,). Let
(d,E),(d,E) € Dy, (y) be such that dy,\(ij3 = dyp - j-y and dix + dje =
dix + dj.. Let c € ]RfXK be such that ¢ = y, cuyw,) = d, CNNCH(Ny) = ANNCH(N)5
and for each i € C*(IV;), ¢; + Cuso(w,;i) = di- Without loss of generality, suppose

31



j* ¢ C*(N;) (a similar argument applies when j* € C*(N;)). Let ¢ € RY*¥ be
such that C§V\[{z‘*,j*}u[uSO(Nl;i*)n = CN\[{i*j*Julust(Npsi) )]s Cie T E{JSO(NZ;Z'*) = dj., and
i = dj. Since dix + dje = djn + d'se; Cix + CuO(Ny3i+) + Cjx = Cin + E/LJSO(Nl;i*) + Cls.
Since 7*j* is an edge and {i*} U [Us®(N;;4*)] is connected, {i*, j*} U [Us®(N;;4*)]
is connected. Thus by reallocation-proofness and non-bossiness of f,

Z fi(C/JE)+fj* (C/,E) = Z fi<c7E)+fj* (C7E);

i€ {i* JU[UsO (Ny3i%)] ie{i* JU[UsO (INy;i)]

@i gyouson) (€ E) = faisjeyouso vy (6 E) -

Therefore,

IN\{i*,5*} (Cla E) = IN\{i*,5*} (c,E).

This shows that ¢ satisfies pairwise reallocation-proofness and pairwise non-
bossiness under C (Gy;, ).

Now applying Proposition 6 and the definition of H (-), we conclude that there
exists a list of functions (Am: RE, x R,y — RNm J/m: R, x RE, x R, — RK)
such that for each (d, E) € Dy, (y), each m € {1,---,L;}, and each i € Ny, if
i € Nun\C (N, Gn,)

L,

m=1

gi (. E) = A™d,E) + > Wi (ci, d, E);
keK
and if i € C' (Nijn, Gy,) and {G,,, -+ ,Gn,, } is the set of all rigid* subgraphs
other than Gy, , to which 7 also belongs,

gi(c, B) = A" (J, E) - Z Z A}ns(i E) + Z W,Z” (CZS(i,Nlm)kycz; E)

5=1 jENn \{i} keK

B Z Z Wk’cns d{Nlmz \C(Nlmschl)]k —I— Z ds(j’NlmS)k, d’ E !

s=1 keK JEC(Nims,Gny)\i}

where for each [ € L, W™ (-,J, E) is additive and satisfies (10). Now for each
m € {1,---,L;}, let A (EUS(NZ),E, E) =A™ (EUS(NZ),E) and for each k € K,
W,im (-, CUs(N)» Cs E) = W,:’l (~, CUs(N))» E) Then by definition of H (-), we obtain
(11)-(14). We obtain (15) from (10). &
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